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Abstract

In linear regression models the estimator of variance components needs
a suitable choice of a starting point for an iterative procedure for a de-
termination of the estimate. The aim of this paper is to find a criterion
for a decision whether a linear regression model enables to determine the
estimate reasonably and whether it is possible to do so when using the

given data.
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1 Notation

Y ~ Nn(Xﬁv 20)

{A}i;
r(A)
Tr(A)
A+

the n-dimensional random vector Y possesses the nor-
mal distribution with the mean value X3 and variance-
covariance matrix g

the component of matrix A on its (i,j)-th position

the rank of the matrix A

the trace of the square matrix A, Tr(A) = >, {A}i;

the Moore—Penrose generalized matrix inverse (see [4] for
more details)

the projection matrix on an orthogonal complement (in
Euclidean sense) of the column space of the matrix A

the value of the partial derivative of the matrix A accord-
ing to t for t =t
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2 Introduction

The main aim of this paper is to describe how the variance components esti-
mates in a linear regression model depend on small input prior variance com-
ponents values changes. We need some input prior values of the variance com-
ponents when computing their minimum norm quadratic unbiased estimators
(MINQUE). The question is how to get these prior values and whether the
choice is suitable. We can figure out the variances of the estimates based on the
given prior values and then investigate how these variances change when using
different prior values. Having the estimates variances not too high seems to be
a comprehensible requirement. So the task now is to find a set of admissible
changes of the input variance components values (for the given variance com-
ponents prior values), it means a set of such changes of the input values which
cause e-multiple increase of the estimates variances at the most.

3 General linear regression model

Let’s consider following regression model (according to [5], page 62):

Suppose that n x k matrix X is known and of full column rank r(X) = k,
B = (b1,082,...,0) is a vector of unknown fixed effects parameters and the

variance-covariance matrix g satisfies
-
g = E 0;V;. (2)
i=1

01,02, ...,0, in (2) are unknown variance components (the object of our interest)
and Vi1, Va, ..., V, are known symmetrical matrices. We suppose 3¢ is positive
definite. No restrictions such as #; > 0 or V; positive semidefinite need hold.

4 Variance components insensitivity region

4.1 Variance components estimator

According to [4], page 101 the 68p-MINQUE (it means the minimum norm
quadratic unbiased estimator with prior variance components values 6g) of vari-
ance components 8 = (61, ...,6,)" in model (1) is

~

Y'(Mx Z6,Mx)* Vi (Mx Ze,Mx ) tY
—1 .
8(60) = S (Mixcs0, M)

: (3)
Y/ (Mx E6,Mx) "V, (Mx So, Mx ) +Y

and the variance-covariance matrix of the variance components estimates 6(6y)
is

r:) -1
Varg, (9(90)) = 280 0. M+ (4)
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where (see [4], page 171)
(MxZ,Mx)" =g, ' — g, X(X'Zp, 'X)'X'Sg,”" ()

and S(szeo Myx)+ 18 matrix with

{S(szQOMX)+}i’j =Tr [Vi(szgoMx)Jer(szgoMx)jL}
on its (4, j)-th position.

In practice in the first step the value 6y in (3) can be chosen arbitrarily.
In the second step the value of 5(90) is chosen instead of 8y. In this way we
can procede and stop the iterative procedure after a suitable number of the
steps. The problem is to recognize whether the choice of the starting value 8
is sufficient for deriving a reasonable estimate of @ and whether it is sufficient
for stopping the iterative procedure already after the first step. This problem
can be solved as follows.

It seems to be comprehensible to have the variances of the 6; estimators not
too high. Let’s use some given linear combination of the components of vector
6. Suppose that the coeficients of this linear combination are the components
of vector g. We will investigate the variance of the estimator of g'0 instead of
variances of all the variance components separately.

Remark 4.1 We achieve the equality g’ = 6; when using the i-th unit vector
for g. It means we still have the possiblity to take the variance of the estimator
of each of the variance components under control and moreover we can monitor
the variances of different linear combinations of the variance components.

_ As we know the 6 estimator 0 depends on the prior input value 6y, it is
0(0y). Next we find out the difference between the variance of g'6(6) and the

variance of g'8(6, + 66). A set N, g, can be found such that 6y + 36 € N, g
leads to the inequality

\/Vareo [g/é(oo + 50)} < (1+¢)y/Varg, [gfa(oo)}, (6)

where € > 0 is a sufficiently small real number.
We are looking after a set of §@—small changes of input variance components
values—holding (6) for a given r-dimensional vector g and given 6y in what
follows. R
In order to find such a set we need to express 8(0p+00). We can approximate
it like this R
" 00(0)

0(6, +60) ~0(0
(60 + 40) (60) + 20

36;. (7)

6=0,

i=1

The appropriate linear combination g'6(0y + d0) of variance components esti-
mator fulfils

~ ~ ", 9g'6(0
g/0(00 +56) ~ g'0(60) + > 98'6(6)
i=1

90, ’0_00 - 00;. (8)
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96(0)

Thus we need to know the partial derivative
At first let us find the first derivative of {S(ngeMx)+ }ij according to 0:

0
oo } = —1Tr |:Vi(MX29MX)+Vj(MX29MX)+:|

IS (MxzeMx)+
00,

00y,

0=0,

1,
=Tr |:Vi(MX290MX)+MXVkMX(MXEGOMX)+Vj (MxXg,Mx)"
+V,;(MxXg, MX)+VJ- (MX290MX)+MXVkMX(MX290MX)+:|

=2Tr [Vi(MXEgOMX)+MXVkMX(MXEgOMX)+Vj(MXE(;OMX)+] .
If we denote matrix having
Tr (VZAV]B) s (9)

on its (¢, j)-th position with Ca g (for arbitrary matrices A, B of n x n dimen-
sion), we can continue as follows

OS (MxTeMx)+
00,

0-0 :QC(MXEBOMX)+MXVkMX(MX260MX)+7(MX290MX)+
=0,

= 2C(Mx o Mx)*+ Vi, (MxEgo M)+, (Mx Zgo M)t -
Let’s introduce following notation
Y' (MxXe,Mx)TV;(MxXg,Mx)"Y
Y= :
Y' (Mx3X9,Mx)TV,.(MxXg,Mx)"Y

Now we can write

96(0)
00, 0-6,

_ —1
- 728(1\/Ix2601\/lx)Jr

x C + + + S
(Mx 6o Mx)*+ Vi, (Mx B Mx)+,(Mx Zeo Mx)+ D (Mx Sg, Mx )+

—1
+ S(MXEQOMX)Jr

2Y’ (Mx X9, Mx)* Vi (Mx Zg, Mx )" V1 (Mx S, Mx)+Y
x : (10)
2Y’ (Mx X9, Mx)* Vi (Mx Zg, Mx )"V, (Mx g, Mx)+Y

According to (10) we have

9g'6(6)

— 72 /Sfl
90, &

(Mx 3, Mx )t
6=0,
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x C st
(Mx X9 Mx) T Vi (Mx 2o Mx) T, (Mx oo Mx) T2 (Mx S, Mx)+ Y

/q—1
+ 2g S(szeoMx)+

Y' (MxX¢,Mx) Vi (MxXe,Mx)TVi(MxXe,Mx)TY
x : . (11
Y' (MxXg,Mx)TVi(MxXg,Mx)TV,.(MxXg,Mx)"Y
If we denote

-1

I
a4 =8 S(szaoMx)+

x C S
(MxXeoMx)TVi(MxZe,Mx)t,(Mx e, Mx )+ (MxXeoMx) 1’
-1
b/g = g’S(szeoMx)+
and
Y/(szgoMx)+Vk(szgoMx)+V1 (szgoMx)+Y
Ck = )
Y/(szgoMx)+Vk(sz90Mx)+Vr(szgoMx)+Y

we can write

~ ay bg¢y
! g
98'0(9) =2 |v+2| |, (12)
90 l6-6, : /
a;. bgCT
Using (8) together with (12) we get
aj blgCl
g'0(0+00)~g'0(6y)+(60) | -2 : [~v+2 : . (13)
a; be¢,

-~

4.2 Varg, (296, + 50)] derivation
In order to find a set of §0 which is described in (6) we have to derive
Varg, [/8(60 +8)] .
According to (4)

g, (680|255 <14>
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What we need to know further is Vargo %.
~ ay bg/C1
9g'6(0) : .
Vare T = Varoo 72 :/ ’}/ + 2 /
ar bg CT
a) a) bg,Cl
=41 1 | Varg (v)(ar,...,a;)—4| i |covg, |7, :
a{r’ a{r’ bg/Cr
bg'¢, bg'¢,
—4covg, | (a1,...,ar) +4Varg, . (15)
bg/Cr bg/Cr
In view of (4) and of the definition of ~
Varg (v) = 2S(Mx290Mx)+' (16)
aj
Concerning Varg
ay,
/
bg ¢y
. / / /
Vargo : = covg, (bg Cp» bg CZ) =bg covg, (Ck,Cl)bg
bglcr k,l

Y (Mx 2o, Mx )+ Vo (Mx Sg, Mx )+ Vi1 (Mx Sg, Mx ) HY
=bg’ covg, )
Y'(Mx3Xg,Mx)TVi(MxXg,Mx)TV,.(MxXe,Mx)"Y
Y'(MxXe,Mx)TV,(MxXg,Mx)" Vi (MxXe,Mx)TY
: bg
Y'(MxXe,Mx)TV;(MxXg,Mx)"V,(MxXe,Mx)TY
= bg'D¢ ¢ by, (17)
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where

{DCk7CL} t: COVGO [Y/(szgoMx)+Vk(szgoMx)+Vs (szgoMx)+Y,

Y (MxZg,Mx) " Vi (Mx Sg,Mx) "V, (Mx Zg, Mx) Y]
= 2Tr [(MxZg,Mx)t Vi, (MxZg,Mx) "V, (Mx g, Mx) " Zg,
X (Mx Zg,Mx) 'V (Mx g, Mx) TV, (Mx Zg,Mx)t S, |
= 27Tr [V, (MxZg,Mx) " Vi(Mx Sg, Mx) "
X Vi(MxZg,Mx)* Vi, (Mx Zg,Mx) ] .

aj be'¢,
covg, =20 |2 =
al bg'¢,
aj bg/C1 aj
=—4| : |covg, |7 =—4] : D’Y,C’ (18)
aj, bglcr aj,

where
{D’Y»C}z‘,j ~ V0, (’Yi’bglcj)

= COVHO lY/(szgoMx)+Vi (szgoMx)+Y, Z bgqu(szgoMx)+Vj

u=1

x (Mx 26, Mx) "V, (MxZ6,Mx) " Y] = ) " 2Tr [(MxZe,Mx)"V;

u=1
X (szgoMx)J’_Egobgu(szgoMx)+Vj (szgoMx)+
X Vu (szgoMx)+290]

=2Tr | V;(MxXg,Mx)"V,;(Mx3e,Mx)" Z bguvu(MXEQOMX)+

u=1

— 2Tr [V, (MxZg,Mx)tV; (Mx g, Mx) Vg (Mx g, Mx) ] .

In the previous text following important fact was used (together with equal-
ity (5)).

Lemma 4.1 (see [4], page 101) Let n x n matrices A, B be symmetrical. Let
Y ~ N, (X3,Xg), where AX =BX = 0. Then

cov (Y'AY,Y'BY) = 2Tr (AZ¢BS) .
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Following notation was used as well:

T
Y; --- i-th component of v, bg, ... u-th component of bg, Vg = Z bg, V.

u=1
According to (15), (16), (17) and (18) we have
— aj
0g'6(0) .
Wy = Varg, 50 = 8| : S(szooMer (ar,...,a,)
a,
D¢¢ P, 2
+ 4bg’ : : : bg—4| 1 | Dy¢—4AD] o (a1,...,a,)
!
D¢.¢ P, a
a
=8 S(MX290MX)+ (al, R SS(szsoMx)JrVg(ManoMx)*
ay.
aj
-8 C(MXEOOMX)+a(MXEOOMX)+Vg(MXEGOMX)+
a,
- 8C/ (a1,...,a,).  (19)

(Mx 29y Mx)*,(Mx 29, Mx )+ Vg (Mx 29, Mx )+
Notation defined in (9) and denoting of matrix having on its (i, j)-th position
Tr (AV;AV;) with Sa was used.
4.2.1 Insenstitivity region formulation

If we determine the insensitivity region for the variance components as a set of
all @y + 60 with 66 satisfying (6), we get

N, g, = {60+ 00 : 66'W,08 < 22 Varg (2'8) }

= {90 + 60 : 56'W 60 < 4€g/S(_1$IX290MX)+g} . (20)

Remark 4.2 More precise form of Ng,BU is (see also [4] and [1])

Ne.6o = {00 + 60 : 60'W 60 < (2¢ + 2) Var (g’@)} .

Because ¢ is choiced to be a small positive number we usually can use 2¢ instead
of (2e +£2) as used in (20).
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5 Numerical study

Let the Michaelis—-Menten regression function

_ Nz
flw) =2

15

be considered. We can measure values of this function for 1 = 0.5; x5 = 1.5
with dispersion of o7 = 0.04 and for 3 = 7; x4 = 9 with dispersion of 03 = 0.36.
Let’s suppose the true values of 7; and -2 are v = 10 and 2 = 5. The values
of 07, 03, y1 and 72 are apriori unknown for us. We have two measurements for
each point z1,x2,x3, 4. Let’s include the measured data into an observation

vector

Y,

Yy

The normal distribution of the random vector Y is assumed. We need to

describe such a nonlinear situation with a linear model. For f(x;)
i=1,2,3,4 we have

Of () _ Of (@) ___ nx
om Yo+ 1 072 (y2 +24)%
Since
aof of

. ~ A0 .0 Y _ A0 Yy _ A0
f(xzvlylaﬁ)/?) f(w17’717’72)+ a,yl (’71 71)—’_ 8'7/2 (’72 72)3

we can write:

dm
Yot [x () ).

Here
e zy __men
7200+11 y+aer  (v§+w1)?
Y171 T N7
vy Yter (Y8 +w1)?
T2 zy e
720+I2 Vg+962 (’Yg+z2)2
Y1T2 T2 M2
fo o— | BFe X = | e T 05w’ om ) _
71072 i3 ’ Ty _ _ 7% ’ Y2
Y9 +a3 Yotxs  (v9+s)?
Y173 T3 73
YS+x3 Wtzs  (VI+wx3)?
Y174 x4 M4
Y9 +x4 YWtzs (VI+za)?
Y174 T4 M4
720+I4 ’)’g+x4 (7§+z4)2
and

3o =01V1+ 62V

<71—7?
72—73

V1T
Yot+xi?

)
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with 0 = 02, 0y = 03,

10000000 00000000
01000000 00000000
00100000 00000000
vV, = 00010000 V, = 00000000
00000000 |~ 00001000
00000000 00000100
00000000 00000010
00000000 00000001

We consider a special case of a general linear regression model described
in section 3—a mixed linear model, the variance components have to be non-
negative and matrices V1, Vy are evidently positive semidefinite. We have to
take this fact into account when determining the insensitivity regions.

We will work with following measured data

1.245
0.779
2.264
2.258
6.612
5.909
6.827
6.301

Components of this observation vector are the result of the data simulation from
the normal distribution with mean equals to the real value of f for appropriate
z; and standard deviation o7 = 0.2, 02 = 0.6 respectively.

The next task is to decide whether we are able to get reasonable estimates of
the variance components 61 and 63 when having this one observation vector only.
We find some starting values 69 and 63 and establish the insensitivity region
according to (20). Next we compute the variance components estimates based
on these starting values and confidence region for the variance components. If
the confidence region is inbedded into the insensitivity region, then the choice
of starting 69 and 69 is good enough to determine the estimates based on them.

What we can do is to get a rough estimate 0?,1 of 6, based on y; and yo—the
first two components of observation vector:

9(1),1 = (Y1 —T12)> + (Y2 — Y12)°
and 67 , based on y3 and y4
9?,2 = (y3 — T3a)* + (ya — U34)%,

where 75 (¥34) denotes arithmetic average of y; and y2 (y3 and y4 respectively).
Since all the four values y1,. . ., y4 were simulated with dispersion 61, the starting
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value 69 can be counted as an arithmetic average of 69 ; and 69 ,:

B 9(1),1 =+ 9?,2

00 = = 0.0543.
1 2

Similarly

93,1 = (y5 — Us6)* + (U6 — Us6)™> 93,2 = (y7 — Trs)* + (s — Urs)®
and o 0
90 — 031+ 05,
2 2
Next we need some starting values 79 and 79. Lineweaver-Burke transformation

(see [2] for more details) is frequently used to get the starting values of v; and
2. However following approach can be useful sometimes. Since

= 0.1927.

y= 2
Yo+’
MNE — Y2y = TY. (22)

According to this we can put together four systems of two linear equations:

MT1L — Y2Y1 = T1Y1 MT1 — V2Y2 = T1Y2
TT2 — Voy3s = Tays’ Y1T2 — YoYs = Tays’
Y1T3 — V2Y5 = L3Y5 Y1T3 — V2Y6 = T3Y6
T4 — VoY = Tay7’ VT4 — V2Ys = T4¥s
When we denote the solutions of these systems with (79 1,78 1), .., (774,794,

we can get the starting values 79,79 as the arithmetic averages again:

0o 79,1 + 7?,2 =+ 7?,3 + 7?,4
F)/l - 4

The results of this procedure are:

”Yg,l + 73,2 =+ 78,3 + ’78,4

and 75 = 1

7 =16.068,  ~9 = 8.250.

Now we are ready to determine the variance components insensitivity region for

0
ozaoz(gé)

Let’s consider g1 = (1,0)" at first. In this case we have g} 0 = 6;.
Using (20), ¢ = 0.1 and taking into account fact that the negative input
variance components values does not make sense in our case we get:

Ng1,00 = {00+50:00+5020

A SO 0.000806 —0.000227
—0.000227 0.000064

) 56 < 0.000393}. (23)
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For e = 0.1 we get a set of all 8p+d6 which don’t increase the standard deviation
of 6(0) more than by 10 %.
Now the same once more for go = (0,1)’ and £ = 0.1

Ng260:{90+59:00+5020

56’ 0.0107 —0.00300
—0.00300 0.000846

) 00 < 0.00508} . (24)
According to (3) we get (for @ = 6) variance components estimate:

5 0.0474
8(80) = ( 0.165 >

(Let’s denote the real values of the variance components with 8%, we have 8 =

(8:%). The difference (6* — 8(6y)) is compatible with the variance of the data.)

Let’s determine another set—a rectangle with center 5(90) which covers the
real value of @ with probability of (1 — a)—8 confidence region. According to
Chebyshev (see [6]) we have

p{§1(90)91 Sk\/\m} > 1*%
p{éz(eo)—eﬂ Sk\/\m} 2 1—,}2

According to Bonferroni (see [3])

{|91 00 701‘ < k“Varg 91 00 A |92 90 702| < kQ/Va,I'B 92 90 }

21~ ﬁ
In (25) we get a rectangle with center 8(8y). We determine this rectangle to
include the variance components with probality of (1 — «). This means we need

to have (1 — %) = (1 —a), so k = \/g As mentioned above the variance

and

components cannot be negative in this case as they are the variances in fact.
We have to involve this into our consideration. The @ confidence region &g is a
set of non-negative 61, 05 satisfying (25):

Eg = {9 — (g;) 1 101(00) — 0] < \/z Varg_ [(31(00)}

. 2 —
A (02(80) — 02| < \/5 Varg, [02(60)] 761200, > 0}
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According to (4) the variance-covariance matrix of variance components esti-
mates 6 is

N B 0.00197 —0.0000894
Varg, <0> = 25 My g Ma) (0.0000894 0.0254) '

For (1 — a)) = 0.95 level of confidence we have
Ep = (0;0.328) x (0;1.173) (26)

This confidence region £g is a subset of both Ngl’oo and N 2.0, 38 shown in
figures 2 and 4 given bellow.

It means the starting values 69,609 are sufficient not only for deriving a
reasonable estimate of 8 based on them—it is enough to stop the iterative
procedure after the first step already.

Since we know the real values of 61, 0> we can repeat the same routine with
these real values instead of the starting ones. Denote:

. (6 (0,04
o= (5) = (03

The insensitivity region for g, = ((1)) and € = 0.1 is

N, g+ ={0"+00:0+36 >0

56’ 0.000143 —0.0000159
—0.0000159 0.00000177

> 00 < 0.000214}. (27)
For go = ((1)) and € =0.1
Ngz,g* ={0"+60:00+30 >0

56’ ( 0.0118 —0.00131

~0.00131 0.000145) 00 < 0'0175} : (28)

6(6*) is according to (3):
Sopey [ 0.0476
0(67) = ( 0.164 ) '
The 6 confidence region with center 8* for (1 — o)) = 0.95 level of confidence is

g = (0;0.254) x (0;2.032) (29)

In figures number 2 and 4 given bellow we can see the situation for @ = 0™ is
quite similar to that for @ = 6y. The confidence region is again a subset of both
the insensitivity regions. This is exactly what we could expect and it shows that
model (21) enables to determine reasonable variance components estimates.

The insensitivity regions (23) and (27) relating to g; = () and confidence
regions (26) and (29) are visible in Fig. 1.
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The relative position of the insenstivity regions and confidence regions is not
obvious in Fig. 1. Fig. 2 gives a more detailed view.
350 ‘

insensitivity region based on 6* —

300

250

150 -

100~

<« insensitivity region based on 90

50

I I I I I I I I I
-5 0 5 10 15 20 25 30 35 40 45

Figure 1: Insensitivity regions ./\/g1 g, and ./\/gl g~ for ¢ = 0.1 and appropriate
confidence regions for az = 0.05.

10

2+ confidence regjon ¢oming out of the estimate based on 6* Bl

« confidencg regipn coming out of the estimate based on eo

1 | | | | | | | | | |
-0.5 0 0.5 1 15 2 25 3 35 4 4.5 5

61
Figure 2. Relative position of insensitivity regions NV, g and N, g- and cor-
responding confidence regions—detail.
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250
200+ insensitivity region based on 6* — B
150 T
o
100 - b
50 i
« insensitivity region based on 0y
ok 4
1 1 1 1 1
-5 0 5 10 15 20 25

Figure 3. Insensitivity regions N 22,00 and Ng2 g for e = 0.1 and appropriate
confidence regions for o = 0.05.

10

2+ «— confidence region ¢oming out of the estimate based on 6* -

confidence rggion cpming out of the estimate based on 90

-0.5 0 05 1 15 2 25 3 35 4

Figure 4. Relative position of insensitivity regions Ng2 0, and N 22.0" and cor-
responding confidence regions—detail.
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0

1) and confidence

The insensitivity regions (24) and (28) relating to gz = (
regions (26) and (29) are visible in Fig. 3.

The relative position of the insenstivity regions and confidence regions is
again shown in Fig. 4 in detail. R

The conclusion is that we can feel free to use the 6(6y) as a 0 estimate
without apprehension of the variance of the estimates being too large because

both the insensitivity regions for 6y N 1.0, and N 22,00 unambiguously cover

the 6 confidence region based on 5(00).

The comparison of Nglﬂo and Nglﬂ* is visible in Fig. 1. Fig. 3 contains
similar comparison of N, 22,00 and N 2.0" When we compare the size of the in-
sensitivity regions N, g and N, g+ (N, g, and N, g~ respectively) we can
see the insensitivity regions based on the real values 8" are much larger then
those based on the prior values 8y. This means the variance increase is slower
when we base the estimates on the real values of the variance components com-
pared to the estimates based on the prior values generated from the observation
vector.
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Abstract

We prove that an order algebra assigned to a bounded poset with
involution is a discriminator algebra.

Key words: Order algebra; ordered set; involution; ternary dis-
criminator.
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In accordance with [1], by an order algebra we mean an algebra defined on
an ordered set whose operations are derived by means of the order relation and,
conversely, the partial order is determined by these operations.

Let P = (P;<,1) be an ordered set with the greatest element 1. The
following two operations are introduced in [1]:

lifz<y yife <y
T—y= and roy=
y otherwise 1 otherwise.
Let us mention that these operations are not independent:

Observation 1 For any ordered set P = (P; <,1) we have zoy = (z — y) — y.

Moreover, we have x — y € {y,1} and hence for any interval [y, 1] of P it
holds z — y € [y, 1]. Thus, having a € [y, 1], we can define a unary operation on
the interval [y, 1] assigning to a the element a¥ = a — y. Evidently, y¥ = 1 and

*Supported by the Research Project MSM 6198959214.
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1¥ = y thus this operation interchanges the endpoints of the interval [y, 1] and
hence it is called a section switching mapping. Hence, the operation — deter-
mines not only the the order < but also the family (P),cp of section switching
mappings, i.e. the extended structure P = (P; <,1, (?)pep).

We can ask if also conversely the operation o can determine the operation
—. Since also z oy € [y, 1], the operation (x o y)Y is defined correctly whenever
¥ denotes the section switching mapping on the interval [y, 1]. Hence, we can
state

Observation 2 Let P = (P;<,1,(?),ep) be an ordered set with 1 and with
section switching mappings. Then # — y = (x o y)¥ for the above mention
operations — and o.

An ordered set P is bounded if it has a least element 0 and a greatest
element 1. This will be expressed by the notation P = (P;<,0,1).

By an involution on a set P is meant a mapping of P into itself denoted by
x — o’ satisfying 7 = z. Every bounded poset P = (P;<,0,1) admits some
involutions. Let us pick up one of them which satisfies 0’ = 1. Hence, 2"’ = z
gets immediately 1’ = 0 and thus this involution is a switching mapping. Then
we can enlarge the type of P and we will write P = (P;<,0,1,/) to express the
fact that this involution is considered as a basic operation of P. From now on,
P =(P;<,0,1,) will be called a poset with involution.

Let P = (P;<,0,1) be a bounded poset. By a globalization (frequently
called also a Baaz operation named by M. Baaz) is meant a unary operation A
on P defined by

A(l)=1 and A(x)=0 forz#1.

Observation 3 In every poset with involution P = (P;<,0,1,"), we can define
a globalization A by means of —, ' and 0 as follows

NA(x)=2"—0.

Another binary operation defined on an ordered set (P;<) is mentioned
in [1]:
rz ifx<y
iy =
y otherwise.

Now, let P = (P;<,0,1,) be a poset with involution. Define the assigned
order algebra A(P) = (P;—,M,,0) of type (2,2,1,0) where — and I are the
above mentioned operations and ’ is the involution of P.

As stated by Observations 1 and 3, the globalization A and the operation o
(as well as the constant 1) are term operations of A(P). We can state our main
result:

Theorem 1 Let P = (P;<,0,1,) be a poset with involution and A(P) =
(P;—,N,,0) the assigned algebra. Then A(P) is a discriminator algebra whose
ternary discriminator is

t(z,y,2) = ((A(w —y) o (y—2))) = 2) N(A((x—y) o (y—2)) = 0) = x).
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Proof If card P = 1, the proof is trivial. Suppose card P > 1, i.e. 0 # 1. It is
an easy observation that N satisfies

xNl=x=1MNa. (1)
For the sake of brevity, denote by
e(z,y) = ((z = y) oy - 2)')"
Due to the previous Observations 1 and 3, e(x,y) is a term operation of A(P).
Clearly e(x,2) = (1’0 1') = (000)’ =0’ = 1. Suppose x # y.
(a) fz<ythenz#1land z —y=1, y — 2 =2z and hence
e(r,y) = (102" =0oa)=2" =2 #1.
(b)fy <z theny#1,ie. 3y #A#0and x -y =y, y — x =1 thus
ez, y) =(y' ol") =(y00) =1"=0+#1
(c)fz|ythenzr - y=y,y— x=2xand
1"=0 fory <2z
e(r,y) = (y oa’) =
¥ =z fory £a'.

Since z || y we have & # 1 thus e(x,y) # 1 for x # y in all the cases.
The term t(z,y, z) can be clearly rewritten as follows

t(z,y,2) = (Ale(z,y) — 2) N (Ale(z,y) — 0) — ).
Using of (1), we compute
t(z,2,2) = (A1) = )AL —=0) —2)=(1—2)N0—z)=zM1=2
and for x # y
H(2,,2) = (0= 2) (A0 —0) — ) = 1M (A1) » o) = 1Mz = .

Hence, t(x,y, ) is a term function of A(P) which is the ternary discriminator.
O
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Abstract

The concept of monadic MV-algebra was recently introduced by A. Di
Nola and R. Grigolia as an algebraic formalization of the many-valued
predicate calculus described formerly by J. D. Rutledge [9]. This was also
genaralized by J. Rachéinek and F. Svréek for commutative residuated
f-monoids since MV-algebras form a particular case of this structure. Ba-
sic algebras serve as a tool for the investigations of much more wide class
of non-classical logics (including MV-algebras, orthomodular lattices and
their generalizations). This motivates us to introduce the monadic basic
algebra as a common generalization of the mentioned structures.

Key words: Basic algebra; monadic basic algebra; existential quan-
tifier; universal quantifier; lattice with section antitone involution.

2000 Mathematics Subject Classification: 06D35, 03G25

Having an MV-algebra A = (A;®,—,0), one can derive the structure of
bounded distributive lattice L(A) = (4;V,A,0,1) where 1 = -0, zVy = = (-2
y)@y and zAy = —(—-xV-y). Moreover, to any element a € A one can assign an
antitone involution x +— x® on the interval [a, 1] in £(A) given by 2% = -~z @ a
(for « € [a,1]). Hence, L(A) is a lattice equipped by a set (*),c4 of partial
unary operations defined on the so-called sections where for each z € [a, 1] we
have z°* = z and for z,y € [a,1] with < y we have y* < z% (see e.g. [3] for

*Supported by the Council of the Czech Government MSM 6 198 959 214.
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details). Such an enriched lattice (not necessarily distributive) is denoted by
L= (L;V, A, (“)acL,0, 1) and is called a lattice with section antitone involutions.

Although this structure plays a crucial role in some formalizations of non-
classical logics, it can be difficult to deal with since it is not a total algebra
and, moreover, its similarity type depends on the cardinality of its elements.
To improve this discrepancy, the following concept was introduced. Let us only
note that the following axiom system (BA1)—(BA4) was recently involved in [6]
as a simplification of the previous one (see e.g. [1, 2, 5]).

Definition 1 By a basic algebra is meant an algebra A = (A4;®,—,0) of type
(2,1,0) satisfying the following axioms

(BAl) z®0=ux;

(BA2) ——z =2z (double negation);

(BA3) —~(z@y)dy=-(-ydx)dz (Lukasiewicz axiom);
(BA4) —(—~(~(zoy) @y ®2)®(r®z2)=—0.

In what follows we will denote =0 by 1 (as it is usual for MV-algebras). It
is plain to show that every basic algebra satisfies also the identities -1 = 0,
0@x=xand ~x Pax=1,seee.g. [4,6].

As promised above, we can get the mutual relationship between lattices with
section antitone involutions and basic algebras. For the proof, see e.g. [1] or [5].

Proposition 1 (a) Let L = (L;V, A, (*)acr,0,1) be a lattice with section anti-
tone involutions. Then the assigned algebra A(L) = (L;®,—,0), where

r@y=(2"Vvy)¥ and -z =2°
is a basic algebra.

(b) Conversely, given a basic algebra A = (A;®,—,0), we can assign a
bounded lattice with section antitone involutions L(A) = (A;V, A, (“)aca,0,1),
where 1 = =0,

eVy=-(-z®y) dy, wAy=-(-zV-y)

and for each a € A, the mapping x — x* = —x @ a is an antitone involution on
the principal filter [a, 1], where the order is given by

<y ifandonly if -xzdy=1.

(c) The assignments are in a one-to-one correspondence, i.e. A(L(A)) = A

and L(A(L)) = L.

Hence, when investigating basic algebras, we can switch to lattices with
section antitone involutions whenever it is useful.

The lattice L(A) = (A;V, A, (*)aca,0,1) will be referred as an assigned
lattice of a basic algebra A = (A;®,-,0) and the order < of £(A) as the
induced order of A.
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Definition 2 By a monadic basic algebra is meant an algebra A = (A4; &, -, 3,0)
of type (2,1,1,0) where (A; @, —,0) is a basic algebra and the unary operation
3 satisfies the following identities

(E1) =z < 3Jx;

(E2) 3(xVy)=3xVIy
(E3) 3(—3Iz) = —3z;

(E4) JEzeTy)=3Fr eIy

The mapping 3: A — A is called an existential quantifier on A. By a strict
monadic basic algebra will be called a monadic basic algebra satisfying the
identity

(E5) Iz Px) =z ¢ Iz

Lemma 1 Let A= (A;®,—,3,0) be a monadic basic algebra. Then the follow-
ing conditions are satisfied:

(i) 3=1;

(i) 30=0;

(i) FIx = Ja;

(iv) x <3y ifandonly if Jzr<Iy;
(v) if x<y then Jx<Jy;

(vi) -3z < 3I(—z);

Proof Let z,y be arbitrary elements of A.

i): By (E1), 1 < 31, thus 31 = 1 as 1 is the greatest element of A.

ii): By (i) and (E3), 0 = -1 = ~31 = 3(=31) = I(~1) = 30.

iii): By (ii) and (E4), 33z =3(Fz ¢ 0) = 3I(Fz ¢ 30) = Fr 30 =z ® 0 = Jz.
iv): If 3z < Jy then by (E1) also z < Jy. On the other hand using (iii) and
E2), if # < FJy then Jy = 33y = F(z vV Jy) = Tz v I3y = Jz VvV Jy. Thus
Jy = Jx Vv Jy, and therefore dx < Jy.

(v): Let < y. Then, by (E2), we obtain Jy = I(z V y) = Iz V Jy, and hence
Jzr < Jy.

(vi): Since z < 3z and hence —z > -3z, we conclude I(—z) > —z > —IJx. O

NN S N N

In what follows let 3 be a fixed existential quantifier defined on a basic
algebra A = (A4;®,—,0). By means of 3, a unary operation V can be defined on
A by the rule

Vo := —=(3-x). (1)

Lemma 2 Let A = (4;®,—,3,0) be a monadic basic algebra and vV is defined
by (R). Then the following conditions are satisfied

(A1) Vx <ux;
(A2) Y(z Ay)=VzAVy;
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(A3) V(-Vzx)=—Va;
(A4) Y(Vx ©Vy)=Va OVy, where x ©y = —(—x @ —y).

If, moreover, A is a strict monadic basic algebra, then it satisfies also
(A5) Y(x©®x)=VroVe.

Proof By (El), -z < 3z thus © = -—x > —(3-z) = Vz proving (Al). To
prove (A2), we use (E2) and the De Morgan laws:

V(e Ay) = Y(~(~x V) = ~I(-x v )
= ~((32) V (3w)) = ~G) A~(Fy) =V A V.

Prove (A3): V(=Vz) = -3(-—Vz) = =3(=(F-x)) = -—=(I-x) = —Vz by (E3).
For (A4) we compute by (E4)

V(v ©Vy) = ~(3(-3-2) © () = ~3@-z & 3y)
Assume that 3 satisfies also (E5). Then

Yz © 2) = ~(F(z ©.2) = ~(F+(~e © —))

=(3(~z ¢ —x)) = ~(F—z § I-z) = (-(F—2)) © (=(F—x)) = Vz O Va.
O

A unary operation V: A — A on a basic algebra A = (A; @, —,0) satisfying
(A1)—(A4) will be called a universal quantifier.
It is a routine way to prove also the converse:

Lemma 3 Let A= (4;®,—,0) be a basic algebra and V be a universal quanti-
fier on A. Define
Iz = (V).

Then A3 = (A;®,-,3,0) is a monadic basic algebra. Moreover, if it satisfies
also (A5) then A3 is a strict monadic basic algebra.

Remark 1 Let A = (A;®,—,3,0) be a monadic basic algebra. Then 3 is a
closure operator and V is an interior operator on the poset (A; <), where the
relation < is the induced order on A.

In what follows, we are going to prove a connection between monadic basic
algebras and enriched lattices with section antitone involutions similarly as it
was done for basic algebras in the Proposition. For this, let us recall some
concepts.

For an algebra A = (A; F), by a retraction is meant an idempotent endo-
morphism h of A, i.e. an endomorphism satisfying h(h(z)) = h(z) for every
x € A. Tt is well-known that if h is a retraction of .4 then its image Ay = h(A)
is a subalgebra of A, the so-called retract of A.

In particular, if S = (5;V,0) is a join-semilattice with 0, by a retraction is
meant a self-mapping e of S satisfying



Monadic basic algebras 31

(e1) e(xVy)=e(r)Vely), e(0)=0,
(2) ele(x)) = e(a).

This retraction is called extensive if it satisfies also
(e3) z <e(x).

Example 1 Cousider the bounded join-semilattice S = (A4;V,0,1), where A =
{0,a,b, 1}, depicted in Fig. 1.

0
Fig. 1
Define e: A — A as follows
e(0)=0, e(a)=1, el)=0b, e(l)=1.

Then e is an extensive retraction of S and the retract Sy = e(S) is the chain
{0,b,1}. Remark that the semilattice S can be considered also as a lattice but
this e is not a lattice retraction since

e(anb)=e(0)=0£b=1Ab=e(a) Ae(b).

Now, let £ = (L;V, A, (*)acr,0,1) be a lattice with section antitone involu-
tions. A mapping e: L — L will be called an e-retraction if it is an extensive
retraction of the join-semilattice reduct (L; V,0) satisfying one more condition

(e4) e(e(z)*W)) = e(x)*®) for every pair y < z.

Let us note that y < x implies e(y) < e(z) just by (el).

If e is an e-retraction on a lattice £L = (L;V, A, (%)aer,0,1) with section
antitone involutions then the enriched structure £, = (L;V, A, (*)acr,€,0,1)
will be called a monadic lattice.

We are going to prove

Theorem 1 Let L. = (L;V, A, (“)acL,€,0,1) be a monadic lattice and A.(L) =
(L; ®, -, e,0) an algebra such that A(L) = (L; @, —,0) is a basic algebra assigned
to the reduct L = (L;V, A, (*)acL,0,1). Then A.(L) is a monadic basic algebra.
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Proof We need only to show that A.(L) satisfies the conditions (E3) and (E4)
from Definition 2. To prove (E3) we compute:

( e e
e(-e(@) = e(e(@)®) ‘2 e(e(@)®) ‘L e(@) @ L e(2)° = —e(a)
Further, we check the following identity

e(e(z) Ve(y)) = —e(x) Ve(y). (2)

For this, we compute
e(me(@) vV e(y)) 'Z e(e(e() V ey))

LD o efa)) v ely) E e(@) Vely),

Now, we are ready to prove (E4):

We can prove also the converse.

Theorem 2 Let A = (A;®,—,3,0) be a monadic basic algebra, let L(A) =
(A;V, A, (%)aca,0,1) be the assigned lattice of the reduct (A;®,—,0). Then
L3(A) = (A;V, A, (“)aea, 3,0,1) is a monadic lattice.

Proof We prove that the mapping e: x — Jz is an e-retraction of L3(A).
Trivially, we have: e(zVy) = I(xVy) = JxVIy = e(z) Ve(y) and e(0) = 30 = 0.
Further, e(e(x)) = 332 = 3z = e(z) by (iii) of Lemma 1 and = < e(z) = 3z by
(E1). We prove (e4): Since 2¥ = -z @y (for = € [y, 1]), we have

)

e(e(@)*®) = A((F)®) = 3((~32) & 3y) ‘2 3((3(~32)) @ 3y)

E3)

(E4) (3(~3)) & Ty (&3 (-3z) ® Iy = (ax)(ﬂy) — e(x)e(y)_

O

Remark 2 If A = (A;®,—,3,0) is a strict monadic basic algebra then the
assigned monadic lattice £(A) satisfies the condition

(e5) e((2® Va)) = (e(a)O V e(a))<®

(where e(z) stands for 3z in A) and vice versa, if a monadic lattice £ satisfies
(e5) then the assigned monadic basic algebra A(L) is strict.
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Let A = (A;®,—,0) be a basic algebra. It is plain to check that the identity
mapping id(z) = x is an existential quantifier on A. Moreover, define a mapping
j: A— A as follows

j(0)=0 and j(z)=1 forz #0.

Then also j is an existential quantifier on .A. Hence, by Theorem 2, id and j are
e-retractions on the assigned lattice L(A).

Example 2 For a basic algebra H = (H;®,—,0) with H = {0,a,b, 1}, where
-0 =1, ma = a, b = b, =1 = 0, the assigned lattice is depicted in Fig. 2 (the
antitone involutions in at most two-elements sections are determined uniquely).

1

0
Fig. 2
There are four of e-retractions, namely id, j and hy, ho defined by
hi(0) =0, hi(1)=1, hi(a)=a, hi(b)=1

and
hQ(O) = 0, h2(1) = 1, hg(a) = 1, hg(b) =b.

In what follows, we can borrow the following concept of relatively complete
subalgebra, defined for MV-algebras in [7] and for residuated ¢-monoids in [8]:

Definition 3 A subalgebra B of a basic algebra A = (A; @, —,0) is called rela-
tively complete if for every a € A the set {b € B; a < b} has the least element.
Further, a relative complete subalgebra B is called m-relatively complete if

foralla € Afor allb € B: b > a® a implies
that there exists v € B: v > a and b > v & v. (3)

Theorem 3 Let A = (A;®,-,3,0) be a monadic basic algebra and Ay =
{3z; x € A}. Then Ao is a relatively complete subalgebra of A. If, more-

over, A is a strict monadic basic algebra then Ag is an m-relatively complete
subalgebra of A.
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Proof Due to (E3), (E4) and (ii), (iii) of Lemma 1, 4, is a subalgebra of A.
Let a € A and B, = {b € Ap; a < b}. Then Ja € B, and for any b € B, we have
b = 3d for some d € A. Hence, Ja < 33d = Id = b, thus Ja is the least element
of B,. Hence, Ay is a relatively complete subalgebra of A. Assume that A is a
strict monadic basic algebra. Let a € A, b € Ay and b > a@® a. Then for v = Ja
we have v > a due to (E1) and, due to (E5), b=3b > I(aPa) = JaPTa = vEv
proving (C). a

We have shown that any existential quantifier 3 on a basic algebra A =
(A;®,—,0) induces a relatively complete subalgebra Ay = 3A of A. Also con-
versely, every relatively complete subalgebra of A gives rise to an existential
quantifier.

We say that a basic algebra A is ®&-monotonous if x > y implies x & = >
y @ y. Let us note that e.g. every MV-algebra or an effect algebra satisfies this
condition.

Theorem 4 Let A = (A;®,—,0) be a basic algebra and Ay its relatively com-
plete subalgebra. For any a € A, define Ja = inf{b € Ap; a < b}. Then A3 =
(A;@,-,3,0) is a monadic basic algebra. If, moreover, A is &-monotonous and
Ao is an m-relatively complete subalgebra of A then Az = (A;8,-,3,0) is a
strict monadic basic algebra.

Proof It is evident that < inf{b € Ap; x < b} = Jz and that x < y implies
Jr < FJy, ie. also I(x Vy) > Tz VvV Jy. Since Aj is a subalgebra of A and
Jx,Jy € Ap, also Jx vV Iy € Apg and = < Tz, y < Ty thus also z Vy < Jx VvV Jy.
Hence, 3z V 3y € {b € Ag; xVy < b} = Byyy, i.e. xVy) = inf By, < Iz V3Iy.

Evidently, 3z = x for any z € Ag. Since dz € A for each x € A and Ay is
a subalgebra of A, it yields also =3z € Ay and hence 3(—3z) = -Iz. We obtain
3(3x ® Jy) = = @ Jy in a similar way.

Altogether, A = (A;®,—,3,0) is a monadic basic algebra.

Assume now that Ay is an m-relatively complete subalgebra of A. Let x € A
and denote by D = {b € Ap; © < b}. Then I(x & z) > = & = as shown above
and, by the condition (C), there exists a v € D with 3(z ® x) > v @ v. Since
v € D and 3z = inf D, thus 3(z @ ) > v ® v > Tz © Iz by @-monotonicity.
Conversely, 3z > z yields Jz @ Jz > = & = by @-monotonicity of A and, by
(B4),

Jr @ Jz = 3Tz @ Jx) > I(x P x).

0O

Let £; (i € I) be bounded lattices (or semilattices). By a horizontal sum is
meant a lattice (semilattice) £ which is a union of £; (¢ € I) such that

L;N £j = {0, 1} for i #j.

Let A; (¢ € I) be basic algebras. By a horizontal sum of A; is meant a basic
algebra A assigned to the lattice £ which is the horizontal sum of the assigned
lattices L(A;), i € I.
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Theorem 5 Let a basic algebra A = (A;®,—,0) be a horizontal sum of ba-
sic algebras A; (i € I). Let 3; be an existential quantifier on A;, i.e. every
(A;;8,-,3;,0) is a monadic basic algebra. Let 3: A — A be a mapping whose
restriction on each A; is equal to 3;. Then Az = (A;®,—,3,0) is a monadic
basic algebra.

Proof We must check the axioms (el) — (e4) for 3 on the assigned lattice
L(A). Trivially, we have 30 = 0, 3(3z) = 3z and = < Jz. For z,y € A; we have
(z V y) = 3z v Jy by the definition. If x € A;, y € Aj fori# jthenazVvy=1
but also 3z VvV Jy = 1 thus, by (i) of Lemma 1, 1 = 3(z V y) = 3x V Jy. To check
the condition (e4) is almost trivial since < y only if 2,y € A; and, inside A;,
it holds by the definition. O

Example 3 Counsider the basic algebra A = (A; ®, —,0), where A = {0, a,b,¢, 1},
whose assigned lattice £(A) is in Fig. 3.
1

0
Fig. 3

Clearly, A is a horizontal sum of H (see Example 2) and the three element
chain MV-algebra {0, ¢, 1}. Let us note that also H is a horizontal sum of two
three element chain MV-algebras. One can easily verify that the mapping h
defined by

h(a)=a, h(b)=0b, h(c)=1, h(0)=0, h(l)=1

is an e-retraction on £(A). In fact, h is composed by the e-retraction id on H
and j on {0,c¢,1}. The subalgebra Ay = h(A) is clearly {0,a,b,1} (which is
isomorphic to H). It is an m-relatively complete subalgebra of A.
Example 4 Counsider again the basic algebra from Example 3. Let B = {0, ¢, 1}.
It is a routine way to check that B is a relatively complete subalgebra of A and,
by Theorem 4, it induces an existential quantifier. Of course, 30 = 0, 31 =1
and we can easily compute

Jdo =inf{zx € B; a <z} =1,

B=inf{x e B;b<z} =1,

de=inf{z € B;c<z}=c
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Abstract

In this paper we introduce the notion of the structure space of
I'-semigroups formed by the class of uniformly strongly prime ideals. We
also study separation axioms and compactness property in this structure
space.

Key words: I'-semigroup; uniformly strongly prime ideal; Noethe-
rian I'-semigroup, hull-kernel topology, structure space.
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1 Introduction

In [4], L. Gillman studied “Rings with Hausdorff structure space” and in [7],
C. W. Kohls studied “The space of prime ideals of a ring”. In [1], M. R. Adhikari
and M. K. Das studied ‘Structure spaces of semirings’.

In [9], M. K. Sen and N. K. Saha introduced the notion of I'-Semigroup.
Some works on I'-Semigroups may be found in [10], [8], [5], [6], [2] and [3].

In this paper we introduce and study the structure space of I'-Semigroups.
For this we consider the collection A of all proper uniformly strongly prime
ideals of a I'-Semigroup S and we give a topology 74 on A by means of closure
operator defined in terms of intersection and inclusion relation among these ide-
als of the T'-Semigroup S. We call the topological space (A, 7.4)—the structure
space of the I'-Semigroup S. We study separation axioms, compactness and
connectedness in this structure space.

37
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2 Preliminaries

Definition 2.1 Let S = {a,b,¢,...} and ' = {a, 3,7,...} be two nonempty
sets. S is called a I'-semigroup if

(i) aabe S, for all @ € T and a,b € S and

(ii) (aabd)fBc = aa(bfe), for all a,b,c € S and for all o, 5 € T.
S is said to be I'-semigroup with zero if there exists an element 0 € S such that
0aa = aa0 =0 for all « € T

Example 2.2 Let S be a set of all negative rational numbers. Obviously S is
not a semigroup under usual product of rational numbers. Let

r= {—1—17 : p is prime}.

Let a,b,c € S and o € I'. Now if aab is equal to the usual product of ra-
tional numbers a, a, b, then aab € S and (aad)Bc = aa(bBc). Hence S is a
I"-semigroup.

Definition 2.3 Let S be a I'-semigroup and o € I'. Then e € S is said to be
an a-idempotent if ece = e. The set of all a-idempotents is denoted by E,
and we denote |J,.p Eo by E(S). The elements of E(S) are called idempotent
element of S.

acl

Definition 2.4 A nonempty subset I of a I'-semigroup S is called an ideal if
IT'S C I and STTI C I where for subsets U,V of S and A of T, UAV = {uawv :
uelUveV,ae A}

Definition 2.5 A nonempty subset I of a I'-semigroup S is called an ideal if
IT'S C I and STTI C I where for subsets U,V of S and A of T, UAV = {uawv :
u€U,v € V,a € A}. Anideal I of S is called a proper ideal if T # S.

Definition 2.6 A proper ideal P of a I'-Semigroup S is called a prime ideal of
S if ATB C P implies A C P or B C P for any two ideals A, B of S.

Definition 2.7 An ideal I of a I'-semigroup S is said to be full if E(S) C I.
An ideal I of a I'-semigroup S is said to be a prime full ideal if it is both
prime and full.

Theorem 2.8 Let S be a I'-semigroup. For an ideal P of S, the following are
equivalent.
(i) If A and B are ideals of S such that ATB C P then either A C P or
BCP.
(ii) If aI'STb C P then either a € P orb € Pla,be S)
(iii) If Iy and Iy are two right ideals of S such that LTIy C P then either
11 Q P or 12 Q P.
(iv) If J1 and Jy are two left ideals of S such that J1T'Jo C P then either
JiCPordJ, CP.
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Proof (i) = (ii): Suppose aI'STh C P. Then <a>I'<a>I'<b>I'<b> C
P. Since <a>I'<a>, <b>I'<b> are ideals of S, so by (i) we have either
<a>T'<a> C P or <b>I'<b> C P. By repeated uses of (i) we get a € <a> C P
orbe <b>CP.

(ii) = (iii): Let 1T'I; C P. Let I; Z P. Then there exists an element a1 € I
such that a; ¢ P. Then for every as € I we have a1T'STay C 1T I; C P. Hence
from (ii) ag € P. Thus Iz C P. Similarly (ii) implies (iv).

The proof is completed by observing that (i) is implied obviously either by
(iii) or by (iv). O

Definition 2.9 An ideal P of a I'-Semigroup S is called a uniformly strongly
prime ideal(usp ideal) if S and I" contain finite subsets F' and A respectively
such that tAFAy C P implies that z € P or y € P for all z,y € S.

Theorem 2.10 Let S be a I'-semigroup. Then every uniformly strongly prime
ideal is a prime ideal.

Proof Let P be a uniformly strongly prime ideal of S. Then S and I" contain
finite subsets F' and A respectively such that zAFAy C P implies that € P or
y € Pforallz,y € S. Now let al'STb C P. Thus we have aAFAb C al'STh C P
and hence we have a € P or b € P. Hence P is prime ideal by Theorem 2.8.

O

Throughout this paper S will always denote a I'-Semigroup with zero and
unless otherwise stated a I'-Semigroup means a I'-Semigroup with zero.

3 Structure space of I'-semigroups

Suppose A is the collection of all uniformly strongly prime ideals of a I'-Semigroup
S. For any subset A of A, we define

A={IcA: () I.CI}

In€A
It is easy to see that ) = 0.
Theorem 3.1 Let A, B be any two subsets of A. Then
i) ACA
(i) A=A
(ii) ACB=ACB
(ivi AUB=AUB
Proof (i): Clearly, ﬂlaeA I, C I, for each o and hence A C A.
(ii): By (i), we have A C A. For converse part, let Ig € A. Then N7 cala C
I5. Now I,, € A implies that ﬂIWeA I, C I, for all &« € A. Thus

NL<S()IaCls e () I, Cls

I,cA 1A I,eA
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So I € A and hence a C A. Consequently, A="14.
(iii): Suppose that A C B. Let I, € A. Then ﬂlﬁeA Ig C 1,. Since AC B,

it follows that
N 5<S () 15 € I
IgeB Ig €A
This implies that I, € B and hence A C B.
(iv): Clearly, AUB C AUB.

For the reverse part, let I, € AU B. Then ﬂIBGAUB Ig C 1.
It is easy to see that

N =N 1) (N )

IzeAuB IgeA IgeB

Since (;,e4 Ip and ;¢ 5 15 are ideals of S, we have

( N fﬁ)F( ﬂBIﬁ) < (Iﬂ fﬁ) n (Iﬂ Iﬁ) = IﬁQUBIﬁ S

IgeA Ige BEA sEB
Since every uniformly strongly prime ideal is prime, I, is a prime ideal of S and
hence_eitlfr ﬂlﬁeA Is C I, or ﬂIgeE[ﬁ_g I, i.e. either I, € A_orﬁJK € Bie.
I, € AU B. Consequently, AUB C AU B and hence AUB =AU B. O

Definition 3.2 The closure operator A — A gives a topology 74 on .A. This
topology 7.4 is called the hull-kernel topology and the topological space (A, 7.4)
is called the structure space of the I'-Semigroup S.

Let I be a ideal of a I'-Semigroup S. We define
A={I'eA: ICTI'} and CA(I)=A\A)={I'e A:T¢T}.
Now we have the following result:

Proposition 3.3 Any closed set in A is of the form A(I), where I is a ideal
of a T'-Semigroup S.

Proof Let A be any closed set in A, where A C A. Let A = {I,: a € A} and
I'={;.cala- Then I is aideal of S. Let I’ € A. Then (; o4 lo € I'. This
implies that I C I’. Consequently, I’ € A(I). So A C A(I).

Conversely, let I' € A(I). Then I C I' ie. (); c4la € I'. Consequently,
I' € A and hence A(I) C A. Thus A = A(I). O

Corollary 3.4 Any open set in A is of the form CA(I), where I is an ideal
of S.
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Let S be a I'-Semigroup and a € S. We define
Ala)={I€A:aelI} and CA(a)=A\A(a)={I€ A:a ¢ I}.
Then we have the following result:

Proposition 3.5 {CA(a): a € S} forms an open base for the hull-kernel topol-
ogy T4 on A.

Proof Let U € 74. Then U = CA(I), where I is an ideal of S. Let J € U =
CA(I). Then I € J. This implies that there exists a € I such that a ¢ J. Thus
J € CA(a). Now it remains to show that CA(a) C U. Let K € CA(a). Then
a ¢ K. This implies that I ¢ K. Consequently, K € U and hence CA(a) C U.
So we find that J € CA(a) C U. Thus {CA(a): a € S} is an open base for the
hull-kernel topology 7.4 on A.

Theorem 3.6 The structure space (A, 74) is a Tp-space.

Proof Let I; and I be two distinct elements of A. Then there is an element
a either in Iy \ Iy or in I \ I;. Suppose that a € I; \ I. Then CA(a) is a
neighbourhood of I not containing I;. Hence (A, 74) is a Typ-space. O

Theorem 3.7 (A, 74) is a T1-space if and only if no element of A is contained
in any other element of A.

Proof Let (A, 74) be a Ti-space. Suppose that I; and I be any two distinct
elements of A. Then each of I; and I has a neighbourhood not containing the
other. Since I; and I3 are arbitrary elements of A, it follows that no element of
A is contained in any other element of A.

Conversely, suppose that no element of A is contained in any other element
of A. Let I; and I be any two distinct elements of A. Then by hypothesis,
I ¢ I, and Iy ¢ I. This implies that there exist a,b € S such that a € I; but
a ¢ Iyandb e I, but b ¢ I. Consequently, we have I; € CA(b) but I; ¢ CA(a)
and Iy € CA(a) but Iy ¢ CA(D) i.e. each of I; and I has a neighbourhood not
containing the other. Hence (A, 74) is a T1-space. O

Corollary 3.8 Let M be the set of all proper maximal ideals of a I'-Semigroup
S with unities. Then (M, 7Tr) is a Th-space, where Toq is the induced topology
on M from (A, T4).

Theorem 3.9 (A, 74) is a Hausdorff space if and only if for any two distinct
pair of elements I, J of A, there exist a,b € S such thata ¢ I, b ¢ J and there
does not exist any element K of A such that a ¢ K and b ¢ K.

Proof Let (A, 74) be a Hausdorff space. Then for any two distinct elements
I, J of A, there exist basic open sets CA(a) and CA(b) such that I € CA(a),
J € CA(b) and CA(a) NCA(b) = 0. Now I € CA(a) and J € CA(b) imply
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that a ¢ I and b ¢ J. If possible, let K be any element of A such that a ¢ K
and b ¢ K. Then K € CA(a), K € CA(b) and hence K € CA(a) N CA(b), a
contradiction, since CA(a) NCA(b) = (). Thus there does not exist any element
K of Asuch that a ¢ K and b ¢ K.

Conversely, suppose that the given condition holds and I,J € A such that
I # J. Let a,b € S be such that a ¢ I, b ¢ J and there does not exist any
K of A such that ¢ ¢ K and b ¢ K. Then I € CA(a), J € CA(b) and
CA(a) N CA(b) = (. This implies that (A, 7.4) is a Hausdorfl space. ad

Corollary 3.10 If (A,74) is a Hausdorff space, then mo proper uniformly
strongly prime ideal contains any other proper uniformly strongly prime ideal.
If (A, 74) contains more than one element, then there exist a,b € S such that

A =CA(a) UCA(b) UA(I), where I is the ideal generated by a,b.

Proof Suppose that (A, 74) is a Hausdorfl space. Since every Hausdorff space
is a Ty-space, (A,74) is a Ty-space. Hence by Theorem 3.7, it follows that
no proper uniformly strongly prime ideal contains any other proper uniformly
strongly prime ideal. Now let J, K € A be such that J # K. Since (A, 74)
is a Hausdorfl space, there exist basic open sets CA(a) and CA(b) such that
J € CA(a), K € CA(b) and CA(a) N CA(b) = 0. Let I be the ideal generated
by a,b. Then I is the smallest ideal containing a and b. Let K € A. Then
eithera € K, b¢ Kora¢ K,be Korabe K. Thecasea ¢ K,b ¢ K
is not possible, since CA(a) N CA(b) = (. Now in the first case, K € CA(b)
and hence A C CA(a) UCA(b) UA(I). In the second case, K € CA(a) and
hence A C CA(a) UCA(b) UA(I). In the third case, K € A(I) and hence
A C CA(a) UCA(Db) U A(I). So we find that A C CA(a) U CA(b) U A(D).
Again, clearly CA(a) UCA(b) UA(I) C A. Hence A= CA(a) UCA(D) UA(I).

O

Theorem 3.11 (A, 74) is a regular space if and only if for any I € A and
a ¢ I, acS, there exist an ideal J of S and b € S such that I € CA(b) C
A(J) € CA(a).

Proof Let (A, 74) be a regular space. Let I € A and a ¢ I. Then I € CA(a)
and A\ CA(a) is a closed set not containing /. Since (A, 7.4) is a regular space,
there exist disjoints open sets U and V such that I € U and A\ CA(a) C V.
This implies that A\ V C CA(a). Since V is open, A\ V is closed and hence
there exists an ideal J of S such that A\ V = A(J), by Proposition 3.3. So we
find that A(J) C CA(a). Again, since UNV = (), we have V. C A\ U. Since
U is open, A\ U is closed and hence there exists an ideal K of S such that
A\NU = A(K) ie. VCA(K). Since I € U, I ¢ A\ U = A(K). This implies
that K Z I. Thus there exists b € K(C S) such that b ¢ I. So I € CA(b). Now
we show that V. C A(b). Let M € V C A(K). Then K C M. Since b € K,
it follows that b € M and hence M € A(b). Consequently, V' C A(b). This
implies that A\ A(b) C A\ V = A(J) = CA(b) C A(J). Thus we find that
IeCA(b) CA(J) CCA(a).
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Conversely, suppose that the given condition holds. Let I € 4 and A(K) be
any closed set not containing 7. Since I ¢ A(K), we have K ¢ I. This implies
that there exists a € K such that a ¢ I. Now by the given condition, there
exists an ideal J of S and b € S such that I € CA(b) C A(J) € CA(a). Since
a€ K, CA(a) NA(K) = 0. This implies that A(K) C A\ CA(a) C A\ A(J).
Since A(J) is a closed set, A\ A(J) is an open set containing the closed set
A(K). Clearly, CA(b) N (A\ A(J)) = 0. So we find that CA(b) and A\ A(J)
are two disjoints open sets containing I and A(K) respectively. Consequently,
(A, T4) is a regular space. O

Theorem 3.12 (A, 74) is a compact space if and only if for any collection
{aa}aecr C S there exists a finite subcollection {a;: i = 1,2,...,n} in S such
that for any I € A, there exists a; such that a; ¢ I.

Proof Let (A, 7.4) be a compact space. Then the open cover {CA(a,): aq € S}
of (A, 7.4) has a finite subcover {CA(a;): i =1,2,...,n}. Let I be any element
of A. Then I € CA(a;) for some a; € S. This implies that a;, ¢ I. Hence
{a;: 1 = 1,2,...,n} is the required finite subcollection of elements of S such
that for any I € A, there exists a; such that a; ¢ I.

Conversely, suppose that the given condition holds. Let {CA(aq): an € S}
be an open cover of A. Suppose to the contrary that no finite subcollection of
{CA(ay): aq € S} covers A. This means that for any finite set {a1,az,...,an}
of elements of S,

CA(a1) UCA(az)U...UCA(a,) # A

= Aar) NAaz)N...NAan) £ 0
= there exists I € A such that I € A(a;) NAaz) N...NA(ay,)
== ai,as,...,a, € I, which contradicts our hypothesis .

So the open cover {CA(ay): aq € S} has a finite subcover and hence (A, 7.4)
is compact.

Corollary 3.13 If S is finitely generated, then (A,74) is a compact space.

Proof Let {a;:i=1,2,...,n} be a finite set of generators of S. Then for any
I € A, there exists a; such that a; ¢ I, since I is a proper uniformly strongly
prime ideal of S. Hence by Theorem 3.12, (A, 74) is a compact space. O

Definition 3.14 A I'-Semigroup S is called a Noetherian I'-Semigroup if it
satisfies the ascending chain condition on ideals of S'i.e.if ; C I, C...C I, C

. is an ascending chain of ideals of S, then there exists a positive integer m
such that I,, = I,,, for all n > m.

Theorem 3.15 If S is a Noetherian I'-Semigroup, then (A,Ta) is countably
compact.

Proof Let {A(I,)}22, be a countable collection of closed sets in A with finite
intersection property (FIP). Let us consider the following ascending chain of
prime ideals of S: <I1>C < UlL>C<ljUlLUI3>C...
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Since S is a Noetherian I'-Semigroup, there exists a positive integer m such
that < UL U...Ul,>=<ULU...Ul,41>=...

Thus it follows that <I; UL U... U I,> € (2, A(I,). Consequently,
N2, A(I,,) # 0 and hence (A, 74) is countably compact. O

n=1

Corollary 3.16 If S is a Noetherian I'-Semigroup and (A, 74) is second count-
able, then (A,T4) is compact.

Proof Proof follows from Theorem 3.15 and the fact that a second countable
space is compact if it is countably compact. O

Remark 3.17 Let {I,} be a collection of prime ideals of a I'-semigroup S.
Then (1, is an ideal of S but it may not be a prime ideal of S, in general.

However; in particular, we have the following result:

Proposition 3.18 Let {I,} be a collection of prime ideals of a T'-semigroup S
such that {I,} forms a chain. Then ()1, is a prime ideal of S.

Proof Clearly, (]I, is an ideal of S. Let AT'B C (I, for any two ideals
A,B of S. If possible, let A, B € ()I,. Then there exist o and 3 such that
AZ I, and B ¢ Ig. Since I, is a chain, let I, C Iz. This implies that B € I,,.
Since AI'B C I, and I, is prime, we must have either A C I, or B C I,, a
contradiction. Therefore, either A C (1, or B C () I,. Consequently, (), is
a prime ideal of S. O

Definition 3.19 The structure space (A,74) is called irreducible if for any
decomposition A = A; U Ay, where A; and A are closed subsets of A, we have
either A = A; or A= As.

Theorem 3.20 Let A be a closed subset of A. Then A is irreducible if and
only if ;. eca Lo is a prime ideal of S.

Proof Let A be irreducible. Let P and @ be two ideals of .S such that PT'Q) C
ﬂIQGA I,. Then PT'Q C I, for all a. Since I, is prime, either P C I, or
Q C I, which implies for I, € A either I, € {P} or I, € {Q}. Hence A =
(ANP)U(ANQ). Since A is irreducible and (A N P), (AN Q) are closed, it
follows that A= ANP or A= ANQ and hence A C P or A C Q. This implies
that P C () cala or @ €[} cala- Consequently, (; 4 lo is a prime ideal
of S.

Conversely, suppose that ﬂlaeA 1, is a prime ideal of S. Let A = A3 U A,
where A; and A, are closed subsets of A. Then ﬂIQGA I, C ﬂIQGAl I, and

Nineala €N ea, Lo Also

NL= () I :( ﬂ[a>m( ﬂ]a).

I,€A I,€A1UA2 In€A; In€As
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Now
(N)r( )< ( ) emd (O 1)r( O 5)<( N 5)

Thus we have

(N e N e)e( N w)a( N )

IneA; In,€A2 I,€A: I,€A2

Since (. ¢4 la is prime, it follows that either

ﬂ Iagﬂla or ﬂ Iagﬂla.

I,€A, I,€A In€As I,€A

So we find that

NIo= (1o o0 () Ia= () Ia

I,€A In€A; I,€A In€As

Let Ig € A. Then we have

() IaCIs or () In C Lo
In€A; I,€A2

Since Ay, A2 C A, so either I, C I for all I, € A; or I, C I for all I, € A,.
Thus Ig € A = A; or Ig € Ay = A, since A; and A, are closed. i.e. A = A4,
or A= A,. O

Let C be the collection of all uniformly strongly prime full ideals of a I'-semi-
group S. Then we see that C is a subset of .4 and hence (C, 7¢) is a topological
space, where 7¢ is the subspace topology.

In general, (A, 74) is not compact and connected. But in particular, for the
topological space (C, 7¢), we have the following results:

Theorem 3.21 (C,7¢) is a compact space.

Proof Let {A(I,): a € A} be any collection of closed sets in C with finite
intersection property. Let I be the uniformly strongly prime full ideal generated
by E(S). Since any uniformly strongly prime full ideal J contains E(S), J
contains I. Hence I € (),cp A(lo) # 0. Consequently, (C,7¢) is a compact
space. O

Theorem 3.22 (C,7¢) is a connected space.

Proof Let I be the uniformly strongly prime ideal generated by E(S). Since
any uniformly strongly prime full ideal J contains E(S), J contains I. Hence I
belongs to any closed set A(I’) of C. Consequently, any two closed sets of C are
not disjoint. Hence (C,7¢) is a connected space. O
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Abstract

A lattice L is said to satisfy (the lattice theoretic version of) Frankl’s
conjecture if there is a join-irreducible element f € L such that at most
half of the elements = of L satisfy f < x. Frankl’s conjecture, also called
as union-closed sets conjecture, is well-known in combinatorics, and it
is equivalent to the statement that every finite lattice satisfies Frankl’s
conjecture.

Let m denote the number of nonzero join-irreducible elements of L. It
is well-known that L consists of at most 2" elements. Let us say that L
is large if it has more than 5- 2™~ elements. It is shown that every large
semimodular lattice satisfies Frankl’s conjecture. The second result states
that every finite semimodular planar lattice L satisfies Frankl’s conjecture.
If, in addition, L has at least four elements and its largest element is join-
reducible then there are at least two choices for the above-mentioned f.
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Given an m-element finite set A = {ay,...,am}, m > 3, a family (or, in
other words, a set) F of at least two subsets of A, i.e. F C P(A), is called
a union-closed family (over A) if X UY € F whenever X,Y € F. It was
Peter Frankl in 1979 (cf. Frankl [9]) who formulated the following conjecture,
now called as Frankl’s conjecture or the union-closed sets conjecture: if F is as
above then there exists an element of A which is contained in at least half of
the members of F. In spite of at least three dozen papers, cf. the bibliography
given in [8], this conjecture is still open.

Now let L be a finite lattice. As usual, the set of its nonzero join-irreducible
elements will be denoted by J(L). We say that L satisfies (the lattice theoretic
version of) Frankl’s conjecture if |L| = 1 or there is an f € J(L) such that for
the principal filter Tf = {z € L: f < z} we have |Tf| < |L|/2. Stanley [17]
and Poonen [14] or Abe and Nakano [3] have shown that (the original) Frankl’s
conjecture is true if and only if all finite lattices satisfy (the lattice theoretic)
Frankl’s conjecture. (For details one can also see [6].) This fact has initiated
a series of lattice theoretical results given by Abe and Nakano [1], [2], [3], [4],
Herrmann and Langsdorf [13], and Reinhold [15], and two combinatorial results
achieved by means of lattices, cf. [6] and [8]. In particular, lower semimodular
lattices satisfy Frankl’s conjecture by [15], and the method of [15] makes it
clear that the situation for (upper) semimodular lattices is much harder. In
fact, it is (and it remains) unknown if semimodular lattices satisfy Frankl’s
conjecture. The goal of the present paper is to present two subclasses of the
class of finite semimodular lattices such that every lattice L in these subclasses
satisfies Frankl’s conjecture; in fact, L usually satisfies the conjecture in a bit
stronger form.

For elements x and y of a lattice L, let x < y denote the “covers or equals”
relation. That is, z < y iff * < y and there is no z € L with z < z < y.
Recall that L is called (upper) semimodular if, for any a,b,c € L, a < b implies
aVe=<bVe. Let J(L) denote the set of non-zero join-irreducible elements of L,
and let m = |J(L)|. Since each element of L is the join of a subset of J(L), L
has at most 2™ elements. Strengthening a former result of Gao and Yu [10], it
is shown in [6] that L satisfies Frankl’s conjecture provided |L| > 2™ —2™/2, In
the semimodular case we can prove more. For simplicity, finite lattices L with
more than 5-2™7% = 2™ — 2.2™ clements will be called large. The height h(z) of
an element x € L is the length (number of elements minus one) of any maximal
chain in the principal ideal |x. (This makes sense, for any two maximal chains
has the same length by semimodularity.)

Theorem 1 Let L be a finite semimodular lattice. If L is large in the sense
|L| > 5-2m3 where m = |J(L)|, then L satisfies Frankl’s conjecture.

Proof Let A(L) denote the set of atoms of L.

First we show that |J(L)\ A(L)| < 1. By way of contradiction, assume that
ay and as are distinct elements of J(L) \ A(L). Let ag,...,a,, be the rest of
nonzero join-irreducible elements, i.e., J(L) = {a1, az,...,am}. Let By, be the
boolean lattice with atoms 1, ..., z,,, and consider both B,, = (By,;V,0) and
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L = (L;V,0) as join-semilattices with 0. Since B,, is the free join-semilattice
with 0, there is a surjective homomorphism ¢: B,,, — L, z; — a;. Let © denote
the kernel of ¢. Then, for i = 1,2, the ©-class [z;] of x; is not a singleton, for
otherwise a; would be an atom. Since a; # 0, we conclude that 0 ¢ [z;]. Since
O-classes are convex subsemilattices, there are elements y1 € [z1] and y2 € [23]
such that y; > =1 and y2 = x5. They are distinct, for a; # as. Let z = y1 A yo;
it is an atom or the zero of B,,.

Fig. 1: Two ideals in B,,

First assume that z is an atom, and consider the ideal I = |(y1Vy2) in By, cf.
Figure 1. Let K denote the subsemilattice generated by those atoms of B,,, that
are not in I; K is not indicated in the figure. It follows from (z1, y1), (2, y2) € ©
that the restriction ©|; to I includes the semilattice congruence indicated in the
figure. Hence © collapses I to five or less elements. For v € K, let uV I =
{uVvit:tel}. If (t1,t2) € O|r then (u Vi1, uViy) € ©. Hence O collapses u V I
to five or less elements. Now B,, is the union of the pairwise disjoint subsets
wV I, u € By,. Therefore L & B,,/© consists of at most 5 |K| = 5-2m~3
elements, which contradicts the assumption that L is large.

Secondly, assume that z = 0, and consider the ideal J = [(y1 V y2), cf.
Figure 1. Then the same argument as above gives |L| < 9-2m~% < 5.2m73 4
contradiction again. This proves that |J(L) \ A(L)| < 1.

Now, let us recall a well-known fact on semimodular lattices. An n-element
subset U = {c1,...,¢cn} of A(L) is called independent if the sublattice [U]
generated by U is boolean with A([U]) = U. It is well-known, cf. e.g., Theorem
IV.2.4 in Grétzer [11], that U is independent if and only if

(c1V---Ve)ANeip1 =0 for i=1,2,...,n—1. (1)

We need another, much easier version of independence: U C J(L) will be called
an irredundant set if uw £ \/(U \ {u}) for every v € U. In other words, U =
{c1,...,cn} is independent if no joinand can be omitted from ¢ V - -+ V ¢,.

Now, armed with |J(L)\ A(L)| < 1, let us introduce some new notations. If
|J(L)\ A(L)| =1, then let a; be the only element of J(L)\ A(L), let as, ..., ax
be the atoms in |ai, and let by,...,b,—; be the rest of atoms. (Note that
k > 2.) Otherwise, when J(L) = A(L), let k = 1, let a1 be an arbitrarily fixed
atom, and let by,...,b,_1 be the rest of atoms.
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We claim that |Ta;| < |L|/2. Tt suffices to show that for each 2 € Ta; there
exists an y = y(x) € L\ Ta; such that a Vy = z. (If there are several elements
y with this property then we choose one of them.) Indeed, then the existence of
the injective mapping Ta; — L\ Tai, z — y(z) will complete the proof. So, let
x € Tay be an arbitrary element. Then, clearly, there is an irredundant subset
U of J(L) whose join is z.

First let us assume that a; is in U for some 1 < 7 < k. Now we define
Yy = \/(U \ {ai}). Then z = a; Vy and a; < a1 < x gives z = a1 V y while the
irredundance of U yields a; € y, implying y ¢ Ta;.

Secondly, we assume that no a; belongs to U. Then U is a set of atoms, say
U = {bi,...,by}. Using condition (1) and the irredundance of U we conclude
that U is an independent set. Define d; = b1V ---V b;j—1 Vb1V ---b,. Then
the d;, 1 < i < n, are the coatoms of the boolean sublattice generated by U.
If a1 < d; for all 4, then a1 < /\Zl:1 d; = 0, a contradiction. Hence we can
select an i € {1,...,n} such that a; € d;. Then y = d; does the job, for
d; =0V d; < b; Vd; =x by semimodularity, and d; < a1 V d; < . O

Let us recall that finite, atomistic, semimodular lattices are geometric lattices
by definition. Using the ideas around Figure 1, it is easy to see that (x1,y1) € ©
implies that at leat 22 elements of B,, are collapsed, i.e., L has at most
2m — 2m=2 = §.2m3 glements. This means that |L| > 6 -2™~3 implies
J(L) = A(L) and |[z;]] = 1 (¢ = 1,...,m), whence the above proof clearly
yields the following

Corollary 1 Let L be a finite semimodular lattice with |L| > 6 - 2™~ where
m = |J(L)|. Then L is a geometric lattice, and for each atom f of L, |1f] <
|L1/2.

If L has a Hasse diagram whose edges cross only at vertices then L is called
a planar lattice. Recently, Gratzer and Knapp [12] has given a useful struc-
ture theorem for finite planar semimodular lattices; this is what the present
paper relies on. Although this structure theorem is now generalized to all finite
semimodular lattices in [7], we have been able to treat the planar case only.

If a || b, then S = {a,b,a Ab,aV b} C L will be called a square of L. If,
in addition, a Ab < a and a A b < b, then S is called a covering square. By
semimodularity, a V b covers both ¢ and b when S is a covering square. If each
covering square of L is an interval then L is said to be slim. A mapping is called
cover-preserving if it preserves the relation <. Let us recall

Lemma 1 (Grdtzer and Knapp [12])

o FEach finite planar slim semimodular lattice is a cover-preserving join-
homomorphic image of the direct product of two finite chains.

e FEach finite planar semimodular lattice can be obtained from a slim pla-
nar semimodular lattice by inserting new, doubly irreducible elements into
some of its covering squares.
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Using the connection between Frankl’s original conjecture and its lattice
theoretic version, Roberts [16] yields that lattices with at most forty elements
satisfy Frankl’s conjecture. However, to explain why |L| > 4 is assumed in our
main result below, we need only the obvious observation that lattices with less
than four elements satisfy Frankl’s conjecture.

Theorem 2 Let L be a finite planar semimodular lattice consisting of at least
four elements. Then L satisfies Frankl’s conjecture. Moreover, at least one of
the following two properties hold:

o cither 1 € J(L), and therefore |1f| < |L|/4 for f =1,

e or there exist two distinct elements fi and fz in J(L) such that |1f;] <
|L|/2 fori=1,2.

Proof Let L be a finite planar semimodular lattice with |L| > 4. We will
assume that L is not a chain and 1 ¢ J(L), for otherwise the statement is
evident.

First we consider the case when L is slim. We will treat it as a join-semilattice
(L,V). In virtue of Lemma 1, there are two chains, {0 < 1 < --- < n} and
{0 <1< ---<m}, and a join-congruence © of

D={0<l<---<n}x{0<1l<---<m}

such that, up to isomorphism, L = (L,V) equals D/O. (We will not use the
cover-preserving property of the canonical L — L/© homomorphism.) Since L
is not a chain, n > 2 and m > 2. We assume that n and m are chosen such
that m + n is minimal, and we prove the slim case via induction on m 4+ n. The
smallest case, m = n = 2 is evident. So we assume that m +n > 4. For brevity,
let w = (n,0), v =(0,m), 1 = (m,n), h = (n—1,m), cf. Figure 2.

Fig. 2

Now we claim that [¢]© and [v]© belong to J(L) = J(D/©). Their role is
symmetric, so it suffices to deal with [u]©. Suppose, by way of contradiction,
that [u]© is not join-irreducible. Then there are a,b € D such that [u]® =
[a]© V [b]© = [a Vv b]O but [a]O© < [u]© and [b]© < [u]O, cf. Figure 2. (Although
Figure 2 does not reflect the full generality, © is at least as large as indicated
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by dotted lines.) Let ¢ = a V b. Since [a]® < [u]© and [H]O < [u]©O, we

conclude that a,b,c € |h. Let ¢ < ¢ < ¢’ < --- denote the unique maximal
chain in the interval [c,cV v] C |h, and let d = u Ve, d =uVv, d =
uV ;... be the corresponding chain in the interval [d,1]. Now, computing

modulo O, for = € [u,d] we have x =uVar =cVae=d=uVec=cVc=c
Further, d = dVvcd =cVvdd =d,d =dvd =cv =" etec. This
means that each element of [u, 1] is congruent to some element in |h modulo O.
Therefore, by the Third Isomorphism Theorem (cf. e.g., Thm. 6.18 in Burris and
Sankappanavar [5]), (L, V) is isomorphic to ([h)/¥ where ¥ is the restriction
of © to |h. However, this contradicts the minimality of m + n. We have seen
that [u]© and [v]© are join-irreducible. [u]© = [0]© is impossible, for otherwise
L would clearly be a chain Finally, [u]© and [v]© are distinct, for otherwise
[u]© = [u]® V [v]O = [uVv]© = [1]0, a contradiction.
Now, we claim that

((0,i—1),(0,4)) ¢ © for i =1,...m. (2)

By way of contradiction, suppose the opposite for some fixed i. Let ® be the
semilattice congruence of D whose two-element blocks are the {(j,7—1), (4,4)},
j=0,1,...,n, and all other blocks are singletons. Since

((]aZ - 1)’ (]71)) = ((]’O) \ (O7Z - 1)’ (]7 O) \ (O’Z)) € 0,

we have ® C ©. Hence the Second Isomorphism Theorem (cf. e.g., Thm. 6.15
in [5]) gives that (L,V) is a homomorphic image of {0 <1 < --- <n} x {0 <
1 <---<m — 1}, which contradicts the minimality of m + n.

Now, it follows from (2) that

[L]O] = m + 1. (3)
If, for a € D, [u]®© < [a]O then [a]© = [u V a]O. This implies that
[Tu]®] <m+1. (4)

We claim that
1u]© is disjoint from |[v]©. (5)

This comes easily, for in the opposite case we would have
[1]1© =[uVv]®=[uOV[ve =[eecJ(D/O)=J(L),

which has been excluded previously. Now (3), (4) and (5) settle the slim case.
Finally, according to Lemma 1, the general case is obtained from the slim
case via inserting new doubly irreducible elements into the interior (understood
in geometrical sense in the Hasse diagram) of covering squares. Since [u]© and
1[v]© are chains, they include no covering square. Hence no new element is
inserted into them. I.e., the size of T[u]® and that of T[v]© remain fixed while
the size of L increases. |
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Abstract
In this work, we establish new Furi—Pera type fixed point theorems
for the sum and the product of abstract nonlinear operators in Banach
algebras; one of the operators is completely continuous and the other one
is D-Lipchitzian. The Kuratowski measure of noncompactness is used
together with recent fixed point principles. Applications to solving non-
linear functional integral equations are given. Our results complement
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Introduction

be reduced to perturbed nonlinear equations of the form:

where M is a closed, convex subset of a Banach space X, and A, B are two
nonlinear operators. A useful tool to deal with such problems is the celebrated

Ay+By=vy, yeM

fixed point theorem due to Krasnozels’kii, 1958 (see [15, 16]):

55
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Theorem 1.1 Let M be a nonempty closed convex subset of a Banach space
X and A, B be two maps from M to X such that

(a) A is compact and continuous,

(b) B is a contraction,

(¢) Ax + By € M, for all x,y € M.

Then A+ B has at least one fized point in M.

‘We recall the

Definition 1.1 Let F be a Banach space and f: E — E be a mapping. Then f
is said compact if f(E) is compact. It is called totally bounded whenever f(A)
is relatively compact for any bounded subset A of E. Finally, f is completely
continuous if is continuous and totally bounded.

The proof of Theorem 1.1 combines the metric Banach contraction mapping
principle both with the topological Schauder’s fixed point theorem [1, 7, 17, 19]
and uses the fact that if E is a linear vector space, F' C E a nonempty subset
and g: F — F a contraction, then the mapping I — g: F — (I — g)(F) is an
homeomorphism.

In 1998, Burton [6] noticed that the Krasnozels’kii fixed point theorem re-
mains valid if condition (c) is replaced by the following less restrictive one:

Yy e M, (x = Ay+ Bx) = = € M. (1)

However, the study of some integral equations involving the product of op-
erators rather than the sum may be considered only in the framework of Banach
algebras for which Dhage proved in 1988 the following

Theorem 1.2 [9] Let S be a closed, conver and bounded subset of a Banach
algebra X and let A,B: S — S be two operators such that

(a) A is Lipschitzian with a Lipschitz constant .

(b) (%)_1 exists on B(S), where I is an identity operator and the operator

I I

1 X — X s defined by <—> () = —.

(c) B is completely continuous.

(d) AxBy € S, for all x,y € S.

Then the operator equation x = AxBx has a solution, whenever aM < 1, where
M := | B(S)|| = sup{| Ba|: = € S}.

Remark 1.1 Note that (%)71 exists if the operator % is well defined and is
one-to-one. In [10], the author improved Theorem 1.2 by removing the restric-
tive condition (b). The proof of the improved theorem involves the measure of
noncompactness theory (see Section 2). Also, the assumption stating that A is
Lipschitzian is extended to D-Lipschitzian mappings according to the following
definition. Finally, Assumption (d) is weakened to Burton’s relaxed condition.
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Definition 1.2 Let E be a Banach space and f: E — E a mapping.

(a) f is called D-Lipschitzian with D-function ¢; if there exists a continuous
nondecreasing function ¢7: R™ — RT such that ¢(0) =0 and

1f @) = fW)I < o (lle = yll), Y(w,y) € B

(b) Moreover if ¢;(r) < r, Vr > 0, then f is called nonlinear contraction.

(c) In particular, if ¢¢(r) = kr for some constant 0 < k < 1, then f is a
contraction.

(d) f is said non-expansive if ¢;(r) = r, that is
1£ (@) = fF@Il < lla = yll. V(z,y) € E*

Immediately, we have

Lemma 1.1 Every D-Lipschitzian mapping A is bounded, i.e. maps bounded
sets into bounded sets.

Proof Let S be a bounded subset in a Banach space F and d = diam S
where diam S stands for the diameter of S. Let sg € S be fixed. Since ¢4 is
nondecreasing, for any s € S, we have

[[As]| < [|Aso|l + [[As — Asol| < [|Asol| + da(lls — soll) < [[Asol + ¢a(d),
whence comes the result. O

Next, we state three basic existence results, important for the rest of the
paper:

Theorem 1.3 ([10, Thm 2.1, p. 275]) Let S be a closed, conver and bounded
subset of a Banach algebra E and let A, B: S — FE be two operators such that
(a) A is D-Lipschitzian with D-function ¢ 4.

(b) B is completely continuous.

(c) (x=AxBy =2z €S5), forally e S.

Then the operator equation © = AxBx has a solution, whenever ¢a(r) < r,
Vr > 0 where M := || B(S)||.

The idea of extending contractions to nonlinear contractions comes from
Boyd and Wong fixed point theorem which we recall hereafter for completeness;
this theorem generalizes the Banach fixed point principle, dating 1922 (see e.g.,
[19]).

Theorem 1.4 ([5], 1969) Let E be a Banach space and f : E — E a nonlinear
contraction. Then f has a unique fixed point in E.

In practice, condition (c) in Theorem 1.3 is not so easy to come by as it is
the case in Schauder’s fixed point theorem where a compact mapping is asked
to map a ball into itself. In 1987, Furi and Pera introduced a new condition
instead and proved the following fixed point theorem in the general framework
of Fréchet spaces:
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Theorem 1.5 (see [14] or [1, Thm 8.5, p. 99]) Let E be a Fréchet space, Q a
closed convex subset of E, 0 € Q and let T: Q — E be a continuous compact
mapping. Assume further that

if {(z;,j)};>1 is a sequence in 0Q) x [0,1]
(FP) converging to (x, ) with x = AF(x) and 0 < A < 1,
then A\jF(x;) € Q for j sufficiently large.

Then T has a fized point in Q.

Our aim in this paper is to prove new existence theorems of Dhage type with
the condition (c) in Theorem 1.3 replaced by the Furi-Pera condition (F7P).
More precisely, we will consider mappings of the form F' = AB + C where B
is completely continuous and A, C' are D-Lipchitzian while I satisfies the Furi—
Pera condition. This is the content of Theorems 3.1 and 3.2. In Theorem 3.3,
the Furi—Pera condition is verified by another mapping, denoted N. The latter
is proved to fulfill Boyd and Wong fixed point theorem (Theorem 1.4). As a
consequence, we derive some known fixed point theorems obtained recently in
[10, 11, 17]. The proofs are detailed in Sections 4 and 5. A further result where
we relax condition (c) in Theorem 1.3 is given in Section 6. Some applications
to functional nonlinear integral equations are provided in Section 7. We end
the paper with some concluding remarks in Section 8. The notation := means
throughout to be defined equal to. B,(z) will denote the open ball in a metric
space X, centered at x and of radius » and RT will refer to the set of all positive
real numbers. Before we present the main results of this paper, some auxiliary
results are recalled hereafter.

2 Preliminaries

Definition 2.1 Let F be a Banach space and B C P(F) the set of bounded
subsets of E. For any subset A € B, define a(A4) = inf D where

D={e>0: ACUZTA;, diam(A;) <e, Vi=1,...,n}.

« is called the Kuratowski measure of noncompactness, « — M NC' for short.
Hereafter, we gather together its main properties. For more details, we refer to
3, 4, 7].

Proposition 2.1 For any A, B € B, we have

(a) 0 < a(A) < diam(A)

(b) AC B= a(A) < «a(B) (a is nondecreasing).
(c) a(A U B) = max(a(A), a(B)).

(d) a(A+ B) < a(A) + a(B) (« is lower-additive).
(f) a(Conv A)) = a(A) = a(A).

(h) a(A) = 0= A is relatively compact.
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Definition 2.2 Let E7, Es be two Banach spaces and f : E; — FE» a continuous
application which maps bounded subsets of F; into bounded subsets of Eo
(a) f is called a-Lipschitz if there exists some k& > 0 such that

a(f(A4)) < ka(4),

for any bounded subset A C Fj.
(b) f is a strict a-contraction when k < 1.
(c) f is said to be a-condensing whenever

a(f(4)) < a(4),
for any bounded subset A C E; with a(A) # 0.

Remark 2.1 Clearly, the case £ = 0 corresponds to f totally bounded which
is of course a-condensing.

To develop further arguments, we need the following auxiliary results. They
extend Theorem 1.5 to a-condensing and a-Lipschitz maps in Banach spaces,
respectively (for the proofs, we refer to [17]).

Theorem 2.1 Let E be a Banach space and ) a closed convex bounded subset
of E with 0 € Q. In addition, assume F': Q — FE is an a-condensing map which
satisfies the Furi—Pera condition. Then F has a fized point x € Q.

Theorem 2.2 Let E be a Banach space and Q a closed convexr bounded subset
of E with 0 € Q. In addition, assume that (I — F)(S) is a closed, F': Q — E is
an a-Lipschitz map with k = 1 and satisfies the Furi—Pera condition. Then F
has a fized point © € Q.

3 Main results

We state the following main theorems of this paper.

Theorem 3.1 Let S be a closed, conver and bounded subset of a Banach algebra
X with0 € S and let A,C: X — X and B: S — X be three operators such that

(a) A and C are D-Lipschitzian with D-functions ¢4 and ¢ respectively.
(b) B is completely continuous.
(¢) The operator F: S — X defined by

F(z) = AzBz + Cx

satisfies the Furi—Pera condition.
Then the abstract equation x = AxBx + Cx has a solution x € S whenever

(Ho) Moa(r)+ oc(r) <r, ¥Yr>0
where M = || B(S)]|.
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Remark 3.1 More generally, one may consider n D-Lipschitzian operators A;
(¢ = 1,---,n) with D-functions ¢; and completely continuous operators B;
(¢ = 1,---,n) defined on a closed, bounded, convex subset S of a Banach
algebra containing 0 and satisfying

Zn: Migi(r) <r
i=1

where, for each i, M; = ||B;(S)]|. If the operator

n

F(z) =Y (4;B;)(x)

i=1
satisfies the Furi—Pera condition, then the abstract nonlinear equation

n

i=1

has a solution x € S.
Remark 3.2 Let S = Br(0). It is well known that F(9S) C S implies the
Furi-Pera condition. Assume further that A0 = C0 = 0. Then also Assumption
(Ho) implies the Furi-Pera condition. Indeed, let (z;,A;);>1 be a sequence in
0S5 % [0,1] converging to some limit (z, \) with x = AF(z) and 0 < X\ < 1, then

1A Fasl| < [|Azj|[|| Basl| + [|Cjll < M a(llsll) + dc(llsll) < [yl = R.
Hence \;F(z;) € S, Vj € N*.
Theorem 3.2 Let S be a closed, convex and bounded subset of a Banach algebra
X with0 € S and let A,C: X — X and B: S — X be three operators such that
(a) A and C are D-Lipschitzian with D-functions ¢4 and ¢ respectively.
(b) B is completely continuous.

(¢) The operator F': S — X defined by F(x) = AxBx + Cx satisfies the Furi—
Pera condition.

Then the abstract equation x = AxBx + Cx has a solution x € S provided
(I —F)(S) is closed and the large inequality M ¢ a(r) + ¢pc(r) < r, ¥r > 0 holds.
Theorem 3.3 Let S be a closed, conver and bounded subset of a Banach algebra
X with0€ S and let A: X — X and B: S — X be two operators such that
(a) A is D-Lipschitzian with D-function ¢4.

(b) B is completely continuous.

(c) The operator N: S — X defined by Nx =y, where y is the unique solution
of the operator equation y = AyBx, satisfies the Furi—Pera condition.

Then the operator equation x = AxBx has a solution x € S provided

(H) the mapping ®: [0, +00) — [0, +00)
ri— ®(r) =r— Mdoa(r) is increasing to infinity.
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Remark 3.3 (a) Obviously, Assumption (H) implies that for any r > 0
M¢pa(r) < r and amounts to the restriction 0 < k < ﬁ in case ¢4 is a
k-contraction.

(b) The condition (c) in Theorem 3.3 is different from the condition (c)
in Theorem 3.1 which means that N(S) C S. One can make analogy with
the condition (c) in Theorem 1.1 compared with Burton’s weak condition (1).
Regarding these conditions, a discussion is given in the concluding remarks (see

Section 7).

3.1 Some consequences

In this section, we derive four existence principles. In particular, we recover
some known results: the first one is Dhage’s Theorem 1.3 ([10, Thm 2.1]); the
second one is a nonlinear alternative in Banach algebras ([11, Thm 2.2]), the
third one is concerned with the case of the sum of a nonlinear contraction and a
compact mapping ([17, Thm 2.2]) while the last one is a useful classical result.

Corollary 3.1 Assume Assumptions (a)—(c) in Theorem 1.8 are satisfied, 0 €
S where S is either a ball or any subset homeomorphic to a bounded, closed
convex subset and AB(S) C S. Then, the same conclusion of this theorem

holds true provided (H) is fulfilled.

Proof We prove the corollary first in case S = Bj/(0) and then when AB
maps S into itself. In the latter case, S could be any subset homeomorphic to
a closed, bounded and convex subset of X.
Step 1: S = By(0). We only have to check that condition (c¢) in Theorem
1.3 implies the Furi-Pera condition (c) in Theorem 3.3. For this, let (z;, \;);>1
be a sequence in 95 x [0,1] converging to some limit (z,\) with z = ANz,
0 < A < 1 and show that \;N(z;) € S for j large enough. For any j € N*,
[INN(z)|| < IN(z;)] = llyjl| where y; = Ay;Bx;. Since z; € S C S and
condition (c) of Theorem 1.3 is satisfied, y; € S. Hence ||ly;|| < M. This implies
that |A\;N(z;)|| < M. Our claim, that is A\;N(z;) € S, is then proved.
Step 2: AB(S) C S. By the Dugundji’s extension theorem (see [7, 19]), let
r: X — S be a retraction and let B be a ball containing S. Then consider the
diagram

B 8528
From Step 1, the map AB o r has a fixed point « € B, that is satisfying
Ar(z)Br(z) = x. Since ABr(x) € S, it follows that = € S and thus r(z) = = =
ABz.
Step 3: S is homeomorphic to S, where S is a closed, bounded and convex
subset of X. Let the diagram

§M L gAB g g

where h is an homeomorphism. From Step 2, there exists some y € S such that
hoABoh™l(y) =y. Then ABx = z, for x = h~'(y) € S, ending the proof of
the corollary. O
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Corollary 3.2 ([11, Thm 2.2, p. 272]) Let X be a Banach algebra and let
A,B,C: X — X be three operators satisfying (Ho) together with

(a) A and C are D-Lipschitzian with D-functions ¢4 and o respectively.

(b) B is completely continuous.

Then

(a) either F = AB + C has a fized point in X,

(b) or the set {x € X, A\F(x) =z, 0 < A < 1} is unbounded.

Proof Assume Alternative (b) does not hold true. Then, there exists some
positive constant R such that

YA€ (0,1), (A\F(z) =z = ||z]| < R). 2)

In order to show that F' satisfies the Furi—Pera condition, consider a sequence
(zj,Aj)j>1 € 08 x [0,1] converging to some limit (z,\) with = AF(x) and
0 < A < 1, where S = Br+1(0). By continuity of F'; we have that

I\ F(x;)| < [|AF(z)|| + 1, for sufficientlly large j. (3)
Since © = AF(x), (2) yields
IAF ()] = [lz]| < R.

This with (3) imply that A\;Fj(z) € S. Our claim, namely Alternative (a), then
follows from Theorem 3.1. O

The following two particular cases of Theorem 3.1 are useful in practice.

Corollary 3.3 ([17, Thm 2.2, p. 3]) Let S be a closed, convex and bounded
subset of a Banach space X with0 € S and let Fy: X — X and F5: S — X be
two operators such that

(a) Fy is a nonlinear contraction.

(b) Fs is completely continuous.

(c) The sum F = Fy + F»: S — X satisfies the Furi—Pera condition (FP).
Then F has a fized point x € S.

Proof Take B = F;, C = F;, A=1 and then p4 = 0. O

Corollary 3.4 Let S be a closed, conver and bounded subset of a Banach al-
gebra X with 0 € S and let A,C: X — X and B: S — X be three operators
such that

(a) A and C are Lipschitzian with Lipschitz constants ka and k¢ respectively.
(b) B is completely continuous.

(¢) The operator F: S — X defined by F(x) = AzBx+ Cx, x € X satisfies the
Furi—-Pera condition (FP).

Then the equation x = AzBx + Cx has a solution x € S whenever k4| B(S)| +
ke < 1.
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4 Proofs of Theorems 3.1 and 3.2

The proofs are direct consequences of the following lemmas:

Lemma 4.1 Under Assumptions (a), (b) of Theorem 3.1 together with (Ho),
the map F: S — X defined by F(x) = AxBx + Cx is a-condensing.

Proof Let D C S be a bounded subset and § > 0. There exists a covering
(D;)™_, such that D C |J;_; D; and diam(D;) < a(D)+9, foreachi=1,...,n.
For every i € {1,---,n}, let 2} = z1, 25 = 23 € D; and E; = F(D;). Clearly
F(D) c U, E;. In addition, we have the estimates

|F(z1) — F(z2)|| = ||Az1Bz1 + Cz1 — AxgBxy — Cas|

< [[Azy|| [[Bzy — Baa|| + || Bazl| | Azy — Az + [|Czy — Cas|
< ||Azy || diam (B(D;)) + M ||Azy — Azs|| + ||Czy — Cas|

< Az a(B(Di)) + M da(llzr — z2|)) + ¢c (|21 — 22]).

Since B is completely continuous, a(B(D;)) = 0, for each i € {1,--- ,n} follows
from Proposition 2.1(e). We infer that

[1F(z1) = F(z2)|| < M ¢a(llzr — z2]) + dc (21 — 22l)).
Since ¢4 and ¢¢ are non decreasing, it follows that

diam E; < M ¢a(|lz1 — z2) + dc(l|lz1 — 22]|)
< Moa(diam(D;)) + d¢(diam(D;))
< Ma(aD) +6) + dc(a(D) +9).

AN

Therefore
a(F(D)) < Mga(a(D) +6) + ¢c(a(D) +6).

Since § > 0 is arbitrary, we deduce the estimate
a(F(D)) < Ma(a(D)) + ¢c(a(D)).
Taking into account Assumption (Hy), we arrive at
a(F(D)) < a(D),
proving our claim. O
Remark 4.1 It is well known (see e.g. [17, proof of Thm 2.1]) that the sum
of a nonlinear contraction and a compact mapping is a-condensing. Lemma

4.1 extends this result to D-Lipschitz mappings as well as to the product of a
compact and a D-Lipschitz maps.
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Proof of Theorem 3.1. By Lemma 4.1, the map F: S — X defined by
F(z) = AxBx + Cx is a-condensing. Since F' satisfies the Furi-Pera condi-
tion, it follows by Theorem 2.1 that F' has at least one fixed point x € S,
solution of the equation = Az Bx + Cx, ending the proof of the theorem. O

Proof of Theorem 3.2. Since the mapping F: S — X defined by F(z) =
AxBzx + Cz is a-condensing by Lemma 4.1, then it is a-Lipschitz with k& = 1.
Moreover (I—F)(S) is closed and F satisfies the Furi-Pera condition. Therefore,
Theorem 2.2 implies that F' has at least one fixed point x € S, solution of the
equation z = AxBx + Cx. m]

5 Proof of Theorem 3.3

The proof follows from Theorem 2.1 once we have proved the following two
technical lemmas.

Lemma 5.1 Under the assumptions of Theorem 3.3, the operator N: X — X
introduced in condition (c) is well defined and is bounded (on bounded subsets
of X).

Proof For any z € S, let the mapping A, be defined in X by A,y = AyBuz.
Then, for any y1,y2 € X,

[Azy1 = Awyo| = |Be[[[[Ayr — Ay2|| < [[Bz[¢a (1 — v2l) < M¢a (v — y2l)

with M¢a(r) < r, ¥r > 0. By the Boyd and Wong fixed point theorem (see
Theorem 1.4), A, has only one fixed point y € X and so the mapping N is well
defined. In addition, let D C X be any bounded subset, x € D and y = Nz
where y is the unique solution of the equation y = AyBx. Thus

lyll = [ Bz|[[| Ay|| < M| Ay].
Let yo € X. With Assumption (), we have the following estimates
lyll < M ([[Ay — Ayoll + [[Ayoll) < Mda ([ly — yoll) + M| Ayol|-
Hence
1y = yoll < llyll + llyoll < Mea (lly = yoll) + M Agoll + llyoll-
It follows that

O([ly —woll) = lly — woll = Mo allly — yoll) < Ml Ayoll + llyoll-

This in turn implies successively

ly = yoll < @~ 1(M]|Ayoll + [lvoll)
Iyl < lly — woll + llyoll < @~ (M|l Ayoll + llwoll) + llyoll,

proving our claim. O
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Remark 5.1 To prove Lemma 5.1, we only need lim;_, ;o ®(s) = 400 without
the increasing character of ®.

Lemma 5.2 Under the hypotheses of Theorem 3.3, the operator N introduced
in the condition (c) is compact.

Proof
Claim 1. N is continuous. Let (z,,) be a sequence in S converging to some
limit . Since S is closed, x € S. Moreover

|Nz, — Nz| = |ANz,Bx — ANxBx||

< ||ANz,Bx,, — ANzBz,| + ||[ANzBz, — ANxBx||
|Bzy ||| ANz, — ANz|| + || ANz|||| Bz, — Bz||
Mo(||lwn —2|)) + | ANz|[[| Bxn, — Bzl|.

IN N

Whence

limsup || Nz, — Nz|| < M¢(limsup ||z, — z|]) + ||ANz| limsup || Bz, — Bz|.

n—oo

From Assumption (b), B is continuous; hence

limsup |Nz, — Nz|| =0,

n—oo

yielding the continuity of N.

Claim 2. N is compact. From Lemmas 1.1 and 5.1, there exists some
positive constant ky such that ||ANz| < ki, Yz € S. Let € > 0 be given. Since
S is bounded and B is completely continuous, B(.S) is relatively compact. Then
there exists a set £ = {x1,...,z,} C S such that

n

B(S) c | Bs(wi)

i=1

where w; := B(z;) and ¢ := kqe for some constant ks to be selected later on.
Therefore, for any x € S, there exists some x; € £ such that

0 < ||Bz — Ba;|| < kqe.
We have

|INz; — Nz|| = ||ANz;Bx; — ANxzBx||

< ||ANz;Bz; — ANxzBuz;| + ||ANzBx; — ANzBz||
|Baill|ANz: — ANal| + | AN| B: — B
Moa(||Nz; — Nz||) + k1kae. (4)

IN N

Hence

&(|Nz; — Nz||) = [|[Nz; — Nz| — Mpa(|Na; — Na||) < kikse.
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From Assumption (H), it follows that

|Nz; — Nz|| < &7 (kkoe).

we obtain

Choosing 0 < ko < @(15)

kie
INz; — Nz|| <e.

We have proved that N(S) C Ji_; B-(Nz;), showing that N is totally bounded
and ending the proof of Lemma 5.2. O

Remark 5.2 In Claim 2, we correct the proof of Theorem 2.1, p. 275 of [10]
where ¢4 was taken ¢4(r) < ar, r > 0. To this end, Assumption (H) is
essential.

Remark 5.3 In Theorem 3.3, the condition that S is unbounded may be re-
laxed when B completely continuous is replaced by B compact, that is B(S)
relatively compact. Indeed, the proof of Lemma 5.2 remains unchanged and
then we rather apply Theorem 1.5.

6 A further result

In the following, we prove that the condition (c) in Theorem 1.3 may be relaxed.

Theorem 6.1 Let S be a closed, conver and bounded subset of a Banach algebra
E such that int S # () and let A, B: S — E be two operators such that

(a) A is D-Lipschitzian with D-function ¢4.

(b) B is completely continuous.

(¢’) (x = AzBy = x € S), for ally € 0S.

Then the operator equation x = AxBx has a solution, whenever Mo (r) < r,
Vr > 0.

Proof Let r: X — S be aretraction. Moreover using the Minkowski functional
(see [18, Lemma 4.2.5, p. 27]), » may be chosen so that

r(x)y=2, z€S8
r(z) €08, xz¢&S.

We claim that Nr: X — X has a fixed point (here we denote by fg = fog).
Since N is completely continuous by Lemma 5.2 and r is continuous, the com-
posite 7N : S — S is completely continuous. Then Schauder’s fixed point theo-
rem implies that rV has a fixed point, i.e. there exists some xg € S such that
rINxg = xg. As a consequence, Nr has a fixed point. Indeed, letting yg = Nz,
we get

ryo = rNxg = x9g = Nryo = Nxg = yo.

That is yo = AyoBryo. Since ryy € 05, assumption (¢’) implies that yo € S,
ending the proof of the theorem. O
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Remark 6.1 One may take the subset S unbounded and the operator B com-
pact and then apply Rothe’s Theorem to prove Theorem 6.1. This is the
main motivation of the study of the topological structure of the subsubset
Fnr:={x € X, z = Nra} C S which is nonempty by Theorem 6.1.

(a) Fnr is closed. Let (z,)nen C Fnr be a sequence such that z,, — =z,
as n — +oo. We show that € Fy,. First x,, = Nr(x,) and, since N and r
are continuous, lim, o N7(z,) = Nr(x). Then, the uniqueness of the limit
implies that @ = Nr(x) yielding © € Fy,.

(b) Fnr is compact. Indeed, r(Fn,) C S implies N(r(Fn,)) C N(S)
and then a(N(r(Fny,))) < a(N(S)) = 0 because N is compact by Lemma
5.2. Here « is the measure of noncompactness (see Section 2). In addition,
Fnr C Nr(Fn,) implies that o(Fn,) < a(Nr(Fnr)) < 0; then a(Fny) = 0
and our claim follows.

7 Applications

7.1 Example 1

Let X = C([0,1],R) be the Banach Algebra of real continuous functions defined
on the interval [0, 1] endowed with the sup-norm

= t)|.
o] = mas Ja(r)

For some sufficiently large positive real number R, let S = Br(0) be the closed
ball centered at the origin and with radius R. Consider the nonlinear functional
integral equation, for ¢ € [0, 1] and the parameter « lies in the interval (0, 1)

aR ()
a(t) = |1+ lz(u®)] ) | ¢(0(2)) +/ 9(s,2(n(s))) ds (5)
R+1 0
where the functions p, 0, o,7: [0,1] — [0, 1] are continuous. Assume that ¢: [0,1] —
R and g: [0,1] X R — R are continuous functions and satisfy
lg(t,2)l < 1= lgllo, V(¢ 2) € [0,1] x R, (6)
where |[|q||oo := max;¢(o,1) [¢(t)|. Let the mappings A and B be defined by

aR
R+1

A X — X, Az(t) =1+ lz(p(t))]

and
a(t)

B:S— X, Bz(t) = q(0(t)) —l—/o g(s,z(n(s))) ds.

Then the integral equation (5) is equivalent to the operator equation

Az(t)Bx(t) = z(t), t€][0,1].
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(a) Properties of the mappings A, B. Clearly, A is a Lipchitzian map with

constant k = %' To prove B is completely continuous, let (z,,)nen C X. Since

o(t)
A g(s2(n(s))) ds| = lall + (1 — lal}) = 1,

the sequence (B(zy,))nen is uniformly bounded. Moreover B is equi-continuous.
To see this, let 1,12 € [0, 1]; then

o(t2)
|B(xn)(t1) — B(an)(t2)| < 1q(0(t1)) — q(0(t2))] + / 9(s,x(n(s))) ds

(t1)
< [q(0(t1)) — q(0(t2))| + (1 = [lal)|o(tr) — o(t2)].

The continuity of 6, o, ¢ on the compact interval [0, 1] implies that (B(zy,))nen is
equi-continuous and then B is completely continuous by Arzela—Ascoli Lemma.

(b) F = AB satisfies the Furi—Pera condition. For this purpose, consider a
sequence (z;, \;);>1 € 05 ][0, 1] converging to some limit (z, \) with z = A\F'(z)
and 0 < A < 1. Then for j sufficiently large, we have

A E ()| < AF (@) + 1.

Since x = AF'(z), we deduce the bounds:

aR
ol < (14 7 lel )

and then
ol <
Hence
IF@) < ey 0N <L

This implies that, for R large enough, namely R > \/ﬁ, it holds that

A F(z;) < R
and so A;jF;(z) € S. Finally

R 1
A N G

Then all assumptions of Theorem 3.1 are met with C' = 0 and Equation (5)
has a solution in X provided (6) holds true. Notice that for this first example,
Corollary 3.2 may be applied as well; this will not be the case with the next two
examples.
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7.2 Example 2

(a) Consider the Banach space

X =C(R,R) ={z € C(R,R), lim =z(t)=0}

[t]—+oo

endowed with the sup-norm
]l x = sup{|=(t)[}.
teR
Let a continuous function a: R x R — R be such that

a is k-Lipschitz with respect to the second argument (7)

and then define the mapping A by

Ax(t) = /tl e~ sla(s, x(s))ds, teR,

|l

for some positive parameter a. Then A is %—Lipschitz. Indeed

|Azq(t) — Aza(t)] < /tl e—alsl (a(S,xl(s)) - a(s,xg(s)))ds

|l

Il 1
< k/ e=ole! |z1(s) — z2(s)| ds < Eqllxr — ZZZQH/ e—alsl gs.
- — It

[t]
Hence

2k
[Az1 — Azol| < EHIl — Zal|.

Thus, we assume 2a—k < 1. In addition
2k 2
Az|| < — —|la(.,0)]|. 8
[Az] < —lll + ~lla(-, 0)] (8)

(b) Let the mapping B be defined by

+o0
Bz(t) = G(t,s)h(s,x(s)) ds,

— 00

where the nonlinear function h: R? — R is continuous and verifies the growth
condition:
Ih(t, x)] < q(O)¥(|]), VizeR (9)

where ¢ € Co(R,R*) and ¥: RT™ — R™ is a continuous nondecreasing function.
The kernel G: R? — R is continuous and satisfies

Jo,0> 0, |G(t,s)| < 0e™ "5 Vs,t eR. (10)
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We can show that B is completely continuous (see the proof of Theorem 2.1 in
[8] for the details). Let the bounded closed and convex subset of X:

S={zeX:|z| <R}

where the positive constant R is to be selected later on.
(¢) Assume that for any compact subset K C R, there exists a positive
constant M > 0 such that for any x € X, A € [0,1)

x = AMzBr = (|z(t)] < Mg, Vt € K). (11)

(d) To verify the Furi-Pera condition, let (z;, ;) € 85 x [0, 1] be such that,
as j — 400, A\; — A and x; — z with AF(z) and 0 < A < 1. We show that
AjF(z;) € S where F(x;) = Az;Bxz;. Since U is nondecreasing, we have

Bato] < w(m) [ :O G(t, 5)a(s)ds = (1)
Moreover, for each j, we have
INF ()l < 14z - 1B
< (Zhat+ 21ac.01) 50 < (Zr+ Zhat.0) 200

Since lim;— 1o v(t) = 0, there exist some t1,¢2 and a sufficiently small positive
constant M7 such that

||)\1F(J}])(t)” < M;, Vte (—OO,tl) U (tz, +OO) (12)

In addition, for ¢ € [t1,%2] and z; € 05, limj_; o x; = = AF () uniformly.
Then for j large enough and ¢ € [¢1, t2], we have, from conditions (11) and (12),
that

[AF(2;)(t) < AlF(2)(t)] +1 < Mo + 1. (13)
Combining (12) and (13) and taking R = max(M;, My + 1), we get
INF() @) <R, VEeR, ¥jeN.

Therefore the Furi-Pera condition is fulfilled.

As a consequence, we have proved that, under Assumptions (7), (9), (10)
and (11), the nonlinear problem

( /u e_a|8a(8,$(8))ds> ( T Gt (s, 2(5) ds> o), teR

Il —o0

admits, by Theorem 3.1, at least one solution z € Br(0) C C(R,R).
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Remark 7.1 Notice that in the particular case a(.,0) = 0, the last condition
in Theorem 3.1, namely || B(S)||22 < 1, is equivalent to the Furi-Pera condition
(see Remark 3.2). In such a case, we have only to find a function ¥ such that
there exists some R > 0 such that

4ko
—V(R)lglloo <1,
oo
which is obviously satisfied whenever lim;_, ;oo ¥(s) = +00.

7.3 Example 3

We will make use of the nonlinear version of Gronwall’s Lemma (see [2])

Lemma 7.1 Let I = [a,b] and u,g: I — R be positive real continuous func-
tions. Assume there exist ¢ > 0 and a continuous nondecreasing function
h: R — (0,+00) such that

u(t) <ec +/ g(s)h(u(s))ds, Vtel.

Then, we have

u(t) < Ut </atg(s) ds> , Vtel

‘I““):/c h(y)

or u > ¢ and W1 referring to the inverse of the function W, provided for an
g Y
t>a, f:g(s) ds € Dom U~ 1.

with

Let a > 1 and X = Cy([a, +00),R) be the set of real continuous functions
x defined on the interval [a, +00) and such that lim; .. z(t) = 0. Equipped
with the sup-norm ||z| = sup,-,, [z(t)], it is a Banach space.

(a) On the space X, define a mapping A by

Az(t) = h(t) —|—/ f(s,z(s))ds, t>a

where f: [a,+00) x R — R is continuous, f(¢,0) = 0, ¢ > a and there exists
p € L'([a, +00),RT) such that the nonlinear p-Lipschitz condition is satisfied:

[f(ta(t) = f(ty(@)] < p®)|z(t) =y, Y(wy) € X2, (14)

with some 0 < § < 1. The function h: [a,4+00) — R is continuous and noniden-

tically zero. If we let |p|; = f+°° p(t)dt, then we can see that the operator A is

a

|p|1 D-Lipschitzian and satisfies

[Az]l < [Plloe + Iphllz]°, Vo € X. (15)
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(b) Define a second mapping B by

t

Bx(t) = o(t)p(x(t)) +/ G(t,s)g(s,z(s))ds, t>a

a

with continuous functions o: [a,+00) — R and g: [a,+00) x R — R satisfying
respectively lim;, ;o o(t) = 0 and the growth assumption

l9(s, O < a(s)p(lE]), V(s z) € [a, +00) X R,

where ¢ € L'([a,+00),RT) and 1: Rt — RT is a continuous nondecreasing
map. The kernel function G [a, +o0)? — R satisfies

“+oo
lim sup/ |G(t, s)|q(s) ds = 0. (16)

t——+oo

Finally, let

o =suplo(t)] and @ =supa(t)
t>a t>a
with
—+o0

alt) = / Gt 5)]g(s) ds.

With conditions (16), we can show, as in the proof of Theorem 2.1 in [8],
that B is completely continuous. Moreover it satisfies

1Bz[| < 7(]l«]) + @y (llz]), VzeX. (17)

(¢) Assume that for any compact subset K C R, there exists a positive
constant My > 0 such that for any 2,y € X, and A € [0, 1),

y = AMyBx = (|y(t)| < Mk, Vt € K). (18)

Then, it remains to check the Furi-Pera condition (c¢) in Theorem 3.3 for the
mapping N defined by No = y = AyBx with respect to a closed ball S = Bx(0)
for some positive constant R. Let (z;, A;) € 95 x [0, 1] be a sequence such that,
as j — 400, A\j; — Aand z; — = with 2 = AN(z) and 0 < A < 1. We will show
that )\ijEj € S. Let Yy; = Nl‘j = Ay]B,I] Then )‘ijj = )\jijB,Ij = )\jyj.
To perform an estimate of |y;|, write

(0= @) By )+ Bro) [ 165,050 ds
and notice that, as in (17)
Bay (0] < lo(I6(R) + alt)i(R) = valt) < Tr, 12 a.
where 75 = |[7|¢(R) + @p(R) and

lim ~g(t) =0. (19)

t——+oo



Furi—Pera theorems in Banach algebras 73

Then

lu3(0)] < va(0) <|h|oo + [ oo ds)
which yields

;1) L

W <+ G [ 9l

By Lemma 7.1, we deduce the upper bound

e <09 (0 [ pls)is)

U(u) = / s %ds.
2]l

With (19), it follows that there exist R > 0 and ¢; > a such that

where

ly; (t)] < R. (20)

This both with (18) enable us to distinguish between the cases t in a compact
subset of [a,+00) and t large enough and prove, as in example 2, that there
exists some R > 0 such that |ly;|| < R. Therefore A\;Nz; belong to S proving
our claim follows.

Finally, Assumption (M) in Theorem 3.3 is verified for

o(r) =7 — |B(S)|a(r) = r— [F¢(R) + ap(R)] |plir°
=1 (1-[Eo(R) +a(R)] Ipl1r° ") (21)

which increases to positive infinity as r — +o0o for 0 < § < 1. To sum up, we
have proved that, under the hypotheses on f, g, and h the nonlinear integral
equation

() = <h(t)+/atf(s,x(s))ds> (/atg(s,x(s)) ds), t € [a, +00)

has a solution = € Cy([a, +o0),R) by Theorem 3.3.

8 Concluding remarks

(a) The following functional integral equation

o(t)
o) = () <q<t> +f g(s,xm(s)))ds) (22)

is discussed in [10] and solutions are proven to exist in the unit ball S = B;(0)
under the assumptions of Theorem 1.3. Indeed, notice that all solutions of
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Equation (22) are in S. By contrast, solutions x of Equation (5) satisfy ||z| <
R+ 1 and thus do not lie in S = Bgr(0). As a consequence, Theorem 1.3 could
not be used to solve Equation (5) though the Furi-Pera condition was satisfied
and Theorem 3.1 was successfully applied in Example 1.

(b) If, in Example 3, we have rather applied Theorem 3.1 instead, we should
be led to the following estimates regarding the verification of the Furi—Pera
condition for the mapping F' = AB:

1F ;| < [[Az; [ Bajlll < (Wrllo + ol lla11°) @ (llz;11) + @ (l211))
< ([hllos + [pl1 R) (@O (R) +a¢(R)) -

Therefore the Furi—Pera condition is satisfied whenever
(Ihllos + [P R%) (Fh(R) + a)(R)) < R. (23)

This inequality is somewhat restrictive and shows that the Schauder’s fixed
point theorem could be applied as well.

(c) As illustrated by examples 1-3, Theorems 3.1 and 3.3 show that, in
practice, the Furi—Pera condition is easier to be used than the condition (c¢) in
Theorem 1.3. Indeed, we can notice that assumption (c) in Examples 2 and 3
is a weak condition in the sense that we were able to make use of the Furi—Pera
condition while neither Schauder’s fixed point theorem nor Dhage’s fixed point
theorem could be applied. Moreover, fixed point theorems in Banach algebras
are useful in applications when problems exhibit nonlinearities as the product
of two integral functions. Many boundary value problem for second-order and
higher-order nonlinear differential equations may be reduced to integral equa-
tions. Further to Examples 1-3, we refer for instance to the functional integral
equations treated in [12, 13].
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Abstract

The statistical analysis of compositional data, multivariate data when
all its components are strictly positive real numbers that carry only rel-
ative information and having a simplex as the sample space, is in the
state-of-the-art devoted to represent compositions in orthonormal bases
with respect to the geometry on the simplex and thus provide an isomet-
ric transformation of the data to an usual linear space, where standard
statistical methods can be used (e.g. [2], [4], [5], [9]). However, in some
applications from geosciences ([14]) or statistical aspects of multicriteria
evaluation theory ([13]) it seems to be convenient to use another types of
bases. This paper is devoted to describe its basic properties and illustrate
the results on an example.

Key words: Aitchison geometry on the simplex; bases on the sim-
plex; additive logratio transformations.

2000 Mathematics Subject Classification: 15A03, 62H99

1 Simplicial geometry

The concept of compositional data and its geometry on the simplex (called
Aitchison geometry) is the starting point for building up statistical models for

7
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such data. This short course follows earlier developements of compositional data
([1]) and cites the present results of the active research, as summarized in [8],
[11] and [12].

Definition 1 A row vector, @ = (z1,...,2p), is called D-parts composition
when all its components are strictly positive real numbers and they carry only
relative information.

The assertion that D-parts composition (or only composition in short) carry
only relative information means that all the relevant information is contained in
the ratios among the parts, i.e. if ¢ is a nonzero real number, (z1,...,zp) and
(cx1,...,cxp) convey essentially the same information. A way to simplify the
use of compositions is to represent them in closed form, i.e. as positive vectors
with constant sum « (usually 1 or 100 in case of percentages) of the parts. As a
consequence, D-parts composition can be identified with the following vector:

Definition 2 For any composition x, the closure operation of x to the constant

k is defined as
KT KTD
C(zc)—( 1 =D >
D1 Ti D i1 Ti

Proposition 1 The sample space of compositional data is the simplex, defined

as b
SD:{CL':(Z],...,Z‘D), $i>07in:H}_
=1

The basics of Aitchison geometry on the simplex are mentioned below:

Definition 3 Perturbation of a composition * = C(x1,...,zp) € SP by a
composition y = C(y1,...,yp) € SP is a composition

@y =C(x1y1,...,TDYD)-

Definition 4 Power transformation of a composition € S” by a constant
a € R is a composition
a®x=CT,. .., zH).

Proposition 2 The simplex with the perturbation operation and the power
transformation, (SP, @, ®), is a vector space.

The analogy between real vector space and the simplex leads to a definition
of compositional (straight) line, based on operations of perturbation and power
transformation, as the compositions x(t), t € R, satisfying

z(t) =x0® (tOu),

with starting point ¢ and with direction given by the composition wu.

Let us remark, that the neutral element is the composition n = C(1,...,1) =
(5---. ) The vector structure of S allows us to use the concepts of linear
dependence and independence.
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Definition 5 A set of m compositions in S?, x1,... T, is said to be linearly
perturbation-dependent if there exist scalars aq, ..., a,, not all zero, such that

(1 Ox1) P D (m O Typ) =N
If no such scalars exist, the set is called linearly perturbation-independent.

In simplex SP, the maximum of perturbation-independent compositions is
D — 1. Thus, S? is a vector space of dimension D — 1.

Definition 6 If compositions ey, ...,ep_1 are perturbation-independent, they
constitute a (simplicial) basis of ST, i.e. each composition £ € SP can be
expressed as

zr=(10e1) P ®(ap-1©ep_1)
for some coefficients «;, ¢ = 1,...,D — 1, that are termed coordinates with

respect to the basis.

For deeper investigation of the bases on the simplex, we introduce further
the concepts of inner product and norm in Aitchison geometry that enable us
to use concepts of orthogonality and orthonormality of the bases.

Definition 7 Inner product of x,y € SP,

D D

1 D
(x,Y)a = ! Z Z %ln&zZln Ti yy Y
i=1j J

In ,
j=i+1 Yj i=1 g(iL’) g(y)

O

and norm of € SP,

||£L‘||a =V <:B,:B>a,

where g(z) = (21...2p)D denotes the geometric mean of the parts of the
compositional vector in the argument.

It is easy to see, that using orthonormal bases on the simplex, all operations
and metric concepts like perturbation, power transformation, inner product and
norm are translated into coordinates as ordinary vector operations (sum of two
vectors and multiplication of a vector by a scalar). See [6], [7] for details.

As consequence of the mentioned concepts we obtain the following definition:

Definition 8 The cosine of the angle Z(x,y), between two compositions x, y €
SP | satisfying © # n, & # y, is expressible as

(x,Y)a
/(@) = —2:Yla_
€8 £(® Y)a = L Tyl
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2 Bases for additive logratio transformations

Let us have a generating system of compositions in the simplex, w,...,wp,
where w; = C(1,1...,e,...,1) (the number e, base of natural logarithm, is
placed in the i-th column, ¢ = 1,..., D). Then, taking any D — 1 vectors, we
obtain a basis, e.g. wy,...,wp_1, and any vector € S” can be written as

=L ol... ,)eh260el,... )oehllo11...,1,e).

D D D

The mentioned basis has the following properties:

Theorem 1 Let wq,...,wp_1 be the basis defined above. Then for 1 <i,j <
D - 1; [ 7é j:

1 D—-1 1
<wi7wj>(l 757 leHZ: Ta COSl(wi,w]')a:*m.
Proof We use the inner product in the form
(x,y)e = Zln — ln
po (y)
for any «, y € SP. Thus, in our case,
D 1 1 e 1 D-2 2(D-1) 1
(wi,wj)a= > In % %+21n e NeE =T o D
k=1,k#i,j
Analogously
ZD: 1\? e\’ D-1 (D-1? D-1
fwit= > (wz) +(mg) =5 + Pt = 250
k=1,k+i,j Ve Ve D D D
The value for cos Z(w;, w;), = fﬁ is a simple consequence. O

Example 1 In case of D = 3 we obtain w; = C(e,1,1), wa = C(1,¢e,1), so thus
lwilla = ||lwzlla = @ and Z(w1,ws), = 120°. Compositional straight lines
zi(t) =nd (tow;) =C"1,1),t R,

and
T2(s) =n @ (s Owsz) =C(1,e°,1), s € R,

with neutral element n = C(1,1,1) for starting points and directions given by
w1 and wq are displayed on Figure 1. It is clear that their common composition
is just the neutral element n, obtained for t = s = 0.
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Compositional lines @1 (t) and x2(s) with neutral element n for starting points
and directions given by w; and ws.

The coefficients In %, ..., In x;’—;l of the above mentioned basis correspond

to one member of the well known additive logratio (alr) transformations family,
introduced by [1]. To obtain all the alr transformations, it is sufficient to choose
by permutation another D — 1 vectors from the generating system ([10]). We
keep the basis chosen above, the considerations for the others are analogous.
Thus, we denote by alrp the transformation that gives the expression of a
composition in additive logratio coordinates with the part xp as ratioing part,

alrp(x) = (ln j—;,ln z—z, ...,In xiDl) =y

The inverse of alrp transformation, which gives the coordinates in the canonical
basis of real space, is defined as

alrlgl (y) =C(exp(y1),-..,exp(yp-1),1) = x.

Let us emphasize that the alrp (and also other transformations from the
alr transformations family) is not isometric (its basis on the simplex is not
orthonormal, see Theorem 1), i.e. metric concepts are not translated like as
ordinary vector operations. On the other side, by many statistical methods this
doesn’t play a role and the remaining properties are sufficient (e.g. [1], [3], [9],
for details). Moreover, the form of alr coordinates enables to use it by expert
processes in multicriteria evaluation theory ([13]).
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Abstract

In multivariate linear statistical models with normally distributed ob-
servation matrix a structure of a covariance matrix plays an important role
when confidence regions must be determined. In the paper it is assumed
that the covariance matrix is a linear combination of known symmet-
ric and positive semidefinite matrices and unknown parameters (variance
components) which are unbiasedly estimable. Then insensitivity regions
are found for them which enables us to decide whether plug-in approach
can be used for confidence regions.

Key words: Multivariate model; constraints; variance components;
plug-in estimator; insensitivity region.
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1 Introduction

Multivariate linear statistical models are analyzed in several monographs (cf.
[1], [3], [5], etc.). Relatively small attention is given to problems of a deter-
mination of confidence regions. An attempt to contribute to a solution of the
problem is the aim of the paper.
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An apriori information on a structure of the covariance matrix in multi-
variate linear statistical model can be of different forms. A determination of
a confidence region for the mean value parameters of the observation matrix
depends essentially on this structure.

In the paper it is assumed that the covariance matrix is a linear combina-
tion of known symmetric positive semidefinite matrices and unknown, however
unbiasedly estimable, coefficients (variance components). Then the plug-in ap-
proach is used for a confidence regions. For a decision whether this approach is
admisible, the insensitivity regions are determined.

In the following text the models

vec(Y) ~ Npp [(I@ X)vee(B), X ®1], H;BH:+H;=0 (1)
vec(Y) ~ Npp [(I®@ X)vec(B),I® X], H;BH:+H; =0 (2)
vec(Y) ~ Ny [(Z @ X)vee(B), X ®1], H;BHy;+Hy=0 (3)
vec(Y) ~ Ny, [(Z' @ X)vec(B),I® %], H;BH;+ H,=0. (4)

will be considered.

Here Y is an n x m and n X r, respectively, matrix (observation matrix) nor-
mally distributed, vec(Y) is the vector composed of the columns of the matrix
Y, Z X H;,H>, Hy are known matrices of proper dimensions, B is a matrix of
unknown parameters and X is a matrix of the structure & = Y7 | 4, V;, p > 2.
The notation vec(Y) ~pm [(I ® X) vec(B), X ® I] means that the matrix need
not be normally distributed. The matrices Vy,...,V,, are given, symmetric
and positive semidefinite, ¥ = (J1,...,9,)" € ¥, is unknown vector parameter,
where 9 is an open set in RP (p-dimensional Euclidean space). The matrix Hy
must satisfy the condition

vec(Hp) € M(H) ® Hy).

For the sake of simplicity either the matrix Hy, or the matrix Hy will be
considered to be the identity matrix I.

Further symbols are of the following meaning.

M(A,,n) = {Au : u € R"} is the column subspace of the matrix A,
Px = X(X'X)"X, A~ is a generalized inverse (g-inverse) of the matrix A, i.e.
AA“A=A Mx =1-Px, AT is the Moore-Penrose g-inverse of the matrix
A, ie. AATA = A, ATAAT = AT, AAT = (AAT), ATA = (ATA).
Frequently used notation (M xXMx )™, means therefore

(MxEIMy)" =2 - XX'2'X)"X'Z™!, ¥ ispd,
=Tt - ITX(XEZX)"XZT, M(X)c M(Z),
=T -THX(X'T X)"X'T", T=3X+XX', otherwise.

If the matrix B is unbiasedly estimable, then the symbol B denotes the best
linear unbiased estimator (BLUE) of the matrix B. (~ is used in order to
emphasize that the estimator respects the constraints; B is the BLUE which
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does not respect the constraints). If the matrix B is not unbiasedly estimable,

however the BLUE exists for the matrix XB, then the symbol XB is used. The
space of all m x n matrices is M, 5.

2 Estimation of the variance components

In the following text the structure of the matrix ¥ is assumed to be X
P _,9;V,. In estimation of the variance components vector ¥ = (d1,...,9,)’,
the following lemma will be used.

Lemma 2.1 Let the univariate universal linear statistical model with constraints,
i.e.

p
Y~ (X3,) 9:Vi), h+HB=0,
=1

be considered. Here the n X k matriz X, n X n symmetric and p.s.d. matrices
Vi,...,V, and the ¢ x k matriz H are given. Also the g-dimensional vector h
is given. Then the 99-MINQUE (minimum norm quadratic unbiased estimator)
of the vector ¥ is

,3 = S_l )+’Yv

(MXMH/ LoMx
where
7 = (’Yl)"'vvp)/v
vi = [Y + XH'(HH')*h]" (Mxar,, ZoMxw,, ) Vi
X (MXMH/EOMXMH,)+ [Y +XH (HH)*h], i=1,...,p,

+

3y = i ¥0,: Vi,
i=1

{S(MXMH, LoMx my,, )+ } . -

]

=Tr [Vz’ (MXMH/EOMXMH/)+ V; (MXMH/EOMXMH/)+ :|a

,j=1,...,p,
and Yo = (Jo1,...,%0,p) is an approzimate value of the vector .
" TZZ;‘;;ZO‘MINQ UE of the vector 9 exists iff the matriz S(MX]»IH,ZOMXIWH/>+
Proof cf. in [2], [4]. O

The formulae for the multivariate models with constraints can be now rewrit-
ten directly from this lemma.
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Theorem 2.2 (i) Let in the model (1) with Hy = I, the matriz
S +
I:M(I®X)(I®JWH£)(EO®I)J\/I(I®X)(I®IMH£)]

be regular. Then

= Tr (Mo, ) Ssy

+
[Muexaem (EO®I)M(1®X><I®MH,>]
1

7))
Hy

and the 99-MINQUE is
9 = {Tr(MXMHi)SEJr}_l')’a
{Szg }] = T(V;SIV,8), ii=1,....p,
Y= )
vi = Tr {[X + XH/l(HlHll)JrHOyMXMHi [Y + XH) (H,H})"Hy]
x zgvizg}, i=1,....p.
(i) Let in the model (1) with Hy = 1, the matriz

+
[1V1MH2®X(20®1)1V1MH2®X]
be regular. Then

[Matygy ox (So@DMarg, 0x] " [n = r(X)ISs+ + 1(X)S(py, 50 P, )+

and the 99-MINQUE is
~ —1
J— {[n —r(X)]S s +r(X)S(pH220pH2)+} ~,
Y = (’717 e 7717)/7
v = TH(Y MxYSIV,24) + Tr {[X + XH,(H,H,) T HS Py
X [Y + XHo(H;Ha) HY| (P, ZoPi )t |, i =1,
and

{SPHQEOPH2)+}” = Tt [Vi(Pu, P,V (P, SoP )], ivj=1,....p.

)

Proof (i) It is implied by Lemma 2.1 and by the equality
+
[MI®(XMH1)(EO ® I)MI®(X]VIH£)} =3f ® MXMHi-
In (ii) the equality
[MJVIH2®X(EO ® I)MMH2®X]+ = 23 ® Mx + (PH220PH2)+ ®@Px

must be used. O
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Theorem 2.3 (i) Let in the model (2) with Hy =1, the matriz

SM[I®(XM (I®EO)M[1®(XMH,)]+
1

H )]
be regular. Then
SM[I@(XMH{ NU®Z) Mg (x sy, n+ — mS(MXMHi ZoMx )t
1

and the 99-MINQUE is

-1
¥ = <WLS(J\4XMHi EOMXMHi )*) v
Y= W),
+
vi = Tr {[X-i— XH' (H,H}) " Ho' (MXMHi EOMXMHi) Vi

+
X (MXMHiEOMXMHJ [Y + XH, (H1H'1)+H0]},

i=1,....p.
(i) Let in the model (2) with Hy = 1, the matriz
S[M<MH2®X>(1®Eo)1\4<1\/1Hz®X>]+
be regular. Then
= [m — r(H2)|S(arysonry)+ + 7(H2)Ss+

S[M(MH2 ®X)(I®ZU)M(Z\4H2®X)]+

and the 99-MINQUE is

- (’Ylv .. '77[7)/7
Tr[Y' (MxZoMx) " Vi (MxSoMx)" YMy,]

+ Tr { [ + XHo(HyHy) " Hy S ViE{ Y + XHo(HyHy) " Hy Py, |

3 -1
9 = {[m — r(Ha)S(aysoniy)+ +7(H2)Sx+ } 7,
~

Vi

Proof (i) The obvious equality
+
[MU@(XMHQ(I ® EO)MU@(XMHQ} =1I® (MXMHiEOMXMHi>

must be taken into account.
(ii) The equality

[MMH2®X(I ® 20>MMH2®X]+ =My, ® MxZoMx)" + Py, @ =7

must be taken into account.
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Theorem 2.4 (i) Let in the model (3) with Hy =1 the matriz

SiM iz xr8 8y, ) (B0®DMizr6x) 10y, ) TF
1 1
be regular. Then
S[M(Z’®X)(I®JVIH, )(EU@I)M(Z/®X)(I®MH, Nt =
1 1
=Tr (MXMHJ Sgy +Tr (PX]VIH£> S0y soMy )t
and the 99-MINQUE is

9 = ['IY (MXMHi) Sgy +Tr (PX]VIHS) S(MZ/EOMZ/)+:| - s
~

= 715 7717)/7
7 = Tr {[¥. + XH (HyHY)  HoZ] Mo, [Y + XHY (HLHY) T Ho Z)

X BViEE |} Te { (Y + XH| (HH)) " HoZ) P,
x [Y 4+ XH,(H H,)THoZ]| Mz ZMz) " V; Mz ZMz )" }
1=1,...,p.
(#) Let in the model (8) with Hy =1 the matrix
SUV[(Z’@X)(MHQ®I)(20®I)M(Z’@X)(MHQ@I)Fr
be regular. Then

[M(Z’®X)(JVIH2 ®I) (EO@I)M(Z/QgX)(MHZ @I)]+ =

= [n — T(X)]SE:{ + ’f’()()S(]\/[Z,MH2 ZOJV[Z,MH2)+
and the 99-MINQUE is

N —1
9 = {[n — T(X)]SE(T + T(X)S(MZ,MH2 Eo]\/[Z,MHZ )+} “,
")l =

(717 B Vp)/a
7 = Te(Y'Mx Y] ViE]) + Tr { [Y + XHo(H;H)  H,Z) P

x [Y + XHo(HyH2) THYZ] (Mzar,, oMz, ) Vi
X (MZ’NIH22OMZ’MH2)+ }7 7’:17ap
Proof (i) It is necessary to take into account the equality

+
[M(Z’®X>(I®MH1)(20 ® I)M(Z’®X)<1®MH;)} =
= 23_ & MXMHi + (MZ/EoMZ/)+ &® PX]\/[Hi.
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(ii) The equality
+
[M(Z’®X)(MH2®I)(EO ® I)M(Z/®X)(MH2®I)} =
= Eé{ ® MX + (MZ’MHZ EOMZ’MH2)+ ® PX

must be utilized. O

Theorem 2.5 (i) Let in the model (4) with Hy =1 the matriz

S[M(z’®x)(1®MH, )(I®EO)M(Z’®X)(I®Z\4H, T
1 1
be regular. Then

9 = St = !
[M(Z/®X)(I®MH£)(I®EO)M(Z/®X)(I®MH{)]+'77 Y (71» ,’Yp) s

!
i = Tr { Y+ B (L HY) T H | SV [Y o+ HY (HGHY) P Ho | MZ/}
/ +
+Tr {X + H’l(HlHQ)*HO] (MXMHi EOMXMHi) Vv,

+
x (MXMH{ EOMXMHi) {X+ H’l(H1H§L)+HO] PZ,}, i=1,....p
and

S[M(Z’®X)(I®IWH/ )(I®EO)M(Z’®X)(I®IWH/ I+ =
1 1
= Tr(MZ’)Sgar + Tr(PZ')S(MXMH, ZOMXMH, )+
1 1
(i) If in the model (4) Hy =1 and the matriz
S[M(Z’I»IHz)®X(I®EO)M(Z’IWH2)®X]+

is reqular, then

3 q-1 o ’

v = S[M(Z’ZWHQ)@X(I®ZU)M(Z’Z\4H2)®X]+77 v =00 ’pr) ’

/
7i = Tr { [ X + XHo (H3H) " HY | 5§ ViSi | Y + XHo(HyHy) " Hy | Mz, }
!/

T { [X+XH0(H’2H2)+H’2} (MxSoMy)*+ [X+XH0(H’2H2)+H’2} Pinn, }

and

S[M(z/MHQJe;X(I®EU)M(Z’MH2)m@x]+ = Tr(MZ’MHg >SE§+T‘r<PZ’MH2 )S(MxEoMx)+~
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Proof In (i) the equality

M(Z’@X)(I@MHi)(I ® EO)M(Z’®X)(I®MH1):| T
=Mz ®@%g+Pz ® (MX]VIHS BoMx vy, )t
must be used.
In (ii) the equality
Mz Mpy)ox)(I® EO)M[(Z’N1H2)®X]:| =
= Mz/ny, ® B0+ Pz, © MxZoMx)™"

must be used. O

3 Confidence regions

3.1 The matrix X is given

In this section the observation matrix is assumed to be normally distributed.
Since confidence regions for multivariate models can be directly rewritten from
the formulae for univariate models, the following lemmas are given without
proofs.

Lemma 3.1 (i) Let in the model (1) with Hy =1 the s X k matriz G and the
m X t matriz Go be given. Let G1BGy be unbiasedly estimable, i.e.

M(G2® G)) ¢ MI® (X', H)).

Then the (1 — «)-confidence region is
£ = {U UeM,,Tr ((U — GBG,)'[G1 (M X' XM,y )T G

x (U — GT]E:Q)(GQX:GQV) <X3(0,1 - a)},
f = r{Var[vec(GiBG2)]} = (G4 EG2)r[G1 (My; X' XMy )T G

Here GTBEQ is the BLUE of the matriz G1BGs.
(i) Let in the model (1) with Hy = I the matric GiBGy be unbiasedly
estimable, i.e. M(G2® G}) C M(I® X', Hy®1I). Then the (1 — a)-confidence

region s
£ = {U U e M,y Tr [(U — GBG.)[G(X'X)* G (U — GBG,)
+
% (GH{ M, (B + Miz,) "M " = M, }Go) | <3301 - )},

f= r{ Var [vec(Gﬁ\Eﬂ]}

r(GH{ M, (B + Miyz,) "Mz, = My, }Go ) 1[G (X'X) TG,
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Lemma 3.2 (i) Let in the model (2) with Hy =1 the s x k matriz Gy and the
m X t matrix Go be given and let G1BGy be unbiasedly estimable. Then the
(1 — a)-confidence region is

£ = {U UeM,,Tr [(U - Gﬁz)’(el{[mmx’(z + XMy X
X XMy "~ My } &) (U - GT/JEQMG&GM < (01— a)},
f = r{var [vec(GT/ﬁ\\Gz)]}
- T(Gg)r(Gl{[MHiX’(E + XMy, X)X Mg [* = M }G'1>.

(i) Let in the model (2) with Hy = I the s x k matrizx Gy and the m X t
matriz Go be given and let G1BGa be unbiasedly estimable. Then the (1 — )-
confidence region is

£ = {U U € Mg, Tr ((U — G1BGy) {G[(X'T*X) — 16}

x (U - GTB\GQ)(G’QMH2G2)+) < X?(O; 1-— oz)},

f = r{ Var [vec(GT/]EQ)} } =r{G[(X'TTX)" —I|G} }r(G, M, Gs).

Lemma 3.3 (i) Let in the model (3) with Hy = I the s x k matrizx Gy and
the m x t matriz Go be given and let G1BGy be unbiasedly estimable, i.e.
M(G2®G)) C M(Z2 X', 1@ H)). Then the (1 — a)-confidence region is

£ = {U U e M,y Tr ((U _ G BG,) {Gl(MHix’XMH{)JFG’l} !
x (U — GTB\GQ){G’Q [(zutz))t 1] G2}> < X301 - a)},
f = r{var [vec(Gﬁ?)\\GZ)]}
- T{Gl(MH{X’XMH1)+G’1] r{Gg [(zUtz)* —1] GQ}.

(i) Let in the model (3) with Hy = I the s x k matrizx Gy and the m x t
materiz Ga be given and let G1BGy be unbiasedly estimable, i.e. M(G22G) C
M(Z @ X', Hy @ I). Then the (1 — a)-confidence region is

&= {U U e M,y Tr [(U _ GLBG,)[Gi(X'X) TG (U — GiBGy)
X (G’Q{[MHZZ(E +Z My, Z) Z My, ] - My, }GQ)T <3051 — a)},
f= r{ Var [vec(Gﬁ?;\\Gg)}}

PG (X'X) Gl 7 (GL{ M, Z(S + ZMp, Z) 2 My ] — My, | Ga).
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Lemma 3.4 (i) Let in the model (4) with Hy = I the s x k matriz Gy and
m X t matriz Go be given and let the matric GiBGy be unbiasedly estimable,
i.e. M(G2® GY) C M(Ze X', I®H)). Then the (1 — a)-confidence region is

&= {U:Ue M, Tt [(U- GiBG) (G1{[My X'(T + XMy, X) "

+ p—
x XM ;] F— My, }G’1> (U - GlBGQ)[G’z(z’zﬁGQﬂ < X301 - a)},

f = r{Var[vec(G1BG»)|}
- r(Gl{[MHi X'( + XM X) " XMy ]* — My, }G’l)r[eg(z’zﬁcg}.

(ii) Let in the model (4) with Hy = 1 the s X k matrizx G, and the m X t
matriz G be given and let G1BGy be unbiasedly estimable, i.e. M(G2®G)) C
M(Z @ X', Hy ®1I). Then the (1 — a)-confidence region is

£ = {U U e M,y Tr ((U - GT/]EQ)’{Gl [(X'T+X)* —1] G’1}+

% (U — G,BGy) [GQ(MHQZZ’MHQVGQ]*) <2051 - a)},

f= r{Gl [(X'THX)* — 1] G;} r[GY(Mp, ZZ Mpy,)* Ga).

3.2 The matrix X is of the form > ?_ 9V,

If the estimators of the variance components ¢4, . . ., ¥, are sufficiently accurate,
then confidence regions cover the functions of parameter matrix with probability
sufficiently near to prescribed confidence level 1 — o. How rigorous conditions
on the accuracy is, the nonsensitivity region can show.

In the first step let an univariate universal linear statistical model with
constraints be considered, i.e.

p
Y ~ N, (X,B, Zﬁm) , H,1B8+h,, =0.

i=1
The (1 — «)-confidence region for the function G, 3, H3+h =0, is
o= {usue /. (u - GBY Var(GB)(u -~ GB) < x3(0:1 - )}
where
GB = G([(MuX'),, ] ~ {1 [(MaX'),, o) X }H (HE) D,
f = r[var(GB))
Var(GB)] = Vo = G([(Mg X)), )] S(Mp X);, )G
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Lemma 3.5 Let

T(9) = (GB — GB)Y [Var(GB)]” (GB — G).

Then
‘95;(9:9) = V(D + XMHfX’)+ViT'C;VE(C;;\B ~ Gp)
~(GB- Gﬂ)’VETGViT’cVE(é\B - Gp),
Vg = Var(GB) = G{ [Mp X/ (2 + XM X)) P XMy ] - MH/}G’,
Tg = G[Mm X' (2 + XMy X)) XMy ] X/(2 + XM X')*,
v—Y-Xa,
E (aigg)) = —Tx(V,T,VETe) = —ai.
Further

T(¥) oT (9
cov <8 (9) OT( )) =4Tr [ViT'GVgTGVj (MXMH/ZMXMH/)+]
+ 2TI'<V1T/GVEL;TGV]T/GVETG> = {A}i,j.
Theorem 3.6 Let a = (ai,...,a,) be the vector given by the preceding lemma
and A be the matriz with the (i,j) entry equal to {A},; given also by the

preceding lemma. Then the nonsensitivity region for the confidence region Cg
18

Ng = {519 : [69 — Smax(t?A — aa’)+a}l (t*A — aa’)

I A+
(69 — Omax(t*A — aa’)Ta] < 5[%1&,(%},
Omax = xfc(O; 1-—a)-— xfc(O; l—a—c¢)
and t > 0 is sufficiently large real number. It is valid that
M eNg=P{GBeCp}>1—a—c¢.

Proof Let t be sufficiently large, such that

OT) 59, < E( ~ 97(9) w) +t\l Var ( ~ 97(9) w)
o9, : :

p
=1

K2

£ 90, 2

= —a'09 +tV 69 Ad9.
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If

—a' 0% + tV oY A < dmax;

where dmax = x3(0;1 — @) — x7(0;1 — o — ¢), then
P{T(9+09) <x3(0;1—a)} >1—a—e.
Thus
1269 A6 < (Omax + @'09)? & 269" A6 — §19'aa’ 69 — 26max@’ 59 < 62

max-*

If a € M(t?A — aa’), then the last inequality can be rearranged as

[00 — Smax(t®A — aa’)ta]’ (1A — aa’) [09 — dpax(t?A — aa’)*a]
'Ata

<z a2 a
- 5maxt2 —a’Ata

Here the equality

a’ATa
t2 —a’Ata
is used. It is valid that A = A; + A,, where

a'(t’A —aa')ta =

{A1}i; = ATr [ViTuVETEV; (Mxar, SMxar,,,) '],
{Ag}i,j == 2TI'(V1T/C;VJ(ETGV]T/C;V5TG) = {A}z,]
Both matrices are p.s.d., i.e. M(A; + Ay) = M(A1,As). Since a € M(Ay)

because of the relationship

Tr(UVy) Tr(UV,UV,), Tr(UV,UVy, ..., Tr(UV,UV,)
Tr(UVy) e pm | BUV2UVY), Tr(UV,UVy), ..., Tr(UV,UV,)

ﬁ(ﬁvp) Tr(UV,UV,), Tr(UV,UV,), ..., Tr(UV,UV,)
where U = T’GVng, what can be easily proved, and the number ¢ can be
suitably chosen, the assumption a € M(t?A — aa’) can be ensured. O

A construction of the nonsensitivity region for different multivariate linear
statistical models with constraints can be derived from the last theorem. It is
sufficient to find the vector a and the matrix A for different situations.

Theorem 3.7 Let in the model (1) with Hy = I the matric GiBGy be unbi-
asedly estimable, i.e. M(G2® G}) C M[I® (X', H})]. Then

a= (ar,...,ap),

a; = r[G1(Mp X'X) TG Tr[ViG2(GLEG2) TGy, i=1,...,p,

A = r[Gi(My; X'X)"G]Se,(apn6.)+

where

{SGQ(GEEGWGE}M = Tr[V;G2(GLEGo) TGLV,; G2 (GLEG) T GY).
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Proof With respect to Lemma 3.5 the following scheme
V,—=V,®l T¢—Tgee. Va— Vaea,
will be used. Here
Tayea, = Tg, ® Ta, = Gy ® Gl[(MHix/);l([)]/a
Tg, = Go, Tg, = Gl[(MH;X/);(I)]/,
Veaye6, = Ve, @ Ve,

Vg, = Gl(MHiX’XMHi)J“G'l,
Ve, = GLEG,.
Now we use the formulae from Lemma 3.5 and thus we obtain
a; = Tr[(Vi @ I)(Te, ® T, )(VE, ® VE (TG, @ Ta, )]
= T[Gl(MH{ X/X)+MH1)+G/1] Tr[VlGQ(G52G2)+G2],
since
TI‘( /G1 VngGl) =
- T {(MH{X’)

(0 GG M X' X) T G G (M, X'),

- Tr{Gl[(MH{X’);(I)]’(MHiX’);(I)G’l[Gl(MHix’XﬁG’l]*}
~ Tr {[Gl(MHix’X)J“G’l][Gl(MHix’X)JFG’l]*}
= T'[G’l(MH{X/X)+G'/1]
As far as the matrix A be concerned, it is valid that
{Aliy = AT {(Vi @ )(Ta, © T6,)(VE, © VE)(Te, € Ta,)(V; & 1)
X [MI®(XMH1)(E ® I)MI®(XMH1)]+}
+2Te { (Vi @ 1)(Te, T, ) (VE, © VE,) (T, © T, )(V; @ 1)
% (Ta, © T, )(VE, © VE,) (T, © Ta,)(V,; 9 1)}
r[G1 (M X'X) "G}

x Tr {ViGQ(G’QZGQ)*G’QVjGQ(G’QEGQWG’Q},

since

[MI®(XMH1)<E ®I)MI®(XMH1)]+ = [(I & MXMHi)<E ®I)(I ® MXMH{ )]+
3T @ Mxwm,, -
1

Now it is easy to finish the proof. O
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Theorem 3.8 Let in the model (1) with Hy = I the matric GiBGy be unbi-
asedly estimable, i.e. M(G2® G}) C MI® X', Hy®1I). Then

a= (ar,...,ap),
a; = r[G1(X'X)*G}] Tr(V,Te, VE, T, ),
A = 4T[G1(X'X)+G/1]CTGZV52T52,(PHQEPH2)+ + QT[Gl(X’X)JFG/ﬂSTGQngTéQv

where

TG§®G1 = T/Gg ® TG17 TGl = Gl(X/X)+X/7 TGQ = (MHQ)
Va,ee, = Va, @ Vay,
VGl = Gl(X/X)+G/1a VGZ = Gé{[MHz (2 + ]-\/-[JLIQ)JFI\/[HZ}Jr - MHQ}

;n(E) G27

and

) = TI'[V,‘TG,‘,VJC;Z T/szj (PH2 EPH2)+],

,J

{Sng VG+2 T’G2 } . ] = Tr[VZTG’Z ng IGQV]TGQVEQ /CYVQ} *

C + }
{ TGy Ve, Ty (PHy EPHy) T

Proof It is analogous as in preceding theorem. The formulae from Lemma 3.5
must be used. The equality

M, ox (B @ DMy, ox] = @ Mx + (Pp,XPp,)" @ Px

must be taken into account. O

Theorem 3.9 Let in the model (2) with Ho = I the matrix GiBGy be unbi-
asedly estimable, i.e. M(GL® G1) C M[I® (X' H})]. Then

a= (ar,...,ap),
a; = 1(G) Te(ViT, VE Ta) = Lo,

A = 4r(Go)C +2r(G2)S
(Ga) T'GIVGJrITGl,(MXMHi 2MXMH1)+ (Ga) TV, Tey
where

Tayea, = Tg, ® Tay,
TG1 = Gl[MH{X/);l(Z)]/
= Gl[MHi X'(Z+ XMy; X’)+XMH{]+MH{ X'(Z+ XMy X’)Jr7
Tq, = Go,
Vg, = Gl{[MHix/(E + XMH1X’)+XMH1}+ — MH;}G/M
Ve, = G,Gy
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and

C =
{ TélvngG17(MXAIH{ EMX]&IH{ )t iy

- Tr[vl-T’GlVngGle(MXMHi EMxar,, )",
{ST,G1 VG+1TG1 }7,7_] - ’I‘I.(VZTIGl VEITGleT/GIVngGl)'
Proof The obvious equality
+
[MI®(XMH{ yI® Z)MI®(XMH1)} =1I® (MXMHi EMXMHJ

and Lemma 3.5 must be used. O

Theorem 3.10 Let in the model (2) with Hy =1 the matric GiBGy be unbi-
asedly estimable, i.e. M(G2® G}) C M(I®X',Hy ®I). Then

a= (ar,...,ap),
a; = T‘(MHZGQ)TI‘(VZ'TIGIVnggl), = 1, ey Dy
A =

4r(Mp, GQ)CTC’;IVJITGI,(MXEMxﬁ + 2T(MH2G2)STC’;1V§1TG17
where
Tawa, = Tg, ® Ta,, Tg, =Gy [(X’)&(E)}/ = G X'THX)"X'T+,
T =3+XX, Tg,=Mpy,Go,
Vg, = Gi[X'TTX)" - 1|G}, Vg, = G,Mgy,Gs
and

{CTc/Jl VG+1 TG1 ,(MXEMX)+ }1 y = TI‘[ViTIGlVnglej' (MXZM)()-&-],

{812, vg,m0,},, = VTG VE T,

J

Proof The equalities
My, 0x(T® Z)Mar,, ox] = Mp, © (MxEMx)" + Py, @ 7,
T¢,Pu, =0

and Lemma 3.5 must be taken into account. O

Theorem 3.11 Let in the model (8) with Hy =1 the matrix GiBGz be unbi-
asedly estimable, i.e. M(G2 ®@ G}) C M(Z @ X', T®H}). Then

a= (ar,...,ap),
a; = T‘[VglGl(MHiXIXMH{)—FGIl] 'I‘I'(\/vir‘[‘(;;z\f&tV2 /Gz)7 1= 1, e Dy
A 47“[V51G1(MH{XIXMH{)+GI1]CTG2 ngTC’;2,(MZ/EMZ/)+

+ 2T[V&LlGl(MHixlxMHi)+G/1]STG2VG+2T/G2 5
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where

Torea, = Ta, @ Ta,  Te, = Gy (Mg X' XMpy;) " My X/,
Tg, = = Z,,,G2 = UM Z/(ZUYZ)", U=%+72,
Ve, = Gi(Mu; X' XMy;) "My X'SXM gy (M X' XMy, )T GY,

Vg, = GL[(ZUTZ)" —T1)Go
and
{CTGQVGJ;T/GQ,(MZ/E]\/[Z/)+}ij = Tr[ViTGQVgQT/GQVj(MZ’EMZ’)+]7
{STGQVJQT/GQ }i,j - Tr(ViTG?ng bzvaG2Vé¥2 /GQ)
Proof Lemma 3.5 and the equalities

[MZ’®(X]\/IH3)(2 ® I)MZ’®(XMH1)} = 2+®MXMH1 +(1\/Iz/21\/lz/)JWXJPXMHi ,
Te,Mxa,, =0
must be used. O

Theorem 3.12 Let in the model (8) with Hy =1 the matrizx GiBGz be unbi-
asedly estimable, i.e. M(Go ® G]) C M(Z® X', Hy ®I). Then

a= (ar,...,ap),
a; = T[Gl(X/X)J'_GH TI‘(ViTGQVEQ /GQ)7 7= 17 ey Dy
A =

4T[G1(X’X)+G/1]CTGZ VG+2 T,G2 (

’ MZ’IVIH,Z EMZ/MH2 )+

+2r[G1 (X'X) "G IS, Ve
where
Taea, = Te, ® Ta,, Ta, = G1(X' X)X/,
Ta, = (Mp,2),, s, Go
= (X +Z'My,Z) " Z My, My, Z(E + Z My, Z) " Z'Mp,| "G,
Vg, = Gi(X'X)TG],
Ve, = Gy{[Mp,Z' (2 + Z'Mp,Z) Z'Mp,]" — My, }Gs

and

C =
{ TG,‘,VJ?T&?’(]\/[Z,MHZ E]VIZ’MHQ )+ i

= TI‘[ViTGZng /szj (1\/[Z’JVIH2 2MZ/MH2 )+]’

{STGZVCJ;ZTé;z} - Tr(ViTGQVEQT/G2VjTG2ng /G2)
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Proof The equalities

[M(Z’MH2)®X(E (9 I>M(Z’MH2)®X} = E+®MX+(MZ’MH2 EMZ’MH2)+®PX’

Te, My = 0

and Lemma 3.5 must be taken into account. O

Theorem 3.13 Let in the model (4) with Hy =1 the matric G1BGy be unbi-
asedly estimable, i.e. M(G2 ®@ G}) C M(Z @ X', T®H}). Then

where

Taree,

Tq,

Vg,

and

a = (ar,...,ap),
a; = 7|GL(ZZ' )" Gs] Tr(Vl-T/GlVngGI), 1=1,...,p,
.A. = 4T[G/2(ZZ/)+G2]CTC/;1V51TC/;17(

MXMH, EMXMH, )+
1 1

+ QT[G/Q(ZZ/)+G2]STC/;1V§1 T,

/
- G2®TG17

/
()
Gl[MH{X’(E + XMHiX’)+XME£MH{X’(E + XMH1X’)+,
Z'(ZZ)" G,
Gl{[MH{X/(Z + XMHiX’)*XMHi]+ — MH;}G/D
= G’2(ZZ’)+G2

G |(Mg X))

C + =
{ TC,;IVGITC,;-lv(MXIWHiEMXAIH{)+ iy

= Te[ViTg, VE, T2V (Mxar,, SMixa,,, ),

{sTélvngcl} — Tr(V, T, Vi Ta, VT, VE Ta,).

Proof The equalities

+
(M50, 18 S\ M xar,, | = Mz@St+P2 @M, EMxa,, ),

IG2MZ/ =0

and Lemma 3.5 must be utilized. O
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Theorem 3.14 Let in the model (4) with Hy =1 the matric GiBGz be unbi-
asedly estimable, i.e. M(Go ® G]) C M(Z® X', Hy ®I). Then

a= (ar,...,ap),
a; = 7[GH(Mp,ZZ'Mpg,) " G, Tr(Vl-TIGIVéle ’Gl), i=1,...,p,
A = 4T[GI2(MH2ZZ/MH2)+G2]CT51Vngc;l,(MXEJVIX)+

+ QT[G/2 (MHZZZ/MHZ)—FGQ}STél Vg] Tg,’

where

Teyec, = Ta, ® Ta,
Te, = Gi[(X'),,»)) = GIX'T*X)*X'T*, T=X+XX
Tqg, = Z’MHZ(MHQZZ'MH2)+G2,
Vg, = Gi[(X'T*X)* -G,
Vg, = GIQ(MH2ZZZ/MH2)+G2

and

{CTé;lvngGI;(MXE]VIX)+}< = Tr[ViTlleglTlej(MXEMX)JrL

]

{ST,leg T, }] — Tr(V, T,V Ta, V, T, VE Ta,.

1

Proof The equalities
+
[M(Z’MH2)®X(I ® E)M(Z’]VIH,‘,)®X} =Mz vy, ®2++PZ/MH2 ®(MxEMy)™,

’
TGQMZ’JVIHQ =0

and Lemma 3.5 must be used. O
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Abstract

If an observation vector in a nonlinear regression model is normally
distributed, then an algorithm for a determination of the exact (1 — «)-
confidence region for the parameter of the mean value of the observation
vector is well known. However its numerical realization is tedious and
therefore it is of some interest to find some condition which enables us to
construct this region in a simpler way.

Key words: Confidence ellipsoid; nonlinear regression model;
linearization region.
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1 Introduction

In a linear statistical model with normally distributed observation vector the
construction of the confidence regions is a simple problem. If the statistical
model is nonlinear, i.e. the mean value of the observation vector is a nonlinear
vector function of the parameters, then the problem can be also solved, however
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102 Lubomir KUBACEK, Eva TESARIKOVA

it is much more complicated. Therefore it is reasonable to find another, much
more simpler procedure, which can be used at least under some conditions.
The aim of the paper is to find such conditions which enables us to use the
procedure from the theory of linear statistical models.
More on the problem of linearization of regression models cf. [3], [4], [5], [6],
[10], [11].

2 Notation and auxiliary statement

Let Y be an n-dimensional random vector (observation vector) which is nor-
mally distributed. Its mean value is equal to f(3), where 3 € R* (k-dimensional
real linear space) is an unknown vector parameter and f(-): R¥ — R™ is a vector
function. It is assumed that it can be expressed with sufficiently high accuracy
as

F(w) = fo + F(u— ) + gr(u—f,), we R

where
K(08) = [1(B), .., ka(0B)]'s 9B =B - By
ki(08) = 58’ a;‘f;(;) LB =L,

The covariance matrix of the vector Y is 02V, where 02 € (0,00) is either
known or unknown parameter and the n X n matrix V is given.
The notation
Y ~ N, [f(B),0%V], B < RF (1)

will be used in the following text.
The quadratized version of the model (1) is

1
Y —fy~ N, |Fi3+ 5&(55),02\/‘ , B€ER (2)
and the linearized version is

Y - fo ~ N, (FéB,0°V), BeRF (3)

Assumption The regularity of the model (3) is assumed in the following text,
i.e. the rank of the matrix F is 7(F) = k£ < n and the matrix V is positive
definite.

Lemma 2.1 The (1 — «)-confidence region for the vector 3 in the model (3) is

&= {w (=B, BYFV'Fu- B, - 3B) < oAFO0:1-a)},  (4)
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if the parameter o is known.
If it is estimated, then

& ={u: (w= By~ 6B)F'V'F(u~ By~ 58) < P Fn (01— )} (5)
Here
5B = (F'V'F) 'F'V (Y - f),
0% = (Y —fo — FoB) V(Y — fo — F5B)/(n — k),

X2(0;1 — ) is (1 — a)-quantile of the central chi-squared distribution with k
degrees of freedom and Fy, ,,—1,(0; 1 — ) is (1 — «)-quantile of the central Fisher—
Snedecor distribution with k and n — k degrees of freedom.

Proof Proof is well known (cf. e.g. [2]) and therefore it is omitted. O

Lemma 2.1 is not valid in the model (2). However if 63 = 8% — 3, is
sufficiently small, where 3" is the actual value of the vector parameter 3, it can
be expected that the region £ from (4) and (5), respectively, covers the actual
value 3" with a probability larger than 1 — o — &, where € > 0 is a sufficiently
small real number.

3 Linearization region

Consider the quadratized model (2) with the given covariance matrix ¥ = 02V
(i.e. 0% is known).

Definition 3.1 The Bates and Watts [1] parametric curvature K ") and the
intrinsic curvature K (") of the model (1) at the point B, are given as

5B)V-IPY " K(58)
SBF'V-1Fs3

VR
K@) = 5sup 6B €RF ) = chép )

and

VE (6B)V-IMY " K(66)

. k o (int)
SAFV 1FIg 0B eER ) =0K; .

K@) = 5sup

Here P = F(F'V'F)"'F'V!and MY =I-P% .
Let an r-dimensional vector function d: R*¥ — R"

d(8) = d(8,) + DB, B € R",

where (D, 1) = r < k, be under consideration.
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Theorem 3.1 Let a and € be sufficiently small positive real numbers and let
dmax e solution of the equation

P{X%(0max) < X201 —a)} =1 —a—¢.

If
) oL F'V-IF
= M < _— = -
0B € Le {5,3 03 CoB < K®e) (3g) }, where C P
then

& = {u: (a- DIBY(DCD) (0~ D3B) < (VIO T - ) + Vo) |

covers D63 with probability at least (1 — a — ¢€).

Proof Let
24/ 0
63 CHB < —— L max |
FOP = Koeri(8,)
Then

v{u € R"}|[u'DIE(5B) — 68| < V/0maxVu/DC~1D'u,
what is equivalent, with respect to the Scheffé theorem [9], to
[E(38) — 68]'D' (DC™'D) ' D[E(58) — 68] < dinas.
Let
{88: [E(3B) - 58/D(DC'D') 'DIEGB) — 6] < Snax } (6)

Let (DC'D’)~! =3"7_, \ifif! be the spectral decomposition.
The (1 — «)-confidence ellipsoid in the linearized model is

{u: (u-D3B)(DC'D) " (u—DIB) < (01 - )}

and its semiaxes are a; = 1/x2(0;1 — «)/v/Ai, i = 1,...,r. The semiaxes of the
ellipsoid (6) are m; = \/Omax/VAi,i = 1,...,7.

The semiaxes of the ellipsoid £* are a; + m;, ¢ = 1,...,r and it covers all
(1 — «)-ellipsoids in the linearized model with centers

D3g + D[E(6B) — 58], E(68) — 6B € £
The random variable

(DJB — D&B) (DC~'D') (Do — DIB)
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is chi-squared with r degrees of freedom and with the parameter of noncentrality
equal to

— ’ —
6 = {DIE(B) - 6]} (DC™'D')"'DIE(B) — 98] < Sunax-
If dnax satisfies the equality

P{Xi(fsmaX) < Xi(OQ l-a)}=1-a-c¢,

then the ellipsoid £* covers the vector D§3 with probability larger or equal to
l—a-—ec. O

Corollary 3.1 Letd(B3) = 3. If

5B € Le= {53; 53'Cop <

2 \% (Smax
K () [

then

& {u: (u=0B)Clu—8) < (ViZ0:1 — ) + wmaxf}

covers 83 with probability at least (1 — o —¢€).

Let the function d(3) be of the quadratic form, i.e.
1
d(8) = d(By) + D3B + 55(58).
where 6(03) = [61(683),...,6.(68))', 6:(68) = 68 Ai6B, Ai = Al i=1,...,r.
Definition 3.2 The measure of nonlinearity for the confidence ellipsoid is

Cd(~),conf =
\/(6 - DC-1F'S k) (DC1D')"1(§ - DCIF'S k)
= sup ;6B € R} .

58'CépB
Theorem 3.2 Let 0.5 Satisfies the equality
P{Xi(fsmaX) < Xi(OQ l-a)f=1-a-—c¢,
where o« and € are positive sufficiently small real numbers. Let

2 V 5max }

d(-),conf

08 € La(),cont = {5ﬁ: 3B'Cop <
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Then the ellipsoid

Eaty = {u € R": (u—DsB)(DC'D')"!(u—DiG)

2 —
< (VREO T a) + Vo) } + DIB
covers the vector 1
DS + 56((%)
with probability larger or equal at least to (1 — a — ¢).

Proof The random variable
[d(8) — d(B,) ~ DIB)'(DC™'D’)~'[d(B) — d(B,) ~ DIB]
is chi-squared distributed with the parameter of noncentrrality
5= i(a ~DC'F'S 'x)(DC'D')"1(§ - DC'F'E" k).
From Definition 3.2 we have
46 < (Cy()cont)*(68'CIB)>.
If 683'CB < 2v/0max/Ci(.) cont> then § < dmax and then the vector
E[5(8,) + DOB] - [d(8y) + DIB+ 35(00)
is an element of the ellipsoid
{u: uc R, W (DC'D) 'u< 5max}

with probability at least 1 — a — €. Now it is obvious how to finish the proof.
O

Corollary 3.2 If the function d(-) is linear, i.e. d(3) = d(B,) + DB, then

68'CoB < 2Vomax P{d(B)c&}>1—a—s¢,
Cpp
where
o \/K’E_IFC—lD’(DC—lD’)—1DC—1F’E_1n 5 .
— : eERrR”,,
Dp = SUP 38 Cop p

¢ = {u+d(By): (u—DIB)(DC™'D) ! (u - D5B)

< (\/x%(O;l —a)+ \/ﬁmaxf}
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and
P{O0max) < X201 )} =1—a—¢

(cf. Theorem 3.2).

Corollary 3.3 If the function d(-) is scalar, i.e. d(B) = d(By)+d'68+15(583),

then
58 CoB < 2Yomx . prad)e g} >1—a—-e,
Ca(p)

where

’(d/C—ld)—l
Cap) = Sup{\/@ 55°Coa @: 6B € Rk},

—~ 2
& = {utd(By): (u—d50)2/(@C7d) < (/301 - ) + Vo) },

and

[a]=[0(68) — d'C'F'E"'k(68)].
Until now the parameter ¢? is assumed to be known. Let

n—k . __ (B-IB)FV'F(B-5p)
ko (Y £~ FOB)V-(Y — £, — Fo)

T(6B)=U
Then T'(63%) has the Fisher—Snedecor distribution Fj ,,—(-) in case of the lin-
earized version (3) of the regression model.
Lemma 3.1 In the the quadratized model (2) we have
(i) (68" —0B)F'V'F(GB" — 6) ~ o*xi(01),
where &, = k' (68)V~PY " k(58)/(402%) and
(i) (Y —fo —F3B) VY — fy — Fof) ~ 02x3_4(02),
where 0y = k' (38) VMY k(68)/(402).
Proof (i) The parameter of noncentrality d; is
5 = E(58" — 6B)F'V'FE(58" — 68)/0>.

Since in the quadratized model (2)
E(B* —68) = 68" — (F'V'F)'F'V ! |Fsp* + %n(éﬁ*)
1
= —E(F’V*F)*F’V*n(aﬂ*),

the statement (i) is valid.
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(ii) Analogously
E(Y —f, —FoB) = F6B* + %m(éﬁ*) ~FF'VIF)'FV!
< [F0B + e(08")] = MY w08)

and therefore also the statement (ii) is valid. O

The probability density of the random variable x%(d) is [7]

01 8\ oyt
w2y = (2 . y>0,
groty) = § PO (3) w=rmrerrm
0, y <0.

Thus the density of the random variable U is

o3 61, 65) = / G5y (U0) gy ()0l
0

Let the set Cs; s5; be defined as follows.

/[(nk)/k}Fk,nk(O;la)

g(u;67,05)du =1 ae}.
0

Csy o3 = {(5;5;):

Theorem 3.3 The linearization region for the confidence ellipsoid in the case
of the estimated o2 is

2,/07 2,\/63
Loig =\ 08: 0B FVIRP <oy & OFEVIFIB <o
KOPGT Kozn

i.e.

0B € Ls, 5, =P{0Bel}>1—a—e,
where & is given by (5).

Proof With respect to Definition 3.3 it is valid that

L / —1pV~! L I —1 2 (par))”
K (6B)VT'PY k(3B) < 5 (3BF'VFoB) (UKO ) .

Thus the inequality

2,/0%
B F'VIFSB <o ( 1)
Kopar
implies

R 0BV PY T R(58) = 61 < 6.
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Analogously

1 —IngV ! Lt 2 (int))?
oK 0BV IME k(3B) < 0BTV IFiB) (aKO ) .

Thus the inequality
2,/6;
SBFVIFB < o0 Y2

K(()znt)

implies
1 -1
En’(aﬁ)\f*ll\dg k(0B) = 62 < 65.
O

In order not to prefer one of the parameter noncentrality for the other one,
the condition
* * ar int
01 /85 = (K" ) (k5™
can be used. Thus
2,/6% 2,/65

K(()par) - K(()znt)

In some cases the Bates and Watts intrinsic curvature is zero and thus the
random variable T = [(n — k)/k]U has the the noncentral Fisher—Snedecor
distribution

Fren—k(01) = [k (01)/K]/ X7 1(0)/ (n = B)],

since d2 = 0. Let 61 max be solution of the equation
P{Fk,nfk(al,max) > Fk,nfk(o; 1- O[)} =a+e.

If
e ell,D5j3
C( U.DsB) — O'C(() )

)

where

Oéeu,ma) _

\/K'V-IFC, ' D/(DC; 'D))-1DC,  F'V -1k
53/ Cof3

— qup 0B €RY S,

where Cy = F'V~!F, then the following implication is valid.

2 6 max
§8'CodB < oY1

e
= P{(98 - 58)'D'(DC,D') ' D(58 - 5B)

< ko2 Fyp_ (051 — a)} >1-a—c
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It is to be remarked that in the case D =1, i.e. the confidence ellipsoid for
the parameter 63 must be determined, then the equality C' (e.58) — K var) can
be used.

In the case that o must be estimated, the decision whether linearization of
the model with respect to the confidence ellipsoid can be used, is made with
some uncertainty. Therefore a comparison of the given procedure with the exact
determination, which is in this case known (cf. [8]), is interesting.

Lemma 3.2 Let in the model Y ~ N,[f(8),X], B € RF, the matriz = be
known.
(i) Then the set

—1

¢ = {B: 1606) - YV (PF35)) B PH IE9) - Y] < (051 )

is the exact (1 — «)-confidence region for the parameter 3.

(ii) If the matriz 3 is of the form X = 0>V, where V is a given n x n p.d.
matriz and o? is unknown parameter, then the exact (1 — a)-confidence set for
the parameter 3 is

Ds = {ﬂ: £8) - ) (PY) V'R [68) - Y]

k
<

< Y 1) (MY ) VMY — £(8)]Fi k(051 - a>}.

Numerical determination of the exact confidence regions is tedious and time
consuming unlike procedure given by a linearization.

4 Numerical example

Consider the Michaelis—Menten model, i.e.

;51
i = =1 4
f’L(IB17/32) Ii+ﬂ27 xl 72737 76
and ¥ = 0?I, 0 =0.1.
If 81 = 4 and B2 = 1, then (cf. [12])
Fl. = — =1
{ }’L’. (1+x27 (1+x2)2) b Z 727374757
Oa - mi.
Fi = x; (181»?1)2 ) 1= 1a273a475a
T OFz)? (T4z)?
i '(6B)MrkK(6B)
K§m = Vv .68 € RF} =0.3326
0 sup{ s 0P :
(par) _ K (08)Prk(0B) . Kl _
K =5 ) R = 1.3212.
0 Sup{ Jﬁ/F/FJﬁ ﬁ S
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Let o(= 0.1) be known and let ¢ = 0.05, i.e. dpmax = 0.6398. Then the
linearization region for the confidence ellipsoid is

2/ O }

Le=<63:68FFsB<o
o e

and the 0.95-confidence ellipsoid for 63 is
€= {u: (u—8B)F'F(u— B, —B) < 0.0599}

cf. Fig. 1.

region Leps

dbl naxinun = 0.9921
db2 naximnun = 0.3533608
dbl raster = D.1182

db2 raster = D.110%722
criterium value = 0.140726

Fig. 1: 0.95-confidence ellipse for §3 and the region L¢
Let set of measured data y are simulated for o = 0.1, i.e.
y = (1.90,2.57,3.08,3.13, 3.58)".
If 61 /07 = (K®ar) /K (in)2 — 15779478 = t, then the set Cs; 53 consists of

a single point which is a solution of the equations

29.552 S
/0 [/0 g2.61 (uv)gs3 65 (v)vdv] du =0.95—-0.05, ¢ =163,

where

© 1 /5\7 yrtf/2)-1
exp[—(y +6)/2 — (= , >0,
groty) = | SO e e
0, y <0.

In this case the linearization region from Theorem 3.3 is given in Fig. 2.
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region Ldi,d2

dbl maxinun = 1.108
db2 maximun = 1.03766
dbl raster = 0.2216

dbZ2 raster = 0.207532
criteriun value = 0.494404

Fig. 2: The region Ls, 5, and 0.95-confidence ellipse (5)
The set D from Lemma 3.2 is given for 1 — o = 0.90 at Fig. 3.

fa

2

18

16

14

1.2

Fig. 3: The set Dg from Lemma 3.2

Acknowledgement  Authors would like to express their thanks to Mgr.
J. Marek, Ph.D. for his thoroughly check of the manuscript and a help with
numerical calculation.



Linearization regions for confidence ellipsoids 113

References
(1] Bates, D. M., Watts, D. G.: Relative curvature measures of nonlinearity. J. Roy. Stat.
Soc. B 42 (1980), 1-25.
(2] Kubécek, L., Kubackova, L., Volaufovd, J.: Statistical Models with Linear Structures.
Veda (Publishing House of Slovak Academy of Science), Bratislava, 1995.
[3] Kubacek, L.: On a linearization of regression models. Applications of Mathematics 40
(1995), 61-78.
[4] Kubéacek, L., Kubackova, L.: Regression models with a weak nonlinearity. Technical
report Nr. 1998.1, Universitidt Stuttgart, 1998, 1-67.
(5] Kubacek, L., Kubackova, L.: Statistics and Metrology. Vyd. Univ. Palackého, Olomouc,
2000 (in Czech).
(6] Kubacek, L., Tesafikova, E.: Confidence regions in nonlinear models with constraints.
Acta Univ. Palacki. Olomuc., Fac. rer. nat., Math. 42, 2003, 407—426.
[7] Kubackova, L.: Foundations of Experimental Data Analysis. CRC-Press, Boca Raton-
Ann Arbor-London—Tokyo, 1992.
[8] Pdzman, A.: Nonlinear Statistical Models. Kluwer Academic Publisher, Dordrecht—
Boston—London and Ister Science Press, Bratislava, 1993.
[9] Scheffé, H.: The Analysis of Variance (fifth printing). J. Wiley, New York-London—
Sydney, 1967.
[10] Tesafikova, E., Kubacek, L.: How to deal with regression models with a weak nonlinear-
ity. Discuss. Math., Probab. Stat. 21, 2001, 21-48.
[11] Tesarikova, E., Kubacek, L.: Estimators of dispersion in models with constraints (de-
moprogram). Dept. Algebra and Geometry, Fac. Sci., Palacky Univ., Olomouc, 2003.
[12] Tesafikova, E., Kubéacek, L.: Linearization regions for confidence ellipsoids (demopro-

gram). Department of Algebra and Geometry, Faculty of Dept. Algebra and Geometry,
Fac. Sci., Palacky Univ., Olomouc, 2007.






f\’@; Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 47 (2008) 115-119

A Result on Segmenting Jungck—Mann
Iterates

MEMUDU OrLAPOSI OLATINWO

Department of Mathematics, Obafemi Awolowo University,
lle-Ife, Nigeria
e-mail: polatinwo@oauife.edu.ng

(Received May 5, 2007)

Abstract

In this paper, following the concepts in [5, 7], we shall establish a
convergence result in a uniformly convex Banach space using the Jungck—
Mann iteration process introduced by Singh et al [13] and a certain general
contractive condition. The authors of [13] established various stability
results for a pair of nonself-mappings for both Jungck and Jungck—-Mann
iteration processes. Our result is a generalization and extension of that
of [7] and its corollaries. It is also an improvement on the result of [7].

Key words: Jungck—Mann iteration process; uniformly convex
Banach space.
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1 Introduction

Suppose that A = (a,x) is an infinite, lower triangular, regular row-stochastic
matrix, £ a closed convex subset of a Banach space and T a continuous map-
ping of E into itself and z; € E. Then, the general Mann iteration process
M (z1, A, T) which was introduced in Mann [9] is defined by

n
Up = E AnkTk; Tn+l :Tv’n.v n= 1725"'7 (1)
k=1
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If A is the identity matrix, then each sequence of M(x1,A,T) becomes the
sequence of Picard iterates of T at 1. It was established in [9] that if either of
the sequences {z,} a nd {v,} converges, then the other also converges to the
same point, and their common limit is a fixed point of 7T'.

In [5, 7], it is said that the matrix A is segmenting for the Mann process if
nt1,k = (1 — Gnt1,n+1)ank for k < n. In this case, v,41 lies on the segment
joining v,, and T'v,:

Unt1 = (1 —dp)vy, + dpyTv,, n=1,2,..., (2)

where d,, = ap41,nt1- A segmenting matrix is determined by its sequence of
diagonal elements. Some authors including [3, 11, 12] have investigated the
case d, = A, 0 < A < 1, while Mann [9] approximated the fixed points of
continuous functions on a closed interval of the real line using the segmenting
matrix determined by d, = L V n. Dotson [6] considered the case when d,, is
bounded away from 0 and 1. Groetsch [7] generalized the results of [3, 6, 9, 11,
12] in a uniformly convex Banach space by employing (2) and assuming that A
is a segmenting matrix for which > 7 | d,(1 — d,) = .

We shall give another definition of a segmenting matrix in the next section
with a view to generalizing and extending Groetsch [7] and others mentioned
earlier in this paper.

2 Preliminaries

Singh et al [13] introduced the following iteration process: Let (E,||.]|) be a
normed linear space, S,7:Y — E and T(Y) C S(Y). Then, for 2y € Y,
consider the iteration process

Stpy1 =1 — an)Sen + ayTr,, n=0,1,2,..., (3)

where {o, }7  satisfies

(1) Qo = 1,

(i) 0 < a, <1 forn >0,

(iii) > ay = o0, and

(iv) 200 I (1 — @i + acy) converges.

The iteration process (3) is called the Jungck—Mann iteration.

For Y = E, S = I (identity operator) in (3) with {ay,},., satisfying
(i)—(iv), then we have the Mann iteration process introduced by Mann [9]. Also,
ifin (3), Y = E, S = I (identity operator) and o, = 1, then we obtain the
Jungck iteration introduced by Jungck [8].

Following (3), we shall generalize and extend Groetsch [7] and others men-
tioned earlier in this paper by assuming that A is a segmenting matrix for which

Svpy1 = (1 —dn)Svn +dpyTv,, n=12 ..., (%)
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such that Y2 d,(1 —d,) = co and S,T: C — C are selfmappings on a
nonempty convex subset C' of a uniformly convex Banach space E. The opera-
tors S and T are assumed to have a common fixed point and satisfy in addition
the contractive condition

ITz —Ty| < || Sz - Syl|, Va,yeC. (x%)

If S = I (identity operator) in (%), then we obtain (2) and if S = I in (%*) then
we have | Tz — Ty|| < ||z — y||, Vz,y € C (that is, T becomes a nonexpansive
mapping).

We shall establish our main result in the next section. However, the following
lemma is required in the sequel.

Lemma 2.1 (Groetsch [7]) Let X be a uniformly convexr Banach space and let
zy€X. If |z <1, |lyll <1 and |z — y|| > € >0, then

Az + (1= Ayl <1 =2M1—=A)d(e)
for0 <A <1 andd(e) > 0.

The proof of this Lemma is contained in [4, 7].

3 The Main Result

Theorem 3.1 Let C' be a convex subset of a uniformly convex Banach space
E and S,T: C — C selfmappings satisfying condition (>x) and T(C) C S(C).
Suppose that S and T have at least a common fized point. Let {Sv,}, ., be the
sequence defined by (x). Then, the sequence {(S — T)v,},—, converges strongly
to 0 for each x1 € C such that 3>, dn(1 —dy) = co.

Proof If p is a common fixed point of S and T (i.e. Sp=Tp = p), then

[Svnt1 = pll = [(1 = dn)Svp + dpTvp — (1 = dy + dn)p||
= [[(1 = dn)(Svn = p) + dn(Tvn = p)|

< (1= dn)[|Svn = pll + dn [ Tvn — p
= (1 =dn)[Svn — pll + dn|Tvn — Tp||
< (1 = dn)l|Svn = pl| + dnl[Svn — Sp||
= (1 = dn)|lSvn = pl| + dullSvn — p

[Svn = pll < [ISvn—1 —pll < -+ < [[Svr —pl|, (4)

from which we have that the sequence {Sv,, — p} -, is decreasing.
Now,

1S = T)onll = |Svn = Toall < [|Svn = pll + llp — Ton||
= [[Svn = pll + TP — Ton || < [[Svn = pll + [|Sp = Svn|| = 2/[Svn — pl.
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Suppose on the contrary that {(S — T)v,},—, does not converge to 0. Since
[|Svy, — To,|| < 2||Svy, — p||, we may assume that there is an a > 0, a € (0,1)
such that ||Sv, — p|| > a for any n. If {(S —T)v,},., does not converge to 0,
then there is an € > 0 such that || Sv, — Tv,|| > € for any n.

Let

€ Sv, —p Tv, —p
b—26(7>, Tp=7———— and y,=-—"—.
[Sv1 = pl| [Svn = pl| [Svn = pl|

Then, we have

Sva—p \| _ 1S0n—pl
lall = H<7>H < Sen—pll _,
150, =) | = T50m 21

and
M Tvn — ||Tvn =Tp)| _ IISvs = Spll _ [1Svn —pll
”yn” = g S < S =150 = =1.
Sy — pH [ Svn — pl| [Svn —pll [1Svn — p|
Hence, we have by (*) that
[Svn1 —pll = (1 = dn)Sva + dnTvn — (1 = dp + dn)p||
= [[(1 = dpn)(Svn — p) + dn(Tvy — p)||
(Svn 7p) (Tvn *p)
(1t =51 |1 = do) td,
H [ Svr — pl| | Svn — pl|
(Hsvn pH)[( dn)Tn, ""dnynm
< HSUn =l 11 = dn)xpn + dnynll- (5)

Using (4) and Lemma 2.1 in (5) yield

[Svnt1 —pll <

< 1 —dn(1 = dp)b]||Svs — pl|

= [|Svn = pl| = bdn (1 — dn)|[Svn — pl|

[Svn—1 = pll = bdp—1(1 = dn—1)[[Svn—1 = p|| = bdn(1 — dn)||Svy — p|
[1Svn—1 = pll = bdn—1(1 = dn—1)||Svn — pl| = bdn(1 = dn)||Svn — p|
= [[Svn—1 = pl = bldn-1(1 = dn-1) + dn(1 = dn)]||Svn — pl|-

<
<

Repeating this process inductively leads to

a < [[Svnyr —pll < [[Svr —pl|

-b dl(l - dl)”‘svn _pH + d2(1 - d2)HSUn _pH +o dn(l - dn)HSUn _pH]

= [|Sv1 — p\l*bzd (1 —dj)||Svn — pll < [|Sv1 — p\l*abzd (1 —dy).
Jj=1
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Therefore, we obtain

a|1+bY d;j(1—dj)| <|Svi —pl|,
j=1

from which it follows that

o lse—pl
T 1+bY0 di(1—dy)

— 0 asn — oo,

leading to a contradiction. Therefore, we have a = 0. Hence,

lim ||Sv, — Tv,| = 0.

Remark 3.1 Theorem 3.1 is also a generalization of the results of [3, 6, 7, 9,

11,

12).
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Abstract

Sufficient conditions are established for the global stability of solutions
of certain third-order nonlinear differential equations. Our result improves
on Tunc’s [10].

Key words: Nonlinear differential equation; trivial solution; global
stability; Lyapunov’s method.
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1 Introduction
We consider the third-order nonlinear ordinary differential equation
T+ Yz, &,28)E + f(z, ) =0 (1.1)
or its equivalent system
t=y, Y=z 2i=-¢(y2)z-f(zy), (1.2)
where
UV, 5,0, € CR xR xR,R) and f, fz, fy € C(R x R,R). (1.3)

It is assumed that solutions of (1.1) exist and are unique.
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Stability is a very important problem in the theory and application of differ-
ential equations, and an effective method for studying the stability of nonlinear
differential equations is the second method of Lyapunov (see [1-14]).

In a recently paper, Tunc [10] obtained the global stability of (1.1) and the
following result was proved.

Theorem A (Tunc [10]). Further to the basic assumptions on the functions 1
and [ suppose the following:

(i) zf(x,0) >0 for z #0;
y

" 0,v)dv > 0;

@) [ o

(i43) |llim sup/ f(u,0)du = oo;
xr|—00 O
(iv) there is a positive constant B such that ¥ (x,y,z) > B for all z,y, z;

(v)
B [f@c,y) s [ ’ %(x,v,owdv] vz | " fule,0) dv

for all x,y;
(vi)
B {f(m:y) — f(2,0) - /O %(%070)”(1”} y+¥(z,y,2)

Yy
> y/ fo(z,v)dv+ B
0
for all x,y #0,z;
(vii)
xT Y Yy
4B/ f(u,0)du {/ [f(z,v) = f(z,0)]dv —|—B/ [¢¥(z,v,0) — B]vdv}
0 0 0
> y?f*(x,0)
for all x,y # 0;
(viti) yi,(x,y,z) > 0 for all x,y, z
Then the trivial solution of equation (1.1) is globally asymptotically stable.

Interestingly, (1.1) is a rather general third-order nonlinear differential equa-
tion. In particular, many third-order differential equations which have been dis-
cussed in [12] are special cases of (1.1), and some known results can be obtained
using this theorem. However, it is not easy to apply Theorem A to these special
cases to obtain new or better results since Theorem A has some hypotheses
which are not necessary for the stability of many nonlinear equations.
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Our aim in this paper is to further study the global stability of (1.1). In the
next section, we establish a criterion for the stability of (1.1), which extends
and improve Theorem A. Finally, in Section 3, we apply our result to some
examples.

In the following discussion, we always assume (1.3) holds without further
mention.

2 Main result

Our main result in this section is the following theorem.

Theorem Let ég,a,b, c be positive constants such that ab > c.
Assume that

(1) 152 > 60, @ #0, £(0,0)=0,

(2) f'(x,0) <c,

(3) fy(x,0y) > b for0<6<1,

(4) b(x,y,2) > a,

(5) y.(x,y,02) >0, for 0 <6 <1,

(6) a[f(z.y) — f(2,0) = [§ vu(a,v,0vdv]y > y [§ folz,v)dv.
Then, the trivial solution of (1.1) is globally asymptotically stable.

Remark 1 The theorem just stated above improves the theorem established in
[1] and includes the result established in [9]. The results of Ezeilo [2], Ogurtsov
[5] and Goldwyn and Narendra [3] are also direct consequences of our result.

Proof Clearly, (1.1) is equivalent to the system (1.2) and (0,0, 0) is a solution.
Now, consider the Lyapunov function

V(x,y,z)—/Oxf(u,O)dqu/wa(x,v,O)vvara1/Oyf(x,v)dv
1

+ §a_1z2+yz (2.1)

This is rewritten as

V(. 2) = S (ay + 2)? + = (f(.0) + by)® + / oz, 0,0) — afvdo

2a 2ab

1 /Y * 1

~ | [folz,00) —blvd - —f'(u, ,0)d
1 [ o0 —todo+ [ - 2 .01 ,0)

where f,(z,0v) = v H{f(x,v) — f(x,0)}, v # 0.
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On using hypotheses (1)—(4) of the theorem,

—
| = =

1 1
V($7y72) > (Gy + 2)2 + —(f(SU,O) + by)2 + 551*7:27

a 2ab

[\

where §; = X (ab—c)dy > 0. It follows that there exists a constant K > 0 small
enough that

V(w,y,2) > K(2? +y* + 22).
Hence V (z,y, z) is a positive definite function.

Next, we show that the derivative of V(z,y, z) with respect to ¢ along the
solution path of (1.2) is negative semi definite.

where V,, V), V, are partial derivatives of V' with respect to =,y and z respec-
tively, and &, 9y and 2 are as in (1.2).
Thus,

Ve = f(x,0) —&—/: W (2,v,0)vdv 4+ é/oy fu(z,v) do,

1 1
Vy :¢(Z,y,0)y+af(x,y)+z, VZZEZer'

Then, substituting V,,V,,V; in (2.2) and using (1.2) yield

Voo (,9,2) = — {f<sc,y> ~fwoy - [0 wx<x7v7o>vdv} y

1 Y 1
t oy [ fa oo = o095 - Lot -1 2,

where ¢, (z,y,02) = 2~ {(z,y,2) — ¥(x,y,0)}, 2 # 0. From hypotheses (4),
(5) and (6) of theorem, we see that

‘/(1.2)(5(‘.71/72”) <0, (23)

and the rest of the proof may now follow as in [2, 9].

Let Q denote a trajectory x(t), y(t), z(t) of (1.2) satisfying the initial condi-
tions z(0) = zo, y(0) = yo, 2(0) = 29, where (z¢, yo, 20) is an arbitrary point of
the (x,y, z)-space. Then, by (2.3),

V(t) = V(x(t),y(t),2(t)) < V(zo, 90, 20) (¢ =0). (2.4)

Further, V(t), being non-increasing and non-negative, tends to a non-negative
limit, V' (c0) say, as t — co. To prove the theorem, it is sufficient to show that

V(o) # 0; (2.5)

for, in that event, we should have V(oco0) = 0, and this would imply z(c0) = 0,
y(00) = 0, z(00) = 0, which is the required result.
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Suppose on the contrary that (2.5) is not true: that is, assume that V(co) > 0.
Since the set points (z,y, z) for which

V(w,y,z) S V(x07y03 ZO)

is bounded, it is clear from (2.4) that the trajectory  has limit points; and
the set of all its limit points consists of whole trajectories of (1.2) lying on the
surface V(z,y, z) = V(00). Thus, in particular, if Q is a limit point of €, there
is a half-trajectory, Qg say, of (1.2) issuing from @ and lying on the surface
V(z,y,z) = V(c0). Evidently, we must have

Vg =0 (2.6)
on Qg; for otherwise there would exist points (z,y, z) of Qg at which
Vix,y,z) < V(c0).

From (2.4) and (2.6) it follows readily that z = 0 and hence also that y = ~,
x =t + & (v, € constants), 2 = 0 for any (z,y,z) on Qg.
Also, since from (1.2),

zZ= 71/)(:E7yvz)z - f(xvy)v
it follows that f(x,y) = 0, that is

fOyt+&,7) = 0. (2.7)

Since f(0,0) = 0, (2.7) clearly holds if and ounly if £ = v = 0 (see, for example,
[12, p. 370]). Hence x = 0, y = 0. We have therefore that x = y = z = 0;
this implies that the origin is a point of the surface V(z,y,z) = V(c0), which
contradicts our assumption that V' (co) > 0. This proves (2.5) and hence the
theorem. O

Remark 2 Clearly our theorem is an improvement and extension of Theorem
A. In particular, from our theorem we see that (ii), (vi) and (viii) assumed in
Theorem A are not necessary, and (i) can be replaced by (1) for the global
stability of the trivial solution of (1.1).

3 Examples

In this section, we consider certain examples which are particular cases of (1.1).

Example 1 Consider the equation

4 [(sin@)d + ()% + €™ + 2]3 + (2)° + 4 + rxzz =0 (3.1)

(3.1) is in the form of (1.1) with

— (qi 2 Yz ) — 3 €z .
Y(r,y,2) = (sinz)y +y~ +e* +2,  f(z,y)=y tyt T
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With a =2,b =1, ¢ =1, we observe that

v 1
Fa) = 50) = [ a0 0pdo| = |42+ geosars?| o

2
9 1—=

m = y2f/(x70)7 for y #£ 0.

>y
Then it is easy to check all the hypotheses in Theorem are satisfied and so the
trivial solution of (3.1) is globally asymptotically stable.

Example 2 Consider the equation
x

o (1+ (2)%) + 2+ 1(:'C)B =0. (3.2)

T4 [In(1 + 2?) + e + 2] + 3

(3.2) is in the form (1.1) with

1
Va,2) = (42 b 42, Jay) = T (1 4) +y 5

With a =2,b =1, ¢ =1, we observe that

fz,y) = f(2,0) — /waz(fv,v,O)vdv] y = {y+ %yg] y

5 (1 *Z2)

m = ny/(x70)7 for y #£ 0.

>y
Then it is easy to check all the hypotheses in Theorem are satisfied and so the
trivial solution of (3.2) is globally asymptotically stable.

References

[1] Barbashin, E. A.: Lyapunov Functions. Nauka, Moscow, 1970.

[2] Ezeilo, J. O. C.: On the stability of solutions of certain differential equations of the third
order. Quart. J. Math. Oxford Ser. 11 (1960), 64-69.

[3] Goldwyn, M., Narendra, S.: Stability of Certain Nonlinear Differential Equation Using
the Second Method of Lyapunov. Craft Lab. Harvard Univ., Cambridge, MA, 1963, pp.
1-14.

[4] Kraovkii, N. N.: Stability of Motion. Stanford University Press, Stanford, CA, 1963.

[5] Ogurtsov, A. I.: On the stability of the solutions of some nonlinear differential equations
of the third and forth order. Ivz. Vyssh. Uchebn. Zaved. Mat. 10 (1959), 200-209.

[6] Qin, Y., Wan, M., Wang, L.: Theory and Applications of Stability of Motions. Academic
Press, Beijing, 1981.

[7] Qian, C.: On global stability of third-order nonlinear differential equations. Nonlinear
Analysis 42 (2000), 651-661.

[8] Qian, C.: Asymptotic behavior of a third-order nonlinear differential equation. J. Math.
Anal. Appl. 284 (2003), 191-205.

[9] Omeike, M. O.: Further results on global stability of third-order nonlinear differential
equations. Nonlinear Analysis 67 (2007) 3394-3400.



Further results on global stability ... 127

[10] Tunc, C.: Global stability of solutions of certain third-order nonlinear differential equa-
tions. Panamer. Math. J. 14, 4 (2004), 31-35.

[11] Tunc, C.: On the asymptotic behavior of solutions of certain third-order nonlinear dif-
ferential equations. J. Appl. Math. Stoch. Anal. 1 (2005), 29-35.

[12] Reissig, R, Sansone, G., Conti, R.: Nonlinear Differential Equations of Higher Order.
Noordhoff Inter. Pub., Leyden, 1974.

[13] Shimanov, S. N.: On the stability of the solution of a nonlinear equation of the third
order. Prikl. Mat. Mekh. 17 (1953), 369-372.

[14] Wang, L., Wang, M.: Analysis of construction of Lyapunov functions of third-order
nonlinear systems. Acta Math. Appl. Sin. 6 (1983), 309-323.






{P’//‘ Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
V Mathematica 47 (2008) 129-138

On Weakly and Pseudo Concircular

Symmetric Structures on a Riemannian
Manifold

FiisuN OZEN ZENGIN!, SEzciN ALTAY DEMIRBAG 2

Istanbul Technical University, Faculty of Sciences and Letters
Department of Mathematics, Maslak-Istanbul, Turkey
Le-mail: fozen@itu.edu.tr

2e-mail: saltay@itu.edu.tr

(Received February 27, 2008)

Abstract

In this paper, we examine the properties of hypersurfaces of weakly
and pseudo concircular symmetric manifolds and we give an example for
these manifolds.
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1 Introduction

Firstly, Tamassy and Binh introduced weakly symmetric manifolds, [1].
A non-flat Riemannian manifold (M,,, g), (n > 2) whose the curvature tensor
satisfies the following relation is called weakly symmetric

ViRnijk = AiRnijk + BrnRuiijk + DiRnijk + EjRuik + Fi Rhiji (1.1)

where A, B, D, E, F are non-zero 1-forms and V denotes the covariant differ-
entiation with respect to the metric tensor of the manifold. These 1-forms are
called the associated 1-forms of the manifold and an n-dimensional manifold of
this kind is denoted by (WS),. It may be mentioned in this connection that
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although the definition of a (W.S),, is similar to that of a generalized pseudo-
symmetric space studied by Chaki and Mondal, [2], the defining condition of
a (W), is weaker than that of a generalized pseudo-symmetric manifold. De
and Bandyopadhyay, [3], proved that 1-forms of (W.S),, can not be all different.
Then the equation (1.1) reduces to the form

ViRnijk = AiRpiji + BrRiijk + BiRnijk + DjRhpik + Dk Rpiji (1.2)

Let us consider a subspace V,,, immersed in a Riemannian manifold V,, whose
parametric representation is v = w*(u',u?, ..., u™) where (u) and (u’)
(4,4, k,...=1,2,...,m) denote the coordinate systems of V;, and V;,,, respec-
tively. A conformal transformation g;; = p®g;; of the fundamental tensor of V,,,
being a concircular one with the function p satisfying the equations

1. P
pij = Vipi = pip; + 59 Boappgi; = b9ii,  pj = gsnp (13)

this transformation is called concircular transformation where ¢ is a function
of u'.

The present paper deals with non-concircular flat Riemannian manifold
(M., g) whose concircular curvature tensor Zj, ;i satisfies the condition (n > 2)

ViZnijk = A1 Zhijk + BrZiiji + DiZniji + Ej Znak + FiZniji
where
Zaist = Buiste — = (guksis — o)
hijk — hijk n(n — 1) ghk91] gh]gzk

Rpiji; is the curvature tensor and R is the scalar curvature. Such a manifold will
be called a weakly concircular symmetric manifold and denoted by (W ZS),,, [4].
It was shown that, in [5], ZZ— & is invariant under a concircular transformation.

Desa and Amur studied the concircular recurrent Riemannian manifold, [6].
The authors proved that the defining condition of a (WZS), can always be
expressed in the following form, [4]

ViZhijk = A1 Zniji + BrZiijk + BiZniji + Dj Znak + DiZniji (1.4)

where A, B, D 1-forms (non-zero simultaneously).
From the first Bianchi identity, we get

Ruiji + Rhjki + Bukig = 0 (1.5)
The second Bianchi identity for a Riemannian manifold is
VsRhijk + VjRhiks + Vi Rpisj =0 (1.6)

Let (M,g) be an (n + 1)-dimensional Riemannian manifold covered by a
system of coordinate neighborhoods {U,y“}. Let (M,g) be a hypersurface of
(M, g) defined via a system of parametric equation y® = y®(x?), where Greek
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indices take the values 1,2, ...,n+1 and Latin indices take the values 1,2,...,n
a locally coordinate system. Then, we have

9ij = Gopyly} (1.7)

Let n® be a local unit normal to (M,g). Thus, we obtain gagno‘yf =0,
gagno‘nﬁ = 1 and it is easily seen that there are the following conditions between
the contrary metric tensors of the hypersurface (M, g) and (M, §)

afB __ _ij, o, a, 3 aiaya s . _ —
g =g yzy_]+nn7 yl_(’“):c“ (7’7]_1727"'7’”’705_6_1727"'7n+1)
(1.8)

A point of a hypersurface, at which the principal directions of the curvature
are indeterminate, is called an umbilical point. In order that the lines of cur-
vature may be indeterminate at every point of the hypersurface, it is necessary
and sufficient that Q;; = wg;;, where w is an invariant. According to [7],

M = Q0" = nw (1.9)

where the scalar M is called the mean curvature of such a hypersurface, so that
the conditions for indeterminate lines of curvature are expressible as

M
Qi = . Yii (1.10)

If all the geodesics of a hypersurface (M, g) are also geodesics of (M, g), the
former is called a totally geodesic hypersurface of the latter. Such hypersurfaces
are generalizations of planes in ordinary space. A necessary and sufficient condi-
tion that (M, g) be a totally geodesic hypersurface is that the normal curvature
should vanish for all directions in (M, g), and at every point. This requires

;=0 (1.11)
Consequently,
M=0 (1.12)
and (1.10) is satisfied.
The structure equations of Gauss and Mainardi-Codazzi, [8]
Riji = Raﬁ’yéBfﬁ?e + Qij
and -
Vi — Vi Qu + Rg.yggnﬁB;Yﬁf =0
where Qi = Qi Q4 — Q.

From (1.9), the above equations reduce to the following forms

_ M?
afBvy0
Rijr = Raﬁ'yGBijg?/ Tt (9139ik — Guigjk) (1.13)
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and )
Ra,ytsgnaBzﬁf = E(giijM - giijM) (1.14)
respectively, where R;jx; and Rap-9 are the curvature tensors (M, g) and (M, g),
0
and B{))” = B®B!B]Bf, B = y¢.
From the Gauss equation, we get

R=R+ QRagnanﬁ — Qijklg”gjk (1.15)

The concircular curvature tensors of (M, g) and (M, g) can be written in the
form
Zhijk = Rpijr + al Ghij (1.16)
hijk — 1lhijk n(n — 1) hijk .
and

Z g = Ra T _a, 1.17
870 By + (1) C e (1.17)

where Grijr = gnjgit — gnk9i; and Gagyg = Gaygse — Gasgpy- On account of
(1.7), (1.13), (1.16) and (1.17), we get

] M2 1 R R
o af~y6o . _ _——
Zhijk = Zaﬁthijk + n2 Ghijk + n(n -1 n+1

)Ghijk (1.18)

2 Totally umbilical hypersurface of a weakly concircular
symmetric manifold

Now, we consider an (n+ 1)-dimensional weakly concircular symmetric Rieman-
nian manifold and we denote this manifold by (WZ5S),4+1. For a (WZS),41,
we have

VeZabcd = AeZabcd + BaZebcd + BbZaecd + DcZabed + DdZabce (21)

Using (1.17), we obtain

.

ZabcdnaBbjClg - Rabcdnanjclg (22)

We assume that the scalar curvature of (W Z.S),, is not constant and (W Z5S),,
is a totally umbilical hypersurface. In this case, we find that

~ bed ~ bed ~ d
sthijk = AsZabchZijk; + BhZebch:ijCk; + BiZaechgzgk

_ _ 1
+ Dj Zapea Bivik + Di Zavee Bivss + FGhijkstQ
1 R R
ZGChiinVs (_ _
+ no" iV n—1 n+1
+ gjs Reaan Bijon® + gkstcbaB;fﬁnd> (2.3)

M _ _
) + ; (gthabchSjC]gna + gistachZg;nb
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By the aid of the Gauss equation, (2.3) can be written as

VsZhijr = As (Zhijk - ]\:—;Ghzjk - %(% - %)Ghijk)
- Lo o)
+ Bz(Zhsﬂc Ghsjk - %(n}E 1~ nf 1>Ghsjk)
+ D; (Zhisk - ]\52 Ghisk — %(% - nf I)Ghisk>
+ %Ghijkst2 + %Ghijkvs (% - nf 1)

M
+ _[(ghsgzk Gisgnk)ViM + (gisgn; — 9ijgns)ViM
+ (gjsgik — 9ij9sk) VM + (gksgnj — 9jsgnk)ViM]

Now, we suppose that (M, g) is (WZS),.
By the aid of (1.4) and (2.4), we have

n n—lin—i—l
M? 1/ R R
= Ghigk Vs <n2 +E<n—1n+1))

M
— E(Ghiskva + Ginsi ViM + G355V . M + ijShViM) =0

M2+1<R R
n? n

Multiplying (2.5) by g"¥g%/, we can obtain

M? 1/ R R
— 4+ - — 2Bs + 2Dy A
<n2 n(n—l n—|—1>>< * +nds)
(n+2) 5 R R\
n? VsM® =V, (n -1 n+ 1) =0
Similarly, multiplying (2.5) by g**¢"*, it is easily obtained that
M? 1/ R R
(FJrﬁ(nl - n+1>) (Bs + 45 + (n = 1)Ds)
(n+2) , 1 R R \
2n2 VM nvs(nfl n+1>_0

Let us suppose that

133

(2.4)

)] (AsGhijk+BrGeijr+BiGhsjr+D;Grisk+DiGhijs)

(2.5)
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where the scalar curvature R is not constant.
From (2.6) and (2.7), we get

As=2Ds; or M =0 (2.9)
We assume that A, = 2D,. Transvecting (1.4) with ¢'* and ¢, we get
g’“VSth = (Ak — By, + Dk)GhSQSk (2.10)

where G = Rnp — %ghk (n > 2) is the Einstein tensor.
Similarly, transvecting (1.4) with ¢g"* and g%, we have

(Bi + Dk)GhSQSk =0 (2.11)
Hence, using the equations (2.9); and (2.10), it can be obtained that
(A +2By)Ghsg™ =0 (2.12)

Now, multiplying the equation (1.4) by ¢! and g% and using the result
VR = %VhR, we obtain R = const. In the beginning, we suppose that
R # const. Thus, As # 2D;. From (2.9), we have M = 0, i.e., the hypersurface
is totally geodesic. Thus, we can state the following theorem:

Theorem 2.1 In the totally umbilical hypersurface (W ZS),, of (WZS)n1, if
the expression R = (1 — HL_H)R , (R # const.) is satisfied then the hypersurface
is totally geodesic.

Theorem 2.2 If the totally umbilical hypersurface (W ZS),, of a (WZS)n11

satisfies the condition n—ljl — ni_;_l = ¢ (c < 0, const.) then either the mean

curvature or the scalar curvature of this hypersurface is constant.

Proof We assume that the totally umbilical hypersurface (WZ5S),, of (WZS),41
satisfies the condition B
R n R
n+1 n-1
From (2.5) and (2.13), we obtain

=c (2.13)

M? ¢
(F + E)(AsGhijk + BnGisiji + BiGhsjk + DjGhisk + DiGhijs)
1 , M
- ﬁGhijkst - W(Ghiskva
+ Gihsjka + GsijthM + ijshViM) =0 (2.14)
Multiplying (2.14) by ¢"*¢%, we find that

(n+2)

n2

2
(M VM2 =0 (2.15)

n2

+ 5)(235 +2D, +nA,) —
n
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Similarly, multiplying (2.14) by ¢"*¢"*, we can easily obtain that

(]\5—; + %)(BS + A+ (n—1)D,) — (n2;2)VSM2 -0 (2.16)
Using (2.15) and (2.16), we get
M?=—-ecn  or  Ay=2D, (2.17)
On the other hand, from (1.4), we have
ViZnijk = A1 Znijk + BrZiijk + BiZnijk + DjZnak + Dy Zhiji (2.18)

Permutating j, k and [ by cyclic in (2.18), adding the three equations and
using the expression (1.5) and the first Bianchi Identity, we obtain
(A1 — 2Dy) Zpiji + (Aj — 2D;) Znig + (Ax — 2Dy) Znaj
1

n(ﬂ_ 1)(Gh jkVZRJrGh klij+Gh lJVkR) ( 9)

Transvecting (2.19) with g%/ ¢"* we can obtain

(n—2)

2(Ak - 2Dk>gthhl = VlR (2.20)

If Ay = 2Dy, from (2.20), then we say that the scalar curvature of this
hypersurface is constant. If Ay # 2Dy, from (2.17), the mean curvature of this
hypersurface must be constant. If ¢ = 0 then it is clear that this hypersurface
is totally geodesic. Thus, the proof is completed. O

Theorem 2.3 If a totally geodesic hypersurface of a (WZS),11 satisfies the
condition R = (1 — HL_H)R then this hypersurface is (W ZS)y,.

Proof From (1.4) and (2.4), the proof is easily seen that.
3 Totally umbilical hypersurface of a pseudo concircular
symmetric manifold

We consider a non-concircular flat Riemannian manifold (M, g) whose concir-
cular curvature tensor Zj;;;, satisfies the condition

ViZhijk = 2N Znijk + A Ziijk + NiZnijk + XNj Znitk + A Zhiji (3.1)

where ); is a non-zero covariant vector. Such a manifold will be called a pseudo-
concircular symmetric manifold and denoted by (PZS),,. Permutating j, k, [ by
cyclic in (3.1), we obtain the following equations

Vi Zhikt = 2Xj Znikt + AnZjirt + NiZnjrt + M Zhiji + N Zhikj (3.2)
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and
ViZniy = 2 6 Znity + M Zrij + NiZnkts + N Znikg + Nj Znatk (3.3)

Adding the equations (3.1), (3.2) and (3.3) and by using the first and the second
Bianchi identities, it is obtained that

Ghrijk ViR + Gripg ViR + Grij ViR =0 (3.4)

Transvecting (3.4) with ¢"*¢%, we get (1 —n)(2 —n)V;R = 0.
Since n > 2, we find that the scalar curvature of the hypersurface is constant.
Now, we can state the following theorem:

Theorem 3.1 The scalar curvature of a pseudo concircular symmetric mani-
fold is constant.

Theorem 3.2 Let us suppose that a hypersurface (PZS), of a pseudo con-
circular symmetric manifold (PZS),41 be totally umbilical. Then the scalar
curvature of (PZS)n41 1s constant.

Proof Taking the relation 4: = B, = D, = ), in (2.3), (2.4) and (2.5) and
using the equation (3.1), we get

n—1 n+1

M? 1/ R R
(F - ( )) (2XsGhijk + NiGhsjk + AjGhisk + AGhijs + AnGsiji)

1 5 1 R R
= EGha VM = GV (25 - o)

M
- F(GhiSkva + GinsiViM + Gsijt VM + Gjsn, ViM) = 0 (3.5)

Multiplying (3.5) by g"¥¢% and g**g"*, respectively, we obtain

IS
7vs(n1—%linfl)zo (36)
and
(1\5_22 %(n}E 1 n}E 1))A8(2+”) - (nQZQQ)VsMQ
V() = 7

From (3.6) and (3.7), we obtain
R n R
n+1 n-1

=c (3.8)
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where c is a positive constant. By using Theorem 3.1, we can say that

R = const. (3.9)

|

Theorem 3.3 If a totally geodesic hypersurface of (PZS)n 1 satisfies the con-
dition R = (1 — nL_H)R then the hypersurface is (PZS)y,.

Proof Let us suppose that a hypersurface of (PZS),+1 be totally geodesic.
From the expressions (1.12) and (2.4) and the condition AT = By, = Ds = s,
the proof is clear. O

4 An example of a (WZS),

In this section, we want to construct a (W Z5),, spaces. On the coordinate space
R™ (with coordinates z',z2,...,2"), we define a Riemannian space V" and
calculate the components of the curvature tensor and its covariant derivative.

Let each Latin index run over 1,2,...,n and each Greek index over 2,3, ...,
n — 1. We define a Riemannian metric on R" (n > 3) by the formula

ds? = ¢(dz')? + kogdz®dz® + 2dztda™ 4.1
B

where [kqg] is a symmetric and non-singular matrix consisting of constants
and ¢ is a function of (z',22,...,2""1) and independent of z". In the metric
considered, the only non-vanishing components of the curvature tensor, [9]

1
Rlaﬁl = §¢.O¢B (42)
where “.” denotes the partial differentiation with respect to the coordinates and
k*# are the elements of the matrix inverse to [k*7].

We consider V,, and
¢ = flzb)(Vapz®a® cos g(z') + wapz®z” sin g(a1) + kapgz®z’h(z?))

where f, g, h are functions of ! only and the matrices [was], [Vas] and [kas]
are the form

Wep = —1 fora=p and Wap =0 for a # (4.3)
Vag=1 fora=p and Ve =0 fora#p (4.4)
and L 8
or a =
kap = 4.5
h { 0 otherwise } (45)

From (4.2), the only non-vanishing components of the concircular curvature
tensor Zy;;i, are

_ [ f(cosg —sing + h) fora=p
Z1ap1 = {O for o £ 5} (4.6)
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Here, we consider
Ai = Bl = D1 =0 fori # 1 and A1 +Bl +D1 =C1, C1 # 0 and const. (47)
Thus, from (1.4), V,, will be (W Z5S),, if and only if the following relations

ViZiaar = A1Z1aa1 + BiZ1aa1 + BaZiior + DaZiai1 + D1Z1aa1 (4.8)
VaZiial = AaZiior + Bi1Zaior + BiZ1act + DaZiiar + D1Z11aa (4.9)
VaZiann = AaZiaii + BiZaa11 + BaZiai + D1Z1aa1 + D1Z1a10 (4.10)

Thus, using (4.8), (4.9) and (4.10), we find

f'(@")(cos g —sing + h) + f(z")(—g'sing — g’ cos g + ")
= (A, 4+ By + Dy)f(z")(cos g — sing + h). (4.11)

By the aid of (4.11), we get

f(cosg —sing + h) = CQe(AlJrBlJrDl)“Cl7 co > 0. (4.12)

So, the n-dimensional weakly concircular recurrent Riemannian manifold has
the metric of the form

ds? = gb(d;cl)Q + kragdx‘)‘dxﬁ + 2dztdz™,
n—1

¢ = Cg@clxl Z (l‘k)Q.

k=2
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