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On the Measurability of Sets of Pairs
of Intersecting Nonisotropic Straight
Lines of Type Beta in the Simply
Isotropic Space

ADRIJAN VARBANOV BORISOV!, MARGARITA GEORGIEVA SPIROVA 2

! Department of Mathematics, South- West University,
“Neofit Rilski” 66, Ivan Mihailov Str., 2700 Blagoevgrad, Bulgaria
e-mail: adribor@aix.swu.bg

2 Fakultdt fir Mathematik, TU Chemnitz
D-09107 Chemnitz, Germany
e-mail: margarita.spirova@mathematik.tu-chemnitz.de

(Received October 24, 2008)

Abstract

The measurable sets of pairs of intersecting non-isotropic straight lines
of type 3 and the corresponding densities with respect to the group of gen-
eral similitudes and some its subgroups are described. Also some Crofton-
type formulas are presented.

Key words: Simply isotropic space, density, measurability.
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1 Introduction

The simply isotropic space Is™") (see [8]) is defined as a projective space P3(R) in
which the absolute consists of a plane w (the absolute plane) and two complex
conjugate straight lines f1, fo (the absolute lines) within w. In homogeneous
coordinates (xg,x1, 22, x3) we can choose the plane o = 0 as the plane w, the
line xog = 0, x1 + ix2 = 0 as the line f;, and the line zg = 0, z; — izs = 0
as the line fy. Then the intersecting point F' of f; and f3, which is called an
absolute point, has coordinates (0,0,0,1). All regular projectivities transforming
the absolute figure into itself form the 8-parametric group Gg of general simply
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isotropic similitudes. In affine coordinates (z,y,z) with respect to the affine
coordinate system (O, e7, €3, €3), any similitude of Gg can be written in the
form ([8, p. 3])

c1 + er(zcosp — ysinp),
= co + cr(xsing + ycosp), (1)
= c3 + ¢4 + ¢y + 62,

v Qg
\

where ¢y, co, c3, ¢4, C5, Cg, C7, and @ are real parameters and ¢y > 0.

A plane in 13(1) is said to be non-isotropic if its infinite line is not incident
with the absolute point F'; otherwise the plane is called isotropic.

A straight line in I, is said to be (completely) isotropic if its infinite point
coincides with the absolute point F'; otherwise the straight line is said to be
non-isotropic ([8, p. 5]).

Let G; and G2 be two non-isotropic straight lines and let us denote by U;
and U, their infinite points, respectively. The straight lines G; and G5 are said
to be of type [ if the points U;, Us, and F' are collinear; otherwise the straight
lines are said to be of type « ([8, p. 45]).

We will consider also the following subgroups of Gg:

I. By C Gg < ¢y = 1. This is the group of simply isotropic similitudes of
the d-distance ([8, p. 5]).

II. S7 C Gg <= ¢ = 1. This is the group of simply isotropic similitudes of
the s-distance ([8, p. 6]).

III. W; C Gg <= cg = c7. This is the group of simply isotropic angular
similitudes ([8, p. 18]).

IV. G; C Gg <= ¢ = 0. This is the group of simply isotropic boundary
similitudes ([8, p. 8]).

V. V7 C Gy <= cec? = 1. This is the group of simply isotropic volume
preserving similitudes ([8, p. 8]).

VI. G¢ = G7 N V4. This is the group of simply isotropic volume preserving
boundary similitudes ([8, p. 8]).

VII. B¢ = B; N G7. This is the group of modular boundary motions (8,
p. 9]).

VIII. Bs; = B;N.S7;NG7. This is the group of unimodular boundary motions
(I8, p- 9])-

Basic references on the geometry of the simply isotropic space I3 () are Sachs’
book [8] and Strubecker’s papers [8], [11] and [12].

Using some basic concepts from integral geometry in the sense of R. Deltheil
[3], M. I. Stoka [10], G. I. Drinfel’d, and A. V. Lucenko [4], [5], [6], we study the
measurability of sets of pairs of intersecting nonisotropic straight lines of type
with respect to Gg and indicated above subgroups. Analogous problems about
sets of pairs of intersecting non-isotropic straight lines of type « in Ig(l) have
been treated in [2].
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2 Measurability with respect to Gg

Let (G1,G2) be a pair of intersecting non-isotropic straight lines of type f£.
Let G; have Pliicker coordinates (pj»), i=1,2,j =1,...,6, which satisfy the
relations ([8, p. 38])

Piph +pops + pips =0, i=1,2. )

Since GG; and G5 are intersecting non-isotropic lines of type 3, we have

Pips + pep? + pipy + papl + pips + peps =0,  py—p3 # 0, (3)
il + Iph| #0, i=1,2, (4)
pip3 — papi = 0. (5)

Having in mind (4), we can assume, without loss of generality, that pi = 1.
From (2), p} can be expressed by the remaining Pliicker coordinates of G;, and
in view if (3) and (5), p3 and p? also can be expressed by p3, pi, pi, ps, p3 and
p2. Thus the pair (G1,G2) can be determined by pi, pi, pi, pi, p3, p2.

Remark 2.1 We note that if G;, i = 1,2, are represented in the usual way by
the equations

Jrx=a(z—71)+p ) r=a(z—71)+p
Gl'{ybl(zr)ﬂz’ G2'{yzz_?b1(z—r)+q’ (©)

where P(p,q,r) = G1 NGs and a; # 0, ag # 0, then

1 p bl

1 1 1 1

p —, p —, P r— =, P p— —q,
2 a1 3 al 5 al 6 al

(7)

Under the action of (1) the pair (G1, G2)(p3, 3, i, ps, p3, p?) is transformed
into the pair (G1, G2)(ps, P, Dt Ps, P2, P2). Thus we have
Py = Kcq(sing + plcosyp),
ps = K(ca+ cspb + cep3),
P = K{(c3 — cspg + copt)cr cosp
— [es + capg + co(paps + pipg)ler sing — e1(es + ¢5 + cops) ),
Pe = Kcrl(ciph — c2) cos o + (c1 + copd) sinp + crpi],
P53 = K(ca+ cspb + cep3),
P2 = K{(cs — cs5pg + cep?)cr cosp
— [es + capg + co(paps + p3pg)ler sing — e1(es + ¢5 + copi) },
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where K = [c7(cosp — plsing)]™1, i = 1,2. The transformations (8) form the

associated group Gg of Gg ([10, p. 34]). The group Gy is isomorphic to Gg and

the density with respect to Gg of the pairs (G1,G2) if it exists, coincides with

the density with respect to Gg of the set of parameters (pi, p}, pi, i, 3, p?).
The associated group Gy has the infinitesimal operators

o L0 L0 . 0 o 0

Xl:p“rl)’(')_péima_péip?’@_pg’ XQ:(’)—pé’ XBZB_p%Jr(')_p%’

Xi= =7 o +(,;Z3 X5péaip§péaipé +p§a%§péaipg,
stpé%w%a—p%ﬁw%aipgﬂw?%, X7=p§aip§—péa%é+p§aip§»
Xs=[1+ (p§)2]3ip% +p%péaipé —pépéaipé +p%péaipé +p3p aa — 9613 8627

©)
and it acts transitively on the set of parameters (p3,p3, i, pé, p3,p?). The in-
finitesimal operators X;, Xo, X3, X4, X7, and Xg are arcwise unconnected
and -
X6 _ p2 p5X1 +p6X + p3p5 p?p3X3 4 X7.

p3 — D3 p3— D3

Since 1

2
b5 — p3p5 p5p3
X + X + X3(—————) + X =3#0,
1(p pg) 2(196) ( p3—p3 ) (1)

we can establish the following

Theorem 2.1 The set of pairs of intersecting non-isotropic straight lines is not
measurable with respect to the group Gg, and it has no measurable subsets.

3 Measurability with respect to S;

The associated group S7 of the group S7 has the infinitesimal operators X1,
Xo, X3, X4, X5, X7, and Xg from (9), and it acts transitively on the set of
parameters (p3, p3, pi, p¢, 3, p2). The integral invariant function

f = f(p2, 03,15, PG, P3. 13)
satisfying the so-called system of R. Deltheil (see [3, p. 28]; [10, p. 11])
Xl(f):07 XQ(f):Ov X3(f):07 X4(f):07 X5(f):0
Xo(f)+ =0, Xs(f) +5pyf =0

has the form

where h = const.
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Thus we state the following

Theorem 3.1 The set of pairs (G1, Ga)(p3, p3, pi, pt, p3, p?) is measurable with
respect to the group S7 and has the density

1
p3 — p3l[1 + (p2)?]

Differentiating (7) and substituting into (10) we obtain other expression for
the density:

d(G1,Gs) =

> dph A dpy A dpl A dpg Adp3 Adp:.  (10)

Corollary 3.1 The density (10) for the pairs (G1,G2) represented by (6) can
be written in the form

d(G1,Gs) = | 5—g—55| da1 A dby A das Adp Adg A dr. (11)

a3(ai + b7)

4 Some Crofton-type formulas with respect to Sy

Let us consider the isotropic plane ¢, which is determined by the lines G; and
G5. The plane ¢ has the equation

t:bix —ary +a1q—bip =0.

If Pis s the orthogonal projection of P into Oxy, consider the affine coordinate
system (Pe;’es’) in the isotropic plane ¢, where €1’ = (aj, b1, 1), €2’ = e3. It
should be noticed, that if G = + N Ozy then &;’||G. Let J' = Oxzz N and
J? = Oyz N . Obviously

a by
Jhao=p-7-q,y=0, Jhy=q-—p a=0,
1 a
and J', J? have the equations
Jl'x:fi JQ'a::f£
' bl, ' aq

with respect to (Pe;’es’).
Then the density d(J!, J?) for the pairs (J!, J?) with respect to the group
H}, which is the restriction of S; into ¢, is (see [1, p. 201])

2
dgt. gy = (2 -9 42 gl
(J%T%) <0L1 b1 a1 by

Recall that ([8, p. 45])
alp — az

§= ————~ (12)

as\/a? + b3

is the angle from G to G2, we find

AT, J?) N dP A ds = PP~ 100

314 2 /3, 2
arbjaz/ay + by

dai Adby Adp N\ dg A dr Adas.
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Comparing with (11), we get

ajbi
pa(pby — gar)(ai +07)>
Let ¢;, i = 1,2, b the angle between G; and Ozy. Then ([8, p. 48])

d(G1,G2) = d(J*, J*) Ads A dP. (13)

1 al
Y= =, P2 = ——, (14)
Va3 + b2 az\/a? + b3
and (13) becomes
a4b4903
d(Gy,Gy) = |[—2EL__1d(J, J?) Ads A dP. 15
(G1,Go) = | At (15)

By differentiation of (14) and by exterior multiplication by (12), we obtain

atb?
d(G1,G) = 1l d(J*, J?*) A dps A dP
pa(pb1 — qa1)(a? +b3)3
aibipd

d(JY, J?) Adps A dP. (16)

‘pq(pbl - qa1)
If ¢ is the isotropic distance from J! to J?, then ([7, p. 19])

- p . q
- _r 9 17
o P (17)

Putting (17) into (15) and (16), we find
aibip? aibiey
pg® Pge

Let G} and G? be now the projections of G; into Ozz and Oyz obtained in
a parallel way to Oy and O, respectively. Then

d(Gy1,Gs) = d(J, J))ANdsA\dP = d(J*, J*) ANdpy ANdP. (18)

1
Gi: z:—a:+rf£, y=0,1=1,2,
a; a;
G? z:lqurfi z=0
! by by’ ’
ai
G> = — =
2 z a2b1y+ 2b1Q7 xz
Furthermore,
1

d(G1,G3) = day N\ dag A dp A dr (19)

aaz(az — ax)

is the density for the pairs (G, G3) in the isotropic plane Oz with respect ' H}
which is the restriction of S7 into Oxz and

1

d(G},G3) = |
( L 2) b%ag(ag—al)

(aldbl A dCLQ - agdbl A dal) A dq Adr
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is the density for the pairs (G%, G%) in the isotropic plane Oyz with respect 2 H}
which is the restriction of S7 into Oyz (see [1, p. 177]).
By exterior multiplication of (G}, G3) and ds A dq, we get

2
d(Gy,Go) = |12

; d(G1,GY) AN ds A dg, (20)
1

and by exterior multiplication of (19) and dyy A dg:

2
ais

d(G1,G2) = b

d(G}, GY) A diy A dg. (21)

If, instead of using dy;1 A dg, we multiply by dp2 A dg, we obtain

ai1ass

d(Gy,Gs) = d(G1,GY) N dps A dg. (22)

1

Analogously, we can derive the following formulas:

2b2
d(Gr,Ga) = | L2 (G2, G2) A ds A dp

a3
b2
= a%s d(GF,G3) Ndpy Ndp
b2
- ““‘als d(G2,G2) A dips A dp. (23)
1

In summary, the following theorem holds.

Theorem 4.1 The density for the set of pairs (G1,G2) of intersecting non-
isotropic straight lines of type (3, determined by (6), with respect to the group
S7 satisfies the relations (15), (16), (18), (20), (21), (22), and (23).

5 Measurability with respect to Gg

Now, the corresponding associated group Gg has the infinitesimal operators

0, 0 o

0
}E ::pl p +’p }a = )
33175 28171 S op? 3’ Ipg
0 0 0 0 0 0
Vo= o+ 59 Ya=Piat —Pesy tPras — Pona
7 apt T op? Zopt  TOopl " Pops TOop?

0 0 0 0 0 0
Y7:3p§8_p§+2pé8_péi 6pé+3p38 2+2p58 2 }/8:6_]9%+6_]9§'

The group Gg acts intransitively on the set of points (pi,pi, pi, ps, p3, p?) and
therefore the set of pairs (G1,G2) has not invariant density with respect to Gg.
The system

Yi(f) =0, Ya(f) = 0, Y3(f) = 0, Ya(f) = 0, Y7(f) = 0, Ys(f) =
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has the solution

f=pa
and it is an absolute invariant of Gg. Consider the subset of pairs (G1,G2)
satisfying the condition

Pz =h, (24)

where h = const. The group Gg induces on this subset the group G with the
infinitesimal operators

0 0 0 0
Zi=p2 L 2 L g, =
1 p38p% apé +p38p§7 2 6]?%57
0 0 0 0
o = —— _ T = 1 ¥ 1 Y 1 ¥ 1 Y
3 3}% + apg? 4 pZapé pGap% +p23p§ pGapgv
) ) , ) o 9

0
T =By ¥ Wogp Mgy T g T g L gt o

The integral invariant function f = f(p3}, pi, ps, p3, p?), which satisfies the Deltheil
system

Z1(f) =0, Za2(f) =0, Z5(f) = 0, Za(f) =0, Zz(f) —9f =0, Zs(f) =0,

has the form c

s
(py —p3)*
where ¢ = const.
Thus we state the following

Theorem 5.1 The set of pairs (G1, G2)(p3, ps, i, D, D3, P?) of intersecting non-
isotropic lines of type [ is not measurable with respect to Gg, but it has the
measurable subset

pé =h, h = const,

with the density

1
d(G1,G2) = I =PI dps A dps A dpg A dp3 A dp3. (25)
3~ D3

p
Differentiating (7), (24), and replacing into (25), we establish

Corollary 5.1 The set of pairs (G1,G2) of intersecting non-isotropic lines of
type B, determined by (6), is not measurable with respect to the group Gg, but
it has the measurable subset

b1

ai

=h, h = const,

with the density
1

A(Gr, G2) = o

5 day Adaz A\ dp A dg A dr.
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6 Measurability with respect to B;, Wy, G7, V7, Bg, and
Bs

By arguments similar to those used in the sections 2, 3, and 5, we investigated
the measurability with respect to all the remaining groups. We have the follow-
ing results:

Theorem 6.1 The set of pairs (G1,G2) of intersecting non-isotropic straight
lines of type B, determined by (6), is measurable with respect to the group
(i) B7 and it has the density

a1a2

a1 — as2)3\/a? + b2
11701

d(G1,Gs) = day A dby ANdagy Adp A dg Adr;

(i) Vz and it has the density

|ai|
(a1 — az)?(a? 4 b7)

d(Gl, Gg) = dai N dby Adas Adp N dg A dr.

Theorem 6.2 With respect to the groups Wy and Sy the set of pairs (G1,G2)
of intersecting non-isotropic lines of type B is not measurable and it has no
measurable subsets.

Theorem 6.3 The set of pairs (G1,G2) of intersecting non-isotropic straight
lines of type B, determined by (6), is not measurable with respect to the group

(i) B, but it has the measurable subset

b
REN. h, h = const,
ai
with the density
a1a9
d(G1,Ge) = = | da1r A daz A dp A dg A dr
(a1 — a2)

(i) Bs, but it has the measurable subset

b 1 1
—1:h1, _7_:]12, hl,hQZCOTLSt,
aq al a9

with the density

ag

d(G1,G2) = arlar —a3)

day N\ dag Adp Adg Adr.
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Abstract

We generalize the correspondence between basic algebras and lattices
with section antitone involutions to a more general case where no lattice
properties are assumed. These algebras are called conjugated if this cor-
respondence is one-to-one. We get conditions for the conjugary of such
algebras and introduce the induced relation. Necessary and sufficient con-
ditions are given to indicated when the induced relation is a quasiorder
which has “nice properties”, e.g. the unary operations are antitone invo-
lutions on the corresponding intervals.

Key words: Conjugated alegebras, basic algebra, section antitone
involution, quasiorder.

2000 Mathematics Subject Classification: 08A40, 06D35, 06A12

Correspondence between MV-algebras and bounded distributive lattices with
section antitone involutions is well-known, see e.g. [3] and [5]. This was gen-
eralized for basic algebras and general bounded lattices with section antitone
involutions, see [2] and [3] for details. Semilattices and lattices with section an-
titone involutions were treated separately in [1]. If a bounded lattice is replaced
by the so-called A-lattice, the corresponding algebra is called an NMV-algebra,
an non-associative generalization of an MV-algebra, see [4]. If a little less is
assumed, we get the correspondence between weak basic algebras and direc-
toids with section antitone involutions, see [6]. These attempts motivate us to
find a general correspondence between algebras of two sorts. One of them are
“MV-like algebras”, the other are “semilattice-like algebras” with a set of unary
operations. Since in all the aforementioned cases the “semilattice-like algebras”
were ordered, we add an assumption that our algebras of the second sort will

*Supported by the Research and Development Council of the Czech Government MSM 6
198 959 214.

17



18 Ivan CHAJDA

be at least quasiordered. If there is a one-to-one correspondence between these
algebras, we will say that they are conjugated.

At first, we get precise meaning to mentioned concepts.

We consider two kinds of algebras. The first are algebras A = (A4;®, —,0)
of type (2,1,0). For the sake of brevity, we will denote 1 := =0 the algebraic
constant of A.

The second are algebras £ = (A;U, (*)pea,0) where LI is a binary operation,
0 is a nullary operation and for each b € A, ® is a unary operation on A, i.e. it
is a mapping A — A assigning to € A an element z’. Denote by 1 := 0°. To
every A = (A;®, -, 0) there can be assigned an algebra £(A) = (4;U, (*)pea, 0),
where

zUy==(-z®y)dy and z¥=-zdy.

To every £ = (L;U,(*)per, 0) there can be assigned an algebra A(L) = (L; @, —,0),

where

r®y=(2"Uy)?Y and -z =2°.

We call algebras A = (A4;®,—,0) and £ = (L; U, (*)pe4,0) conjugated if
L=L(A) and A= A(L).

This yields A(L(A)) = A and L(A(L)) = L, i.e. if they share the same base-set
and the aforementioned assignments are one-to-one correspondences.
At first, we can describe the following properties of conjugated algebras.

Theorem 1 Let A= (A;®,,0) satisfy the conditions
(A1) =~z = x;
(A2) 2 ® 0 = x;
(A3) =(-(z@y)@y)By=ay.
Then A(L(A)) = A and L(A) satisfies the conditions
(L1) (xUy)* =z Uy;
(L9) o = (& Uy)V;
(L3) zU0=z.

Proof Assume that A satisfies (A1), (A2) and (A3) and denote by H, ~ the
operations of A(L(A)). Of course, the nullary operation 0 is the same both in
A and A(L(A)). We have by (A2)

N[E::L'O:ﬁx@o:ﬁx
Further, we compute by (A1) and (A3)

rBy="Uy)? =(~zUy)? = (~(—zDy) By)?
=-(-zey ey)sy=zoy

thus A(L(A)) = A.
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Further, applying (A3), we conclude
w=—r@y=-(-(rey)ey)ey=-(rUy) sy =(zrUy)"
proving (L2). Using this we obtain
(zUy)WW =zW ==(-z®y) dy=zUy
which is (L1). Using (Al) and (A2) we prove also (L3):
zU0==(2d0)®0=—-z=ux O

Theorem 2 Let L = (L;U, (")per,0) satisfy (L1), (L2) and (L3). Then
L(A(L)) = L and A(L) satisfies (A1), (A2) and (A3).

Proof Assume that £ satisfies (L1), (L2) and (L3) and denote by V the binary
operation and by (fp)per the set of unary operations of L(A(L)). Of course,
the nullary operation 0 is the same in both the algebras. Then, by (L1),

eVy=-(z@y)oy=(rdy)’ =(xUy)" =zUy.

Further, ~—2 = 2%° = (z U 0)°° = 2 U0 = x by (L1), (L2) and (L3). Next, by
(L2),

fy@)=—w@y=((2)°Uy)’ = @ Uy) = (zUy)’ ="
thus L£(A(L)) = £ and A(L) satisfies (A1). Analogously,
130=2"000"=2"=@2u0)® =20U0=2

thus A(L) satisfies (A2). Since A(L) already satisfies (A1), we can easily com-
pute

“Ceey)ey)ey=(wly) = () =roy=10y
proving (A3). O
Corollary 1 Let A satisfy (A1), (A2) and (A3). Then A and L(A) are con-
jugated. Let L satisfy (L1), (L2) and (L3). Then L and A(L) are conjugated.

Corollary 2 Let A, L be conjugated algebras. Then A satisfies (A1), (A2),
(A3) if and only if L satisfies (L1), (L2), (L3).

Remark 1 As mentioned in the introduction, the correspondence between A =
(A;@®,-,0) and £ = (A4;U, (*)pea, 0) was studied for several cases. The results
are as follows:

(1) If Ais a basic algebra then £ = £(A) is a bounded semilattice with section
antitone involutions (SAI for short);
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(2) If Ais an MV-algebra then £ = L(A) is a bounded semilattice with SAI
satisfying the Exchange Property;

(3) If A is an NMV-algebra then £ = L(A) is a commutative directoid with
SAT;

(4) If A is a weak basic algebra then £ = £(A) is a directoid with SAI (not
necessarily commutative).

In all the cases, A and £ are conjugated and there exists an induced order
such that 0 (or 1) is the least (or the greatest) element and y < z Uy. We
are going to study this question concerning some “order-like” relation also on
conjugated algebras in general.

Define a binary relation < on an algebra A = (A;®, —,0) as follows

r<y ifandonlyif -zdy=1.

Call < the induced relation on A.
Let us note that 1 = =0. If A satisfies (A1), then also =1 = =—0 = 0.

Lemma 1 The induced relation < on A is reflexive if and only if A satisfies
the identity

(P) ~xdx=1.

Let A satisfy (A1). Then 0 < x <1 for each x € A if and only if A satisfies
the identity

(A4) 1dz=1=xa1.

Proof The first assertion is trivial. For the second one, 0 < z is equivalent to
1®dx=-00x=1and z <1 is equivalent to - &1 = 1 for each x € A, i.e.
due to (A1), A satisfies also the identity z & 1 = 1. O

Lemma 2 Let A, L be conjugated algebras and < be the induced relation on A.
Let A satisfy (A1) and (A4) and L satisfy (L1). Then the following conditions
are equivalent

(a) 1* =2 and 2® = 1;
(b) <y ifand only if t Uy =y.
Proof (a)=(b): Let x < y. Then
(zUy)! =—zdy=1

thus, by (L1),
zUy=(xUy) =1Y=y.

Conversely, if x Ll y = y then
ey =(rUy) =y’ =1,

le.x <.
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(b)=(a): Applying Lemma 1, (A4) yields 0 < z and, by the assumption (b),
00Uz =z. By (A4) and (L1) we have

"=01Q@z)*=(C-luz)™=0Uz)"=0Ux ==

Similarly,
" =0Uz)* =0"@r=1®z=1. O

Lemma 3 Let A and L be conjugated algebras. Then x < x Uy if and only if
A satisfies

(A5) ~x & (-(~xdy)oy) = 1.
Proof By the definition of < we have that
z<zUy ifandonlyif -z® (zUy)=1.

However, A, £ are conjugated thus z Uy = =(-x ® y) & y. O

A binary relation is called a quasiorder if it is reflexive and transitive. We are
going to characterize algebras A = (A; @, -, 0) for which the induced relation is
a quasiorder which has a special meaning for the assigned algebra L.

Lemma 4 Let A= (A4;®,-,0) satisfy the identities (A1) and
(A6) 0® z =z
(A7) ~(=((z@y) Dy) D 2) ® (r D 2) = 1.

Then the induced relation < is transitive.

Proof Assume z <yandy <z ie. —-a@®y=1and ~ydz=1. By (Al),
(A7) and (A6) we compute

l=-(C(zey)ey) @)@ (zez)
=10y ®2)®(2d2)=—-(-00y)®2) D (~x D 2)
=-(-yP2)e(c®z)=-1®(2d2) =08 (cdz)=—2Pz
whence z < z. O

Let (A; <) be a quasiordered set and f : A — A be a mapping. We say that
f is antitone if < y yields f(y) < f(z) and f is an involution if f(f(z)) = =
for every x € A. If a,b € A and a < b, by an interval [a, b] is meant the subset
of A given by [a,b] = {z € A;a < x < b}.

Theorem 3 Let A, L be conjugated algebras, let < be the induced relation on
A. Let A satisfy (A1), (A2), (A3), (A4) and (A6). The following conditions
are equivalent

(1) A satisfies (A7);
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(2) < is a quasiorder on A such that x < xUy for each x,y € A and for each
z € A the mapping x — x* is an antitone involution on the interval [z,1].

Proof (1)= (2): Put y=0=zin (A7). We get ~x & = = 1 which is (P) of
Lemma 1, i.e. < is reflexive. Since A satisfies (A6) and (A7), < is transitive by
Lemma 4 and hence (A4; <) is a quasiordered set.

Assume x < y. Then ~x @ y = 1 and, by (A7),

l==(-(-(z@y) By P2)B(xdz2)=-(ydz)® (-2 d2)

thus
YDz < xd 2. (%)

For z = 0 we have x < y = —y < —z which is equivalent to
rdy=1 = yd-xz=1L (%)
Taking z = 0 and replacing x by -z in (A7), we obtain
C(zoy) oy o-a=1
thus, by (), we obtain
2@ (-(rdy)dy) =1

which yields
r<-(zdy)dy=aUy.

Let x,y € [2,1] and « < y. By (%) we have y* = -y @ z < -z @ z = 2 thus
the mapping x — x* is antitone. By (A4) we have 2* < 1. Applying (x) twice
and using (A1), we obtain

r<y = zzdzlydez. ()
Since -z < 1 by (A4), (%) yileds 0 < x thus, by (***) and (A6), we obtain
y=00y<zxzdy.

This yields z < =x ® z = z*. We have shown that z — z* is really a mapping
of the interval [z, 1] into itself. By (L1) and (L2), it is an involution. We have
shown (1) = (2).

(2) = (1): By (2) we have =z < -z Uy where the induced relation < is a
quasiorder on A. By (2),

“(Hroy)dy)@2)=(zUy) B2z =

=((rzUy)Uz)" =(zUy)* < (o) =(2U2)=2®2
thus = (=(—(x @ y) ®y) B 2) ® (x @ z) = 1 which is just (AT). O



Conjugated algebras 23

References

[1]
2]
3]
(4]
[5]

[6]

Chajda, I.: Lattices and semilattices having an antitone involution in every upper in-
terval. Comment. Math. Univ. Carol. 44 (2003), 577-585.

Chajda, I., Emanovsky, P.: Bounded lattices with antitone involutions and properties of
MV-algebras. Discuss. Math., Gener. Algebra and Appl. 24 (2004), 31-42.

Chajda, I., Halas, R., Kiihr, J.: Semilattice Structures. Heldermann Verlag, Lemgo,
2007, 228 pp.

Chajda, I., Kiihr, J.: A non-associative generalization of MV-algebras. Math. Slovaca
57 (2007), 1-12.

Cignoli, R. L. O., D’Ottaviano, M. L., Mundici, D.: Algebraic Foundations of Many-
valued Reasoning. Kluwer Acad. Publ., Dordrecht, 2000.

Hala$, R., Plojhar, L.: Weak MV-algebras. Math. Slovaca 58 (2008), 1-10.






@7 Acta Univ. Palacki. Olomuc., Fac. rer. nat.,

v Mathematica 48 (2009) 25-31

hd [ %
Basic Pseudorings

IvaAN CHAJDA !, MirosLav KOLARIK 2

L Department of Algebra and Geometry, Faculty of Science, Palacky University
tr. 17. listopadu 12, 771 46 Olomouc, Czech Republic
e-mail: chajda@inf.upol.cz
2 Department of Computer Science, Faculty of Science, Palacky University
tr. 17. listopadu 12, 771 46 Olomouc, Czech Republic
e-mail: kolarik@inf.upol.cz

(Received November 3, 2008)

Abstract

The concept of a basic pseudoring is introduced. It is shown that
every orthomodular lattice can be converted into a basic pseudoring by
using of the term operation called Sasaki projection. It is given a mutual
relationship between basic algebras and basic pseudorings. There are
characterized basic pseudorings which can be converted into othomodular
lattices.

Key words: Basic algebra, basic pseudoring, orthomodular lattice.
2000 Mathematics Subject Classification: 06D35, 06C15, 03G25

It is well-known that every Boolean algebra can be converted into a Boolean
ring by using of the symmetrical difference, see e.g. [2]. Also conversely, every
Boolean ring can be converted into a Boolean algebra. For orthomodular lattices
(instead of Boolean algebras) a similar construction giving a ring-like structure
called Boolean quasiring was settled in [6], [7] and generalized for bounded
lattices with an antitone involution in [8] and [9]. The natural question is for
which algebras used in non-classical logics a similar conversion into a ring-like
structure is possible. Of course, Boolean algebras serve as axiomatization of the
classical propositional logic and orthomodular lattices play a similar role in the
logic of quantum mechanics, see e.g. [1], [7], [8], [9].

In this study we are concentrated in an algebraic counterpart of many-valued
logics. This is usually considered to be an MV-algebra for many-valued Lukasie-
wicz logic. However, it was generalized for more wide class as the concept of
basic algebra, see e.g. [3], [4] as sources.

*Supported by the Research and Development Council of the Czech Government MSM 6
198 959 214.
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Let us note that a certain ring-like structures corresponding to MV-algebras
were investigated by the first author and H. Lénger in [5] and analogously, it
was done for pseudo MV-algebras by Y. Shang in [10]. We will involve a similar
approach which, however, can be used both for MV-algebras and orthomodular
lattices.

The concept of basic algebra was introduced in [3] as a common generaliza-
tion of an MV-algebra and an orthomodular lattice. Recall that a basic algebra
(see e.g. [3], [4]) is an algebra A = (A4;®,—,0) of type (2,1,0) satisfying the
following identities

(BA1)
(BA2) ——z ==z (double negation);

(BA3) —(-zdy)@y=-(-y@z)®z (Lukasiewicz axiom);
(BA4) —(—~(~(zdy)ey)@2)®(xdz)=1 (wherel:=-0).

z®0=u

Let us note that every basic algebra satisfies also the identities 1z =1 =
@1, 0P =x,2®&x=-axdxz =1 (see eg. [3]). In every basic algebra
A = (A;®,,0), the partial order can be defined by < y if and only if ~z®y =
1. The ordered set (A;<) is a bounded lattice where z Vy = =(-z @ y) & y,
Ay = ~(—zV-y) and 1 = =0. Moreover, it satisfies y < z@y and the mapping
x — —x is antitone for every x,y € A.

A Dbasic algebra A = (A;®,-,0) is called commutative if it satisfies the
identity t by =y P x.

The concept of symmetrical difference can be introduced for basic algebras
in a way similar to that of [6] for orthomodular lattices, however, an operation
@ is considered instead of V in orthomodular lattice because @ expresses the
logical connective disjunction in the corresponding logic.

Searching for an appropriate ring-like structure, we choose the following one
from a number of possible ways.

Definition 1 By a basic pseudoring we mean an algebra R = (R;+,+,0,1) of
type (2,2,0,0) satisfying the identities

=

1
R2

(R1) 140=1;
(R2)
(R3) 1+ (1+2)=u
(R4)
(R5)

z-1=u;

R) (I+z-(1+y) I+y =0+y - (1+2)) 1+2)
5) 14+(+0+1+((1+2)-(1+y))-(14y))-(1+2))-(1+2)-(1+2)) = 1.

=

One can immediately mention that this concept differs from the concept of
a Boolean quasiring or a generalized Boolean quasiring as defined in [7], [8], [9].
From this point it can be of interest that this ring-like structure can be also
reached from every orthomodular structure. Of course, this conversion differs
due to the fact that instead of a symmetrical difference (see [6]) the Sasaki
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operation (alias Sasaki projection, see [1]) is used. Let us recall that by a Sasaki
operation of an orthomodular lattice is meant a term operation

(xVy)Ay.
We are ready to state our first result.

Theorem 1 Let L = (L;V,A,,0,1) be an orthomodular lattice. Define
zoy=@Vy)Ay and zH+y=("y) (z-y))"

Then R(L) = (R;+,+,0,1) is a basic pseudoring satisfying the conditions
(a) -z =2
(0) z-(14+y) =0 = 1+(1+(1+(1+y)-(I1+z)) - (1+2))-(1+x))-(14+2) = y.

Proof It is an immediate reflexion that
rx=@xVa) hz=1ANz=x

proving (a).
Further, 1 -z =(1Va')Az =z and 0-x = (0V a’) Az = 0. Hence,

l+4z= (12 -1-2")) =0 2"=01-2)=2".
This yields 1+ 0 =0’ =1 proving (R1). Evidently,
rz-l=(@Vv1l)Al=2z
proving (R2) and 1 + (1 + 2) = 2’/ = z proving (R3). For (R4) we compute
Atz (1+y) Lty =(z-y) -y =(xVyry)-
= (v Ay)Y vy ry' = (V) vy Ay = (@ \/y)

due to the orthomodular law since (z V y)’ < y’. By symmetry we obtain (R4).
Since

I+ (14+((1+2)-A+y) - A+y) =1+ (=" Vy) Ay) -y
=(((zAny )V AY) =@ Vy Ay )vy=2a"Vy

by the orthomodular law, for (R5) we have

+(1+0+0+((Q+2)-1+y) - L+y) Q+2) (1+z) 1+2))
—1+(1+(w’ y)-A+2)-(Q1+2z)-(1+2)
=1+Q+ (@ Vy)-2) (&' Vz)A2)

= ((((="vy)-2))- (2" v2)A2))
(@' vy)va) va) V(@ Vz)A))A (@@ Vz) A2
(' Vy) V)AL YA (V)AL )V (2" Vz)A2)
(@ V2)N)V (V)AL =1.

(
(
(
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It remains to prove (b). Assume z-(1+y) =0. Then0 =2y = (zVy)Ay
thus z V y = y whence x <y. Thus
1+(1+((0+0+y)-Q+2)-0+2) -14+2) - 1+=x)
=1+(1+yA2) - 1+2)-1+2)=@wWAz)Ve=
by the orthomodular law. O
Now, we are going to describe a mutual relationship between basic pseudor-
ings and basic algebras.
Theorem 2 Let R = (R;+,-,0,1) be a basic pseudoring. Define
x@y=14+1+2)-(1+y) and —-axz=1+uz.
Then A(R) = (R; ®,,0) is a basic algebra.
Proof We will check the axioms of a basic algebra.
(BAl): 200=14+1+2)-14+0)=1+1+2)-1=1+(1+2)=u=
(BA2): -~z =14 (1+2x)=x;
(BA3): ~(-z@y) @y =

1+(1+(1+(ﬁw@y)))-(1+y)=1+(ﬁx@y)-(1+y)

1+E +(14+0+2) - 14+y)-Q+y)=1+0+z-(14+y)-1+y)
+

—(=

1+y - (14+2) - (I4+2)=1+(ydx) - (1+2x)
y®x) D

(BA4): =(=(~(roy)Dy)® 2)
+((1+2)-(1

@ z)

& (x =
+9)-(1+y)®

=-(=((1+( ( e+ 1+2)- (1+2)
=(1+0+((A+2)-(1+y)-(1+y)- (1 Do+ 0+2)-(1+2)

:1+(1+(1+(1+((1+$)'(1 ¥)-(I+y)-(1+2)-((1+2) (1+2))
=1. O

We can prove the converse.
Theorem 3 Let A= (A;®,—,0) be a basic algebra. Define
r+y=-(z@®y)®-(zdy) and xz-y=-(-zd-y) and 1=-0.

Then R(A) = (A;+,-,0,1) is a basic pseudoring satisfying the correspondence
identity
I+1+0+2)-y)-A+z-(1+y)=x+y. (C1)

Proof First we mention that
l+z=-(1¢2)-0@z)=-19-2=06 2=

Now we check the axioms of a basic pseudoring.
(R1): 1+40=-1@-0)®~(-100)=-10-0=1,
(R2) r-1= ﬁ(ﬁ.’L' (&) ﬁ1) = ﬁ(ﬁx (&) 0) = =T
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R3): 1+(1+z)=—z=ux

(R4): (14+z-(1+y)) -(1+y)
=@ ) w=(zay) y=-((zoy) dy) =(=(-y ) S
=1+y-1+2) 1+=z);

R5): 1+(1+ A+ 1+ ((1+2z)-(1+y) - (1+y) - (1+2) - (1+z) - (1+2))
=1+(1+(1+(xz®dy) —y) —2) (-z--2)
=1+ 1+ (((zay) ) —2) ~(z&=2)
=141+ 0zdy)dy) —2) ~(z® 2)
=14+ (-(~(zdy)dy) D2z) ~(z&=2)
=1+-(-(-(~zdy) @y D2) B (z®2))
=((-(zDy) @Y ©2) (D 2)

Hence, R(A) = (A4;+,-,0,1) is a basic pseudoring. It remains to prove (CI).
For this, we compute

I+(1+0+2)-y)-A+z-(1+y))
==(=(mz-y) (@) =-@@ey e-(roy) =r+y m

In what follows we show that this relationship is in fact a one-to-one corre-
spondence if R satisfies the correspondence identity.

Theorem 4 (a) Let A= (A;®,,0) be a basic algebra and R(A) the induced
basic pseudoring and A(R(A)) the induced basic algebra. Then A(R(A)) = A.

(b) Let R = (R;+,-,0,1) be a basic pseudoring satisfying the correspondence
identity (CI), let A(R) be the induced basic algebra and R(A(R)) the induced
basic pseudoring. Then R(A(R)) =R.

Proof Denote by @ and = the binary and the unary operation of A(R(A)).
Then clearly,

and
wdy=1+1+2) (1+y) =-(z ) =-(@Eey) =1y

thus A(R(A)) = A.
Denote by + and ~ the binary operations of R(A(R)). Then, due to (CI) we
compute

sty =-(z®-y)&-(-xdy)=(1+z)-y&z- (1+y)
—14+(0+0Q+2)y)-A+z-(14+y)=2+y
and
y==(~z®-y) =1+((1+2)® (1 +y))
=1+4(1+01+04+2) - 1+Q+y))=1+1+4z-y)=x-y
thus also R(A(R)) = R. O
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Several interesting properties of basic pseudorings are described by the fol-
lowing theorem and its corollary.

Theorem 5 Let R = (R;+,-,0,1) be a basic pseudoring and a,b € R. Then
a+b=0 ifandonlyif a=0.

Proof Let R = (R;+,-,0,1) be a basic pseudoring and A(R) = (R;®,—,0)
the induced basic algebra. In A(R) we have ¢ < d if and only if ¢ ® d = 1.
Since x < x and ~z < -z, we get -t br =1land zcB = = - -x =1
whence

r+rx=-(z@2)®-(zdzr)=-14-1=0460=0.

Assume now that ¢,d € Rand c®d = 0. Since d < ¢® d = 0, we conclude
d=0and hence c=c®0=cdd =0, i.e.

chd=0=c=d=0. (%)
Suppose a,b € R and a + b = 0. Then

and, by (%), 7(a® —b) =0 = —(-a @ b), i.e. a®-b=1and -a b= 1 thus
—a < —b and a < b. However, the first inequality yields b < a thus a = b. O

Corollary 1 (a) Every basic pseudoring satisfies the identity x + x = 0.

(b) If a pseudoring R satisfies the identity x -y = y - = then A(R) is a
commutative basic algebra.

(c) If a basic algebra A is commutative then R(A) satisfies the identities
r-y=y-xandx+y=y-+zx.

In what follows, we are going to show that not only every basic algebra
induces a basic pseudoring and vice versa as shown by Theorems 2 and 3 but
also Theorem 1 can be inverted, i.e. every orthomodular lattice induces a basic
pseudoring satisfying the conditions (a), (b) but also every such basic pseudoring
induces an orthomodular latttice.

Now, we are ready to prove the following

Theorem 6 Let R = (R;+,-,0,1) be a basic pseudoring satisfying the identi-
ties (a) and (b) of Theorem 1. Define a binary relation < on R as follows

x<y ifandonlyif z-(1+y)=0.
Then < is an order on R and (R; <) is an orthomodular lattice where

zVy=1+1+z-1+y) -1+y) and 2'=1+u=x.
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Proof Let R = (R;+,-,0,1) be a basic pseudoring satisfying (a) and (b).
Consider the induced basic algebra A(R) = (R; ®,—,0). Then clearly

r-(1+y)=0 iff —zoy=1 if <y

thus < is an order on R and (R; <) is the lattice induced by the basic algebra
A(R) where zVy = ~(-z®y)Py=14+(1+2z-(1+y))-(1+y)and -z =1+2x
(as already shown by Theorem 2). Hence, for x Ay = (2' V y’) we have that
(R;V,A,,0,1) is a bounded lattice with an antitone involution (i.e. " = x and
r<y=y <)

Further, by (a) we have © = z -2 = —(-2x & —z), ie. ~x = "z & —x
and, due to the double negation law in A(R), also x @ x = z for each z € R.
Thus -z Ve = ~(x @ z) ®z = -z @z = 1 and, due to De Morgan law,
also ¢ A ~x = =(-x V) = -1 = 0 thus 2’ = -z is a complement of z, i.e.
(R;V,A,,0,1) is an ortholattice.

Finally,

1+01+((0+0+y)-Q+2)-0A+2) - 1+2) -1+
=1+(1+yAra) - 1+2) - 1+2)=@wAz")Va,

thus © < y = 2 - (1 +y) = 0 and, by (b) and the previous computation,
x V (' ANy) = y, which is the orthomodular law. Hence, (R;V,A,,0,1) is an
orthomodular lattice. O
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Abstract

Let p be a k-ary lattice term. A k-pointed lattice L = (L;V, A,
di,...,dx) will be called a p-lattice (or a test lattice if p is not specified),
if (L;V,A) is generated by {di,...,dr} and, in addition, for any k-ary
lattice term q satisfying p(ds,...,dr) < g(di, ...,dx) in L, the lattice
identity p < ¢ holds in all lattices.

In an elementary visual way, we construct a finite p-lattice L(p) for
each p. If p is a canonical lattice term, then L(p) coincides with the
optimal p-lattice of Freese, Jezek and Nation [6]. Some results on test
lattices and short proofs for known facts on free lattices indicate that our
approach is useful.

Key words: Free lattice, test lattice, lattice identity, Whitman’s
condition.

2000 Mathematics Subject Classification: 06B25

1 Introduction

For a fixed natural number k, by a k-pointed lattice we mean a lattice L with
k distinguished elements d1,...,dy. For d= (di,...,dx) € L*, the “k-pointed
lattice” (L; V, A, dq, . .., dy) will be denoted by (L; af) If p and q are k-ary lattice
terms, then both p = ¢ and p < q are called lattice identities. A lattice identity
is said to be trivial, if it holds in all lattices.

We introduce a new concept. Given a k-ary lattice term p = p(a,...,ax),

=

we will call a k-pointed lattice (L; d) a p-lattice, if

e {dy,...,dr} generates L, and

e for any k-ary lattice term ¢, p(dy,...,d;) < q(d1,...,dx) in L if and only
if p < ¢ is a trivial lattice identity.

*This research was partially supported by the NFSR of Hungary (OTKA), grant no.
T 049433 and K 60148
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We use the terminology “test lattice” if we do not want to specify p. That is, if
(L; cf) is a p-lattice for some p, then it is also called a test lattice.

For example, if L is freely generated by {di,...,dx}, then it is obviously a
p-lattice for every k-ary lattice term p. Beside other aims, we are going to give

a new proof for the following result, which is not so obvious.

Proposition 1 [Freese and Nation [7], Freese, Jezek and Nation [6])] For each
lattice term p, there exists a finite p-lattice.

Our first goal is to point out that test lattices deserve some attention in-
dependently from the well-developed theory of free lattices (see Freese, Jezek,
Nation [6]). Hence we present Theorem 3, soon, and give new proofs for two
more or less known properties of test lattices, see Theorems 5 and 6. Further,
we give two easy applications. Namely, we demonstrate the usefulness of test
lattices by giving a very short, new proof that free lattices satisfy Whitman’s
condition, see Corollaries 12 and 13, and also by solving (and generalizing) the
following (not very difficult) exercise.

Exercise 2 Let p® = (a; Vag) Alay Vaz). Is there a non-trivial lattice iden-
tity p® < q that holds in the five-element non-modular lattice?

Our second goal is to construct a finite k-pointed lattice L(p), for each k-
ary lattice term p, in a conceptually simple way, and to give an elementary
proof that it is a p-lattice. To follow the rest of the paper until the “Historical
remarks” section, the reader is assumed to be familiar only with the rudiments
of lattice theory, that is, with a small fraction of, say, G. Grétzer [8]. The only
outer reference used in our proof is Jonsson’s type 3 representation theorem, see
[10], and see also Theorem IV.4.4 in Gréatzer [8].

Our third goal is to give a new approach that is visual, not just elemen-
tary. We develop a visual toolkit consisting of purely lattice theoretical results
from this section and several statements (Lemmas 7, 8, 9, 14, 15 and Corollar-
ies 10, 11) from Section 3. Although this toolkit is applied to prove some known
or easy results only, the geometric perspective may serve a better understanding
of the underlining reasons, and it may lead to further useful observations in the
future.

Notice at this point that powerful tools from the theory of free lattices, see
Freese, Jezek and Nation [6] and its references, have already given or may easily
give shorter “standard” proofs to several of our statements. Hence, in the last
section, our results will be related to [6]. However, if the necessary previous
pages of [6] are also counted, then some of the standard proofs are lengthier
than ours. Although we will give some hints to a standard proof in the last
section, many readers will probably find easier to follow our approach.

Notice also that, opposed to the present paper, free lattices are hard to
imagine visually. For example, F'L(w) is a sublattice of F'L(3) by Whitman [13],
and this fact is an obstacle to a proper visual understanding of F'L(3), the free
lattice on three generators. Hence we hope that our pictorial approach with
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graphical background makes sense and contributes to a better understanding of
free lattices.

Finally, notice at this point that the only outer reference, Jénsson’s type 3
representation theorem, see [10] or Theorem IV.4.4 in [8], is also visual.

From now on, let p = p(a1,...,q) be a fixed k-ary lattice term. We are
going to construct a k-pointed lattice L(p) = (L(p);da,...,di) such that the
following theorem holds.

Theorem 3 L(p) = (L(p);dy,...,di) is a finite p-lattice.

By an optimal p-lattice, we mean a p-lattice that is a k-pointed lattice ho-
momorphic image of any other p-lattice. The following corollary of Theorem 3
is straightforward and more or less evident.

Corollary 4 For each lattice term p, there exists an optimal p-lattice K (p). It
is finite and it is unique up to k-pointed lattice isomorphism.

The length of a lattice term ¢, to be defined in the usual syntactical way
later, will be denoted by length(q). We say that p is a canonical lattice term
if for every k-ary lattice terms ¢, p =t,iv ¢ implies length(p) < length(g). Like
every term, each canonical lattice term p is

e cither a variable,
e or the meet of at least two terms,

e or the join of at least two terms.

In the first two cases we say that p is a join-irreducible canonical term. (This
means that p represent a join-irreducible element of the free lattice generated
by {041, cee ,ak}.)

Unfortunately, L(p) is usually not an optimal p-lattice in general. For ex-
ample, for p? = (((o1 Vaz) AlarVaz Vas)) Vaz) Aoy, the p*-lattice L(p?) is
not optimal. As a compensation, we have the following two theorems.

Theorem 5 [essentially in Freese, Jezek and Nation [6]] If p is a canonical
lattice term, then L(p) equals K(p), the optimal p-lattice.

Theorem 6 [Freese, Jezek and Nation [6]] If p is a join-irreducible canonical
lattice term, then K(p) = L(p) is subdirectly irreducible.

Notice that the assumption of join-irreducibility in Theorem 6 cannot be
avoided. For example, L(a; V a2) = K(ay V ag) is the four-element boolean
lattice, which is subdirectly (and even directly) reducible. On the other hand,
this assumption is not so restrictive. Indeed, if p is the join of its subterms
D1y, Pn, then, evidently, p <¢iv q iff p; <v ¢ for ¢ = 1,...,n. Hence, to
investigate if p <t;iv ¢, we can use the subdirectly irreducible L(p1), ..., L(py)
instead of L(p).
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2 The construction of L(p)

We fix a set X = {aq,...,a} of variables. Since we do not want to make a
distinction between lattice terms that differ only modulo commutativity, asso-
ciativity and idempotency, we give the following inductive definition of T(X),
the set of lattice terms over X.

e Every a; € X is a doubly irreducible member of T'(X) with length(a;) = 1.

e Each element of T'(X)\ X is of length > 1, and it is either join-irreducible
and meet-reducible, or meet-irreducible and join-reducible.

o If ¢1,...,qn, n > 2, are distinct meet-irreducible members of T'(X) then
q = N\, ¢ belongs to T'(X). It is join-irreducible and meet-reducible,
and we have length(¢) = 1+ >, length(g;). The terms ¢i,...,q, are
called the meetands of p.

o If ¢1,...,qn, n > 2, are distinct join-irreducible members of T'(X) then
g = Vi_, ¢; belongs to T(X). It is meet-irreducible and join-reducible,
and we have length(¢) = 1+ >, length(g;). The terms ¢i,...,q, are
called the joinands of p.

e Each member of T'(X) is obtained by the previous rules in a finite number
of steps.

Notice that for each g € T'(X), either ¢ has no meetand or it has at least two
meetands. Dually, the same holds for the joinands of q. For concrete terms in
examples, we will write ¢; V- - -V g, rather than \/!_, ¢;, and similarly for the
meet. By a join-free term we mean a variable or a meet of variables.

Our definition of terms is only slightly different from that in page 10 of Freese,
Jezek and Nation [6]. Namely, zVyVz and 2V (yVz) are different terms in [6] but
2V (yVz) is not a term in the present paper. Notice also that the (ir)reducibility
of a term has not much to do with the (ir)reducibility of the corresponding
element of the free lattice FL(X). For example, (a1 V ag) A (a1 Vas V asg) is a
join-irreducible and meet-reducible term, but it represents a join-reducible and
meet-irreducible element of F'L(X).

The color set C(p) of p is defined by the following induction. (The termi-
nology “color” will be clear soon.)

o Clay) ={a;}

e If p is join-reducible with joinands pi,...,pn, then C(p) = C(p1)U--- U
C(pn).

e If p is meet-reducible, then let

M(p) = {s:sis a meetand of p with length(s) > 1}
= {s:s is a meetand of p and s is join-reducible},

(1)

and define
Cp)={ptu J Cls).
s € M(p)
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Notice that all elements of C(p) are join-irreducible terms. For an example of
C(p), see the set of colors of H(p') in Figure 3.

Given a relation E, let E* denote its transitive closure. Throughout the
paper, by a p-graph or, shortly, graph we mean a structure G = (V, E, col) such
that

e (V,E) = (V(G), E(Q)) is a directed graph without loops and multiple
edges. That is, V is a nonempty set, the vertex set, and E C V2, the edge
set, is an irreflexive and antisymmetric relation;

e col: E — C(p), that is, each edge e € V has a unique color col(e) € C(p);

e E* also denoted by [, is a partial ordering of V' with least element, called
the left endpoint of G, and greatest element, called the right endpoint.

Unless otherwise specified, the left and right endpoints of our graphs are
denoted by zy and z1, respectively. The subgraphs we are going to consider are
also graphs in the above sense. However, a proper subgraph of a p-graph G is
(isomorphic with) a ¢g-graph for some term ¢ distinct from p.

In figures, the edges are directed from left to right by convention, so the
orientation of edges is not indicated. An edge (a,b) € F is called a covering
edge of G, if there is no ¢ € V with a C ¢ C b. To ease our notations, we will
say that (a,r,b) is an “edge of G” to express that (a,b) € E and r = col((a, b)).

If {G1, G2} is a two-element set of graphs, then a 4-series connection of this
set is obtained from two copies of G; and two copies of Go, all the four copies
being pairwise disjoint, via identifying some endpoints as depicted in Figure 1.
Of course, this depends on the order of G; and G2, whence {G1, G2} has two

4-geries connections.

Figure 1: A 4-series connection of {G1, G2}

If {G1,...,G,} is an n-element set of graphs, then each 4-series connection
of this set is obtained in the following way: for some ¢ € {1,...,n} and a 4-series
connection H of {G1,...,Gi—1,Git1,...,Gy}, we form a 4-series connection of
H and G;. Notice that {G1,...,G,} has exactly n! many 4-series connections;
for n = 3 one of them is depicted in Figure 2

Figure 2: A 4-series connection of {G1, G2, G3}

Next, we define a sequence G;(p) of sets of p-graphs associated with p via
induction on j as follows. A particular case,

PP=o /\(a2 V(as Aoy \/a5))) Aoz V(ag Aas))
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is depicted in Figure 3. The reader is advised to look at this figure often while
reading the following definition. In Figure 3, H;(p¥) is just one member of

G;(p?) .

Figure 3: Constructing a member of G(p*)

If p is join-irreducible, then Gg(p) consists of a single graph Hy(p). This
graph has only two vertices, 29 and z1, and only one edge, (2o, z1). This edge
is colored by p.

If s = \/?:1 t; is a join-reducible lattice term with joinands ¢1,...,¢,, then
any 4-series connection of the set {Ho(t1),...,Ho(t,)} is called an s-arc; for
n = 3 see Figure 4.

t t3 tq t
t t1 2 2 t1 ty

tl t3
ts) Z1

Figure 4: An s-arc, if s = \/?’:1 t;

If p=\/._, pi is join-reducible, then let Go(p) be the set of all p-arcs.

If j > 1 and each covering edge of every member of G,_1(p) is colored by a
join-free term (variable or meet of variables), then let G;(p) = G;_1(p).

In the opposite case we obtain G;(p) from G;_1(p) in the following way.
Take a member H = H;_1(p) € G;_1(p). Consider each covering edge (a,r,b)
of H whose color r is not join-free. Then r is meet-reducible. For each s € M (r),
see formula (1), we glue an s-arc to H by identifying the left and right endpoints
of this arc with a and b, respectively, but keeping other vertices of this arc
disjoint from the vertices of H and that of any other arc glued to H. We glue
all the necessary arcs to all covering edges with not join-free colors at the same
time such that these arcs should be disjoint from each other and from H as
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much as possible and, in addition,
we must use isomorphic s-arcs for all r-colored covering edges. (2)

This way we obtain H'. Finally, let G;(p) = {H":H € G,_1(p)}.

If G;(p) is different from G;_1(p), then the maximal length of not join-free
colors on covering edges in members of G;_1(p) decreases when we pass from
G;_1(p) to a G;(p). Hence there is a smallest n € N with G, (p) = Gn-1(p).
Let G(p) = G—1(p) for this n. Clearly, the colors of covering edges of any
member of G(p) are join-free.

Let us agree on the following convention: H(p) will always denote an ar-
bitrarily fized graph in G(p). Then H,(p) will stand for the unique graph in
G, (p) that occurs in the inductive definition leading to H(p). For technical
reasons, H_1(p) will denote the empty graph with no edge.

It is evident from the construction that the set of colors occurring on edges
of each H(p) € G(p) is exactly C(p).

An edge (a,r,b) of a p-graph H(p) € G(p) is called an «a;-edge if r = o,
or «; is a meetand of r. (Notice that an «;-edge is not necessarily a;-colored!)
Let V(p) and E(p) denote the vertex set and the edge set of H(p), respectively,
and let Equ(V (p)) stand for the lattice of equivalences on V(p). The smallest
member of Equ(V(p)) collapsing the endpoints of each a;-edge will be denoted
by ailp(p). In other words, for a,b € V(p) we have (a,b) € ai|p(p) iff there
are vertices cg = a,c¢1,...,¢, = b, n > 0, such that for all s = 0,1,...,n — 1
either (¢;,¢it1) or (ciy1,¢;) is an ag-edge. Still in other words: if there is an
undirected path from a to b whose edges are a;-edges. Such a path will be called
an «a;-path.

Finally, the p-lattice we wanted to construct is

L(p) = (L(p);du, ..., dk) == ([01]tp)s - - - oklmpli oalu)s - - oklug))  (3)

where H(p) € G(p) and [a1|m(p),---» @k|H(p)] is the sublattice of Equ(V(p))
generated by {ai1|m(p),.--»k|m@p)}. Since L(p) will be appropriate for any
choice of H(p) in G(p), we will not investigate if L(p) depends on H(p) in the
abstract sense or not.

3 Visual statements and proofs

In forthcoming computations, S("), S(T”), S(C”) and S(L") will indicate that
Formula (n), Theorem n, Corollary n and Lemma n is applied, respectively.
Analogous superscript are used with =, <¢, and =iy. Let H(p) € G(p).
For a k-ary lattice term ¢, the equivalence relation t(cu|p(py,---,arlm(p)) €
L(p) € Equ(V (p)) will be denoted by t|z ). Fort € X, a variable, t|z ;) has its
previous meaning. By an (undirected) t| () -path we mean an (undirected) path
U such that for every (undirected) edge (a,b) of U, (a,b) € t|g(,). Similarly,
for n > 1 and py, ..., un € Equ(V(p)), an (undirected) path U is said to be an
(undirected) p1 U -+ U pp-path, if (a,b) € p1 U--- U pu, for every (undirected)
edge (a,b) € U.
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In what follows, the graph H(p) = (V(p), E(p),col) € G(p) is fixed. Let
(a,r,b) be an edge of H(p). Then the set {c¢: a C ¢ C b} of vertices determines
a full subgraph denoted by S(a,r,b). The left and right endpoint of S(a,r,b) are
a and b, respectively. If the color r is irrelevant, then we write S(a,,b) instead
of S(a,r,b). Notice that S(zo,p,z1) is H(p), provided p is a join-irreducible
term. It is clear from the construction that S(a,r,b) is a graph. Moreover,

S(a,r,b) = H(r) for a (unique) H(r) € G(r). (4)

Notice that there is exactly one isomorphism between H(r) and S(a,r,b).
The following lemma is evident by the construction; we formulate it for later
reference only.

Lemma 7 Suppose that (a,r,b) is an edge of H(p). Let x,y € V(p) such that
x belongs to S(a,r,b) buty does not. Let U be an undirected path in H(p) from
x toy. Then U goes through at least one of a and b.

The following lemma is the heart our paper. Roughly saying, its first part
states that the “outer world” does not disturb our equivalences inside S(a,r, b).

Lemma 8 Let t be a k-ary lattice term.

(a) If (a,7,b) is an edge of H(p) and x and y are vertices of S(a,r,b) then
(xvy) € t|H(p) iff (f,y) € t|S(a,r,b)'

(b) Let x and y be vertices of H(p). Then (x,y) € t|ue) iff there is an
undirected t| g () -path from x toy. In other words, t|g (y is the equivalence
generated by t| g N E(p).

Proof The proof is an induction on the length of t. The induction hypothesis
is the conjunction of (a) and (b) for all terms ¢’ shorter than ¢ and for any p.
(Notice that the induction would not work for (a) or (b) separately.) We assume
that 2 # y. The “if” part of (a) and that of (b) are trivial (and, implicitly, will
be used in the proof). So we will focus on the "only if” parts. Let Ho(p), H1(p),
Hs(p), ...be the series of graphs that leads to H(p) according to its inductive
definition. We have to fix some notations according to p.

If p is join-irreducible, then let m = ¢ = ¢(1) = 1, let 29 = zg, the left
endpoint, z; = x1, the right endpoint, and let p; = p.() stand for p.

If p = V,cppi is join-reducible, then let {zo = 20, 21,...,2m—1,2m = 21}
be the vertex set and {(z;—1,pc(i), zi) 1@ = 1,2,...,m} be the edge set of Hy(p).
Here all the ¢(i) belong to F. If we wrote p; in Figure 4 instead of ¢;, then
we would obtain an illustration for the case F' = {1,2,3}. Clearly, there is a
unique £ € {1,...,m} such that both a and b are vertices of S(z¢—1,Dc(r), 2¢)-
Therefore, S(a,r,b) is a full subgraph of S(z¢—1, pe(e), 2e)-

Case 1: t = § € X is a variable. Part (b) is evident. To prove (the “if” part of)
(a), let us assume that (z,y) € B|p(p). We also assume that (a,b) # (w0, 1) =
(20, 2n), because otherwise S(a,r,b) = H(p), and there is nothing to prove.
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Next, we assume that (a,b) = (2¢-1,2¢). By the definition of 3|z ,), there
is a shortest undirected (-path in H(p) that connects x and y. It follows from
the structure of Hy(p) (even without invoking Lemma 7) that any path exiting
S(a,r,b) = S(ze-1,Pc(0), 2¢) at a can enter S(a,r,b) again only at a, and the
same holds for b. Hence our shortest 8-path cannot exit S(a,r,b) at all, and we
conclude that (z,v) € B|s(a,rp)-

Now that we have settled the easier subcases, we assume that {a,b} €
{#z¢-1,2¢}. Then there is a j > 1 such that a and b belong to H;(p), in fact
to S(ze—1,Pc(e), 2¢) = Hj(pery), but at least one of a and b is not in H;_1(p).
Hence there is an edge (e, q, f) in H;_1(p), in fact in S(2¢—1, pe(e), 2¢), and there
is an s € M(q) such that the edge (a,r,b) belongs to the s-arc glued to the edge
(e,q, f) when H;(p) was obtained from H;_1(p), see Figure 5. This uniquely
determined s-arc will be called the supporting arc of S(a,r,b).

From the definition of an arc it follows that there is another r-colored edge
of our s-arc, say (c,r,d). Notice that, opposed to Figure 5, {a,b,¢,d} N{e, f}
is not necessarily empty. However, {a,b} N {c,d} = (} by the construction.

Figure 5: S(a,r,b) and its supporting arc

Since (x,y) € B|u(p), there is a shortest undirected S-path U in H(p) from
r to y. If U goes entirely in S(a,r,b), then (z,y) € B|s(a,rp) and we are ready
with this subcase. So assume that U leaves S(a, r,b). Since U is a shortest path,
we can assume by Lemma 7 that U leaves S(a,r,b) at a and enters it again at
b. (Interchanging a and b would make no difference in what follows.) Then, in
the order given below, U must go through the vertices x, a, u1, ug, ..., e of the
supporting arc, then through f, ..., ve, v1,d, ¢, ..., b, y, see Figure 5. (Notice
that these vertices are not necessarily consecutive vertices of U.)

Let W denote the segment of U between d and c. Since every path from d to ¢
outside S(c,r, d) should go through a, which would contradict to the assumption
that U is the shortest path, we conclude that W goes entirely in S(c,r,d).
By stipulation (2), there is a graph isomorphism from S(e,r,d) to S(a,r,b).
Replacing the “outer” a, ..., e, f, ..., b segment of U by the image of W, we
obtain a shorter 3-path from z to y, a contradiction. Hence (z,y) € B|s(a,rb):
completing the case where ¢ is a variable.
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Case 2: t is meet-reducible with meetands t1,...,t,. We assume that the lemma
is valid for the meetands ¢1,...,t,. Then part (a) of the lemma is clearly valid
for ¢. To prove part (b), suppose that (z,y) € t|g(,) and z # y.

Subcase 2.1: p is join-irreducible, that is, m = 1. Let j denote the smallest
subscript such that both z and y belongs to H;(p); we will prove (b) for ¢t by
induction on j.

If j = 0, then {z,y} = {x0, 21}, whence (z,y) is an undirected edge, which
is an undirected t| g (,)-path. This settles the case j = 0.

Next, let 7 > 0, and assume that (b) holds for ¢ and any two vertices from
H;_1(p). We can assume that (z,y) is not an edge of H(p). Let, say,  do not
belong to H;_1(p). Then x belongs to an arc glued to H;_1(p), cf. Figure 5
with £ = a. Suppose that e, the left endpoint of this arc, is nearer the edge
(x,7,b) = (a,r,b) than f. (The supporting arc consists of an even number of
edges, so either e or f is strictly nearer.) According to the position of y, we
have to distinguish two possibilities.

Sub-subcase 2.1.1: y 1is not on this arc. Let i € {1,...,v} be an arbitrary
subscript. By the induction hypothesis, there is an undirected ;| (p)-path U;
from x to y. This path leaves the arc at e or f.

We claim that there is an undirected ¢;|y(p)-path V; from x to e. This is
clear if U; leaves the arc at e, so assume that it leaves the arc at f. Since e is
nearer the edge (a,r,b) than f (in short, e is near and f is far from the edge
(a,r,b)), each color on the arc between e and a = z occurs between a and f.
For example, let 7’ be the color of the edge (u2, u1), and also of the edge (v1, v2).
Since U; goes through vy and va, (v1,v2) € ti|g(p). Since part (a) is already
valid for t;, we get (v1,v2) € ti| (v, ,r,00)- It follows from stipulation (2) that

S(v1, 7', v2) = S(ug, 7', u1), (5)

S0 (u2,u1) € til§(us,r uy)» Whence (uz,u1) € ti|g(p). This argument shows that
the segment of the arc between e and = = a is an undirected t;| 7 ()-path, indeed.

This holds for alli € {1, ..., v}, and we conclude that there is an (undirected)
t|p(p)-path from x to e € H;_1(p). Similarly, there is a t|z(,)-path from y to
a vertex 3’ € Hj_1(p). (Possibly, y’ = y.) Since (z,2'), (y,v) € t|u(), the
transitivity of ¢|(,) implies that (2’,9’) € t|g(p). By the induction hypothesis
on j, there is an undirected |z (p)-path between 2" and y’. Composing the three
paths mentioned we obtain an undirected | (p)-path from z to y, as requested.

Sub-subcase 2.1.2: y is on the same arc as x. Let i € {1,..., v}, and consider a
shortest (undirected) ;| (p)-path U; that connects = and y. Related to the arc,
there are two possibilities for U;. We say that it is a detour, if it consists of e, f,
and all vertices of the arc that are not strictly between x and y. On the other
hand, if U; consists of all edges of the arc that are between x and y, then we
say that U; is a straight path. Clearly, U; is either a detour or a straight path
(but not both).

Similarly, there are two possibilities for the position of z and y; note that
both possibilities can hold simultaneously. Namely, either = and y are far in
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the sense that each color occurring on the arc occurs between x and y, or x and
y are near in the sense that each such color occurs not only between x and y.

Now assume that 2 and y are far. We claim that there is a ¢;|f(,) detour
connecting x and y. We have to investigate only the case when U; is a straight
path. Then, similarly to the argument above with (5), part (a) for ¢; gives that
every edge of the arc is a ;| (,)-edge. By transitivity, (e, f) € ti| (). Hence
the (unique) detour from x to y is an undirected ;| (p)-path, indeed. This holds
for all 4, whence this detour is a ¢|(,)-path connecting 2 and y.

If x and y are near, then a straightforward analogous argument shows that
the (unique) straight path from 2 to y is an undirected #|z;,)-path.

Subcase 2.2: p is join-reducible, that is, m > 2. Firstly, assume that x and y
belong to the same subgraph S(z¢—1,p.(), 2¢). For all i € {1,...,v}, (z,y) €
ti|s(2£717pc(z),22) by part (a) of the lemma. Since p,(s) is join-irreducible and we
have S(z¢—1,pe(e), 2¢) = H(pery) for an appropriate H(p.r)) € G(pe(r)), the
previous case implies the existence of a t|5(zhl,pc(£),u) path from x to y. It is
clearly a |, -path.

Secondly, assume that 2 belongs to the subgraph S(z¢—1,p.(), 2¢) and y
belongs to S(zx—1,Pe(n); 2n)- Let, say, £ < h. We know that there are shortest

ti| i (p)-paths U; from x to y for i € {1,...,v}. There can be no detours now, so
all these paths go through zy, z¢41,...,2,-1. This holds for all ¢ € {1,...,v},
whence (z, z¢), (2¢,2¢41), - -+, (2n—1,y) belong to t|g (. Since the components

of each of these pairs belong to the same subgraph, the previous case yields
that these components can be connected by t|z)-paths. Putting these paths
together, we obtain a t|(,)-path from x to y.

Case 3: t is join-reducible with joinands t1,...,t,. Suppose that the lemma is
valid for these joinands. Since ;| (,)-paths are t|g(,)-paths as well, part (b) of
the lemma is evident.

The argument for part (a) is similar to the case when t was a variable, so we
will use the notations introduced in connection with Figure 5. In particular, x
and y are vertices of S(a,r,b) and (x,y) € t|gp) = tilap) V- - Vio|Hp). Using
the description of joins in Equ(V (p)) and then the induction hypothesis for the
t;, we obtain a shortest undirected 1| p) U -+ - U ty|p(p)-path U connecting
and y. We want to show that U goes entirely in S(a,r,b).

This is evident if (a, b) is an edge of Hy(p), that is, it is of the form (z,—1, 2¢).
So, assume that (a,b) is not an edge of Hy(p) and, by way of contradiction,
assume that U exits S(a,r,b). Then a segment of U connects ¢ and d within
S(c,r,d). Each edge of this segment is collapsed by some ;| (), whence by
tils(e,r,d) according to the induction hypothesis. Using the isomorphism between
S(e,r,d) and S(a,r,b), we obtain a shorter path from a to b within S(a,r,b)
whose edges are collapsed by appropriate t;|g(a,r ), Whence by ;| ().

This contradiction shows that U goes in S(a,r,b), indeed. By the induction
hypothesis, if an edge of U is collapsed by t;| () then it is collapsed by ;| g(a,r.p)
and therefore by t|g(a,rp). Finally, (2,y) € t[s(a,rp) follows by transitivity. O

The next lemma will obviously imply Theorem 3 and Proposition 1.
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Lemma 9 The k-pointed lattice L(p) defined by formula (8) is a p-lattice.
Moreover, the following three conditions are equivalent for any k-ary lattice
term q:

(a') p Striv q,
(b) plarlapys - almm) < dailaw), - arla)) in Lip);

(¢) (wo,21) € q(arlupys - aklm())-

Proof (a) implies (b) trivially. An easy induction on the length of p gives
(wo,21) € plailm(p), - %|H(p)) = PlH(E), Whence (b) implies (c).

Next, suppose (c), let L be an arbitrary lattice, and let £1,..., 8, € L. We
know from Jénsson [10] that each lattice has a type 3 representation, see also
Theorem IV.4.4 in Grétzer [8]. Hence we can assume that L is a sublattice of
some Equ(Y) and yVd§ = yo oy o4 holds for any 7,6 € L. Let (yo,y1) €
p(B1, ..., Bk). A straightforward induction on the length of p shows the existence
of a map ¢: V(p) — Y such that o — yo, ©1 — y1, and for each «;-edge
(u, i, v) of H(p), we have (up,vp) € ;. The same kind of induction on the
length of ¢ shows that, for a,b € V(p), if (a,0) € qlu(p), then (ap,bp) €
q(B1,- .., Pr). In particular, (yo,v1) € (xop, z19) € q(S1,.-.,0k). Hence p < g
holds in L, so p <i1iv q- O

Corollary 10 Let (a,r,b) be an edge of H(p) € G(p), and let t be an arbitrary
k-ary lattice term. Then

(a) 7|m(p) is the smallest element of L(p) that collapses a and b;

(b) (a,b) € t|u(p) if and only if r <y t;

() Tlu) < tlup) if and only if r <y t.
Proof By (4), there is a (unique) graph H(r) € G(r) such that H(r) =
S(a,r,b). Since r <gi, 7, we conclude (zo f(r), Z1,H(r)) € 7| (r) by Lemma 9.
Hence (a,b) € 7|s(q,r,p), and Lemma 8(a) gives (a,b) € 7| (p)-

Next, assume that (a,b) € t[z(,). We obtain from Lemma 8(a) that (a,b) €

tls(a,rp)- Hence (2o m(r), T1,1(r)) € (), 50 7 <triv t by Lemma 9. This

proves part (b) and completes the proof of part (a). Finally, (c) is an evident
consequence of (a) and (b). O

Corollary 11 Suppose u € L(p), (a,r,b) is an edge of H(p), and t is a k-ary
lattice term. Then

(a) it depends only on r if (a,b) € p;
(b) 1= \N{sluep) :s€Cp) and all s-colored edges are collapsed by ju}.
(¢) tlaw) = V{sluw) : s € Cp) and s <iriy t}.
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Proof Since p is of the form | (), part (a) follows from Corollary 10(b).
Let B = {s € C(p) : all s-colored edges are collapsed by u} and v =
Ve 8lH(@p)- Suppose (c,s,d) is an edge with (c,d) € p = t|(p). Then s € B
by part (a), and (c,d) € s|g () by Corollary 10(a). Hence (c,d) € v. Therefore,
Lemma 8(b) implies 1 = t|g(,) < v. Conversely, Corollary 10(b) yields that
s <giv t for every s € B. Hence v < t|y () = p, proving part (b).
Finally, part (c) is a consequence of part (b) and Corollary 10(b). O

The following two corollaries (and the dual of the second one) say that free
lattices satisfy Whitman’s condition. Their original proof in [13] is a bit lengthy.
Based on A. Day [5], the approach of Freese, Jezek, Nation [6] to Whitman’s
condition is shorter. Now, armed with the basic properties of L(p), we are going
to give an even shorter proof. Since it is visual, it reveals some new ingredients
from the underlying reasons.

Corollary 12 (Whitman [13]) Let p be a meet-reducible lattice term with with
meetands p1, ..., pu, and let q be a join-reducible lattice term with joinands q1,

oy Qu. Assume that p <iyiv q. Then either p; <ty q for some i € {1,...,u}
orp <uiv q; for some j € {1,...,v}.

Proof Lemma 9 yields that (xo,71) € qlmp) = @1l V-V qolHp). Hence
there exists a shortest undirected q1|g(p) U -+ U qu|gp)-path U that connects
To and 7.

Firstly, if U is of length 1, then p <,iy ¢; for some j by Lemma 9.

Secondly, if length(U) > 2, then U goes through all vertices of a unique
p;-arc glued to Ho(p). Hence U goes within H(p;). Let (¢, s,d) be an edge of
U. Then (c¢,d) € q|p()- Using Lemma 8(a) twice, we get (c,d) € qls(c,s,a)
and (c,d) € q|u(p,). By transitivity, (zo,21) € q|ap,). Hence p; <tiv ¢ by
Lemma 9. O

Corollary 13 Let p = A\ pi and ¢ = \/;_, ¢; as in the previous corollary,
and let o; be a variable. Then

o if i <griv q then a; <giv g; for some j € {1,...,v};
o if p <triv v then p; <iriv oy for some j € {1,... ,u}.

To demonstrate the usefulness of test lattices, we prove the two parts of

this corollary separately even if each of them implies the other by the duality
principle.
Proof For the first part, let p’ = «o; and H(p') € G(p’). Since |V(H(p))| =
|L(p')| = 2 and 11y is join-irreducible, we obtain from (zo,21) € 1p¢y) =
Py < due) = alae) V-V @lag) that (zo,21) € gl for some j.
Hence a; <triv g; by Lemma 9.

For the second part, take a shortest a;-path U connecting xy and z; in
H(p). If length(U) = 1, then «; equals a meetand p; of p, whence p; <giv ;.
If length(U) > 2, then U goes within some H(p;), and p; <y @; by Lemma 9.

O
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—

For a congruence O of a k-pointed lattice (L;d), we will use the notation
d/© = (d1/0,...,d;/0©). Let us call © a p-preserving congruence, if (¢, p(d)) €

© holds for no ¢ < p(cf) The following lemma implies Corollary 4; we formulate
this lemma for a later reference. By homomorphisms we still mean k-pointed

lattice homomorphisms, and isomorphisms are particular cases.

—

Lemma 14 Let (L,d) be a p-lattice, and let © be a congruence of (L;d).

e (L/0O; J/@) is a p-lattice iff © is p-preserving.

e There exists an optimal p-lattice. It is finite, and it is unique up to iso-
morphism.

-

e (L;d) is an optimal p-lattice iff 0 is the only p-preserving congruence of
L(p).

—

Proof Assume that © is not p-preserving, and choose an element ¢ = ¢(d)
such that ¢ < p(d) and (¢,p(d)) € ©. Then p(d/©) < q(d/©), for they are
equal, but p Aiiv ¢, so L/© is not a p-lattice. Conversely, suppose that ©
is p-preserving and p(d/©) < ¢(d/©). Then p(d/O)Aq(d/O) = p(JZQ) gives

(p(d) A q(d), p(d)) € ©. Using that © is p-preserving, we get p(d) A ¢(d) = p(d).
This means that p(d) < ¢(d) in L, whence p <ty ¢, proving the first part.
Let F' = [dy,. .., dx] be the free lattice generated by {dy,...d;}. Then (F;d)

is a p-lattice, whence its smallest congruence is p-preserving. Since the (non-

—

empty) join of all p-preserving congruences of (F';d) is clearly p-preserving by
Lemma I11.1.3 from Gritzer [8], (F;d) has a largest p-preserving congruence U.
By the first part of the Lemma, (K, d) := (F/U;d/¥) is a p-lattice.

Let (M; cf) be another p-lattice. Let ¢ denote the surjective lattice homo-
morphism ¢: F' — M, dy — du, ..., di — di, that is, the unique k-pointed
lattice homomorphism from (F;d) to (M;d). Clearly, Kerp C ¥, whence
(K:;d) = (F/U;d/¥) is a homomorphic image of (M, d) = (F/ Ker ¢: d/ Ker ¢).
Hence (K; cf) is an optimal p-lattice. It is finite by Theorem 3. Its uniqueness
is an evident consequence of finiteness. This proves the second part.

To prove the third part, let O be a p-preserving congruence of an optimal p-
lattice (L;d). By the first part, (L/©;d/©) is again a p-lattice. So, (L;d) is a
homomorphic image of (L/©;d/©), and the finiteness of L implies © = 0.

Conversely, assume that 0 is the only p-preserving congruence of a p-lattice

=

(L;d). Consider the (unique) homomorphism ¢: (L;d) — (K:d). Since

— —

(L;d)/ Kerp = (K;d)

is a test lattice, Ker ¢ is p-preserving by the first part. Hence Ker ¢ = 0 yields
that ¢ is an isomorphism. This implies that (L;d) is an optimal p-lattice. O

Let H(p) € G(p), and let U = (xg = ag,a1,0a2,...,a, = 1) be a directed
path in H(p). We say that U is a uniform path, if the following condition holds:
for any 0 < i1 < iy < i3 < i4 < n such that (a;,,a;,) and (a;,, a;, ) are edges of
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the same color 7, the unique isomorphism S(a;,,r, a;,) — S(ai,, 7, a4,), see (4),
sends the segment of U between a;, and a;, onto the segment of U between a;,
and a;, .

Lemma 15 Let U be a uniform path as above and let {ry,...,rn} be the set
of colors of edges of U. Then length(rq V-V ry,,) < length(p).

Proof We use induction on length(p). If p is a variable or n = length(U) = 1,
then the statement is evident. If p is join-reducible, then n > 1 and the induction
step is straightforward. If p is meet-reducible and n > 1, then there is an
s € M(p), see (1), such that U includes the vertices of the s-arc glued to Hy(p),
and the induction step is straightforward again. O

Proof of Theorem 5 According to Lemma 14, it suffices to show that © is
not p-preserving for any nontrivial congruence © of L(p). Since © is nontrivial,
w < vand (u,v) € O hold for some u,v € L(p). In virtue of Lemma 8(b), there
is an edge (a,r,b) with (a,b) € v\ u. Let n = N 7|g(,). Corollary 11 implies
that T|H(p) = T|H(p) A v. Hence

N <7, 07laE) €O and (a,b) € r|gp) \ 1 (6)

Let us fix an r € C(p) with mazimal length such that (6) holds with an appro-
priate edge (a,r,b) and an n € L(p). According to Corollary 11(b), there are
t1,...,ty € C(p) such that

77:t1|H(p)V"'Vtu|H(p)- (7)

Let j denote the unique subscript from Ny = {0,1,2,...} such that (a,r,b) is
an edge of H;(p) but not of H;_1(p).
We have to consider several cases.

Case 1: j > 0. Then there is a meet-reducible ¢ € C(p), an edge (e, q, f) of
H;_1(p), and a meetand s of ¢ such that

$=1rViyp1 V- Viyty € M(q). (8)
In particular,
sluw) = rlaw) Vturilae) Voo Vel ae)- (9)
Notice that v > 1, and the situation is similar to that of Figure 5. Let
0:=nViupilup) V- Vilae) =tlae V- Vieolag) (10)
Then (6), (9) and (10) yield that (d, 5|z () € © and § < s|g(p). Since
8 £ 8|m(p) by length(r) < length(s), (11)

we conclude that
6 = S|H(p)
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Since (e, f) € q|u(p) by Corollary 10(a) and, clearly, ¢ <¢iv s, we obtain that
(e, f) €slaw) =tilap) V- Viuwlae) = 0 V- Vi) lae.  (12)
Since t1,. .., tyts € C(p), (12) and Corollary 10(b) imply
Ve Vigrs <triv 8- (13)
Let H(q) := S(e,q, f). Then H(q) € G(q) by (4), and

(e, f) € (t1 V- Vituro)lug = tilmg) V-V tutolm(g (14)

follows from (12) and Lemma 8(a). Hence, by Lemma 8(b), there is a t1|g () U
- -Utuyo|H(g)-path U in H(q) = S(e, g, f) that connects e and f. We can assume
that U goes through each vertex of H(q) at most once. Then a trivial induction
on length(q) shows that U is a directed path. Another trivial induction on
length(q), based on (4), yields that U can be chosen to be uniform. Let (z,¢,y)
be an edge of U. Then (z,y) € t;|g(q) for some i. Hence (z,y) € ti|p ) by the
(trivial direction of) Lemma 8(a).

This shows that U is a uniform ¢;|g ) U+ - - Utyiu|m(p)-path from e to f; in
fact, we assume that U is the shortest uniform path with this property.

Subcase 1.1: U consists of a single edge. Then (e, f) € ti|p () and Corol-
lary 10(b) yield that ¢| <,,,, t; for some ¢ € {1,...,u+ v}.

Firstly, assume that i < u. Then q|g) < tilpp) < 7 < 7|H(@p). Hence
Corollary 10(c) implies ¢ <¢;iv 7. Let ¢’ denote the lattice term that we obtain
from q by replacing its meetand s with r. Then ¢ <t;v 7 <triv s implies
¢ =uiv ¢. Since length(r) < length(s), we see that length(¢’) < length(q).
So, g is not a canonical term. This is a contradiction, for all subterms of the
canonical p are canonical.

Secondly, assume that v < i < u + v. Then q <tiv t; <triv S, like above.
Hence, using t¢; instead of r, we can derive the same contradiction.

Subcase 1.2: U consists of at least two edges. Then there is an s’ € M(q), see
(1), such that U goes through all the vertices of the s’-arc that was glued to

H;_1(p).
Sub-subcase 1.2.1: s’ and s are distinct. Let
20 = €,215.--32n—1,%n — f and (207t/17 Zl)v R (anlvt;m Z’n,)
be the vertices and the edges of the s’-arc, respectively. Since U goes through
Zi—1 and Ziy

(zic1,2) €tilae) V- Vit lHp) = 0 = 8|H(p)

holds for i € {1,...,n}. By Corollary 10(b), t; <ty s for all 4, which yields
that s’ =] V.-Vt <giv s. This is a contradiction, for the canonical term g
cannot have two trivially comparable meetands.
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Sub-subcase 1.2.2: s’ and s are the same. Then a section W of U, which is a
uniform path again, connects a and b. Let ¢}, ..., ¢, be the colors of the edges
of W. By Corollary 10(b),

Vie{l,...,w} Fie{l,...,u+ v} such that t; <iny t. (15)
Corollary 10(a), applied to the edges of W, and transitivity imply
(@,0) € tila) V- Vbl = (V- V) )
Hence Corollary 10(b) implies
7 <triv 17V VT (16)

This together with (8) yields that s <ty t{ V-V, Vi1 V-V tyto.
Conversely, ) V-V, Vi1 Ve Viure <t v Vi, <U3) s Hence

—triv —triv

S =triv YV VU, Vi1 Ve Vg, (17)
If i = i(j) belonged to {1,...,u} in (15) for each j, then
rlagy <UO (V- VE) e < (Ve V) |ae =7 1

would contradict (6). Hence, by (15), there is a j, say j = 1, such that t] <iyy
holds for some i € {u+1,...,u+v}. Let g =tV -Vt, Vty11V-+-Viyt,. We see
by (17) that s =y g. However, (8) together with length(t) v --- Vv ¢,) <15
length(r) yields that length(g) < length(s). This is a contradiction, because s,
as a subterm of p, is canonical.

Case 2: j = 0. Firstly, assume p is join-irreducible. Then Hy(p) consists of a
single p-colored edge, r coincides with p, whence O is not p-preserving, indeed.

Secondly, assume that p is join-reducible. With the temporary notations
s’ =s:=p, e:=x9 and f := x1, the argument for Sub-subcase 1.2.2 works
almost the same way as previously. The only difference is that, instead of (11),
we say that

e cither § £ 5| (p) and we derive a contradiction the same way as before,

e or 0 < s|g(p) = P|H(p), Whence © is not p-preserving, indeed.
(Since (e, f) is not an edge now, (11) in itself would not work.) O

Proof of Theorem 6 We can assume that a p is not a join-free term, because
otherwise |L(p)| = 2 and there is nothing to prove.

We claim that p|, is a join-irreducible element of L(p). By way of con-
tradiction, suppose that there are terms h; and hs such that h1|H(p) < p|H(p),
halapy < plap) but hilge) V hlaep) = plHEp). Similarly to (and even eas-
ier than) the argument right after (14), we conclude that there is a uniform
hi| e (pyUhe| i (p)-path U connecting 29 and x1. Since length(U) = 1 would imply
P <triv h; for some i € {1,2} by Corollary 10(b), we obtain that length(U) > 1.
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Hence there is an s € M(p) such that U goes through the vertices of the
s-arc glued to Ho(p). Let s = \/I_, t;. Since U is also a p|y(y)-path, we get

t; §§S\1,0) pfori=1,...,n. Hence s <i4, p. Since s is a meetand of p, we
have p <ty s. Since p is canonical, p coincides with s, which contradicts the
assumption that p is a join-irreducible term.

This proves that p|g(p is join-irreducible in L(p). It is not the 0 of L(p),
since (20,21) € p|u(p) by Corollary 10(a). Hence p|g(, has a unique lower
COVer pi|m(p). Since congruence classes are intervals and L(p) is optimal by
Theorem 5, it follows by Lemma 14 that each non-zero congruence of L(p)

collapses p|(p) and p.|g(p). Thus, L(p) is subdirectly irreducible. O

It is trivial to check that, for any ternary term g, if ¢ is shorter than p® of
Exercise 2, then the identity p = ¢ fails even in the free modular lattice on three
generators. Hence p< is a join-irreducible canonical term. It is also trivial to
verify that |L(p®)| > 5. Notice that even Figure 6, which is a useful illustration
for test lattices, was very easy to construct. Hence the following proposition
clearly solves Exercise 2. In Proposition 16, K will be a lattice in the usual

—

sense while (L(p); d), the p-lattice, is a k-pointed lattice.

Figure 6: The test lattice L(p®)

Proposition 16 Let p be a join-irreducible canonical k-ary lattice term, and
let K be a lattice with |K| < |L(p)|. Then there exists a k-ary lattice term g
such that p < q is a nontrivial lattice identity that holds in K.

Proof Let n = |K|. There are n* ways to make K into a k-pointed lattice
(K; d) by selecting k elements in K. Let (G;d) be the direct product of all these
(n* many) k-pointed lattices.

Assume that the proposition fails for K. Then (G;cf) is a p-lattice. The
(unique) optimal p-lattice is a homomorphic image of (G;cf) by Lemma 14.
But, by Theorem 5, the optimal p-lattice is (L(p);cf). Therefore, L(p), as a
lattice without constants, belongs to the variety generated by K. Since L(p)
is subdirectly irreducible by Theorem 6, the famous HSP = P,HSP,, theorem
of B. Jénsson [11] gives that L(p) is a homomorphic image of a sublattice of K.
This contradicts |K| < |L(p)|. O
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4 Historical remarks

Graphs similar to those here were formerly useful in [1], [2], [4], M. Haiman [9]
and P.Lipparini [12]. Even one of the efficient known algorithms for the word
problem of lattices is due to graphs, see [3]. (For other algorithms, see also
Section XI.8 of Freese, Jezek, Nation [6]). In fact, [3] gives the main motivation
to the present work: if graphs are appropriate to solve the word problem, then
why not use them for other purposes? However, the mentioned similarity is
limited, because our graphs here have more edges than their precursors. In
fact, finding the right amount of edges was the main step towards the present
approach.

The results of this paper were presented at the conferences organized by the
University of Nov Sad and the Technical University of KoSice, respectively. It
has appeared since then that our approach overlaps Freese, Jezek and Nation
[6] more than previously recognized. Since the concepts and the methods of [6]
are very different from ours and the counterparts of our results are sometimes
only implicitly given in [6], it is reasonable to give a short comparison below.

If we do not assume that p is canonical, then, generally, L(p) does not occur
in the book [6]. So, in what follows, let as assume that p’ is a canonical lattice
term.

Using Theorem 3.12 of [6] (in short, Thm. [6].3.12), it is easy to see that
J(p') = J*(p') of [6] is the same as our C(p’). Then Cor. [6].3.18 together with
Corollary 11(c) gives that LY (p') coincides with our L(p’), whence it is our
K (p') by Theorem 5. This shows that each optimal test lattice K (p) has been
constructed in [6]. This shows also that Theorem 6 is included in Thm. [6].3.24.

The result that LY (p') is a p’-lattice can be easily extracted from [6] in the
following way. By the second and third sentences in the proof of Thm. [6].3.15,
f in Cor. [6].3.18 is a contraction that acts identically on LY (p’), which is a join-
subsemilattice of the free lattice F'L(ay,...,ax). Hence p’ € FL(ay,...,ax) is
the least preimage of p’ € LY (p’). So, f(p') < f(q) implies p’ <ty ¢, whence
LY(p') is a p'-lattice.

It is also possible to extract from [6] that LV (p') is an optimal p'-lattice;
however, this would require a deeper look into the book, so the details are
omitted.

In connection with Theorems 5 and 6, we notice that the name “canonical
term” in the present paper means only a shortest term, which trivially exists.
Opposed to [6], we do not use Whitman’s non-trivial theorem on its uniqueness,
see [13].
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Abstract

Compositional data, multivariate observations that hold only relative
information, need a special treatment while performing statistical anal-
ysis, with respect to the simplex as their sample space ([1], [2], [3], [8],
[9], [10], [11], [18]). For the logratio approach to the statistical analysis
of compositional data the so called Aitchison geometry was introduced
and confirmed to be the meaningful one. It was shown in [7], [17] that it
is quite easy to express simple geometric objects like compositional lines,
this is however not the case for ellipses, although they play a fundamental
role within most statistical methods, for example in outlier detection ([8]).
The aim of the paper is to introduce a way, based on coordinate repre-
sentations of compositions, how to obtain an analytical representation of
ellipses in the Aitchison geometry.

Key words: Aitchison geometry on the simplex, coordinates, el-
lipse.

2000 Mathematics Subject Classification: 14P99, 15A03, 15A63,
62H99, 62J05

1 Compositional data

At first, we briefly summarize all the basic properties of compositional data as
well as the geometry on the simplex, called in the following Aitchison geometry.
More detailed insight is available e.g. in [7]:
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Definition 1 A row vector € = (z1,...,2p), is called D-parts composition
when all its components are strictly positive real numbers and they carry only
relative information.

The assertion that D-parts compositions (or only compositions in short)
carry only relative information means that all the relevant information is con-
tained in the ratios among the parts, i.e. if ¢ is a nonzero real number, (x1,...,2p)
and (cx1,...,cxp) convey essentially the same information. A way to simplify
the use of compositions is to represent them in closed form, i.e. as positive
vectors with constant sum  (usually 1 or 100 in case of percentages) of the
parts ([7]). As a consequence, D-parts compositions can be identified with the
following vector:

Definition 2 For any composition «, the closure operation of x to the constant

K is defined as
RX1 RX D
C(m)( 7o) ) )
Die1 T D Ti

Proposition 1 The sample space of compositional data is the simplex, defined
as

D
SP ={x=(x1,...,2zp), z; >0, in:/i}.
i=1

The basics of the Aitchison geometry on the simplex are mentioned below:
Definition 3 Perturbation of a composition * = C(x1,...,2p) € SP by a
composition y = C(y1,...,yp) € SP is a composition

x®y=C(x1y1,...,TDYD)-

Power transformation of a composition * € S by a constant a € R is a
composition
a0z =Caf,...,zhH).

The inner product of z,y € SP can be expressed as
| b1 D -
= — In =*1n Z*.
(@y)a =5 Z Z ot
i=1 j=i+1 J J

Proposition 2 The simplex with the perturbation operation and the power
transformation, (SP,®,®), is a linear vector space. Moreover, the Aitchison
inner product induces a (D — 1)-dimensional Hilbert space.

Definition 4 If compositions ej,...,ep_1 are independent (in terms of the
Aitchison geometry), they constitute a (simplicial) basis of SP, i.e. each com-
position & € S can be expressed as

z=(10e)® - ®(ap_10ep_1)

for some coefficients «;, ¢ = 1,...,D — 1, that are termed coordinates with
respect to the basis.
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Obviously, using orthonormal bases on the simplex, all operations and metric
concepts like perturbation, power transformation, inner product and norm are
translated into coordinates as ordinary vector operations (sum of two vectors
and multiplication of a vector by a scalar), see [6], [7] and [17] for details. For
a composition x, we denote h(x) its representation in coordinates. Thus, for
«, 3 € R it holds that

hoaoz®BoOy)=ca-h(z)+ - h(y);

(@, y)a = (W), h(y))e, |zla=V(z,2)a = [[h(2)| . (1)

Example 1 Let us denote the coordinate representation of x as z = (zy,...,
zp—1). Coeflicients for a chosen simplicial basis ([5]) can be expressed as

- i/H?: y
= —— YT i1 D—1.
1+ 1

Ti41
The inverse transformation, i.e. h~(z) = © = C(z1,...,7p), is then obtained
using
D Zj i—1 . .
T; = exp j:i\/j(jTl)i ; zii1 | withzg=2p=0fori=1,...,D.
2 Simplicial ellipses
A (D — 1)-dimensional real vector p = (p41,...,4p—1) and a positive definite

real matrix X = (s;;) determine an ellipse Ep_1(z) with centre p,
Epa(z): (z—wB(z—w)' =% c>0. (2)

The ellipse £p—1(2) can be equivalently expressed in analytical form

D—-1D-1 D—-1D-1
SijRiZj — 2 E E SijHiZyj + k=0
=1 j=1 i=1 j=1

with & = u3Xu” — 2. Using (2) and spectral decomposition of the matrix X,

D—1
X => MNflfs
i=1
where \; and f,; denote eigenvalues (in descending order) and orthonormal eigen-
vectors of X, respectively, the ellipse Ep_1(2) can also be expressed in terms of
the Euclidean inner product as

D-1

D-1
Do Nl(fi2)e)® =2 3 Nilfo e (fi 2)e + k=0, 3)

=1
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It is easy to see that the spectral decomposition of X represents only one chosen,
nevertheless the most convenient, decomposition of ¥ in order to obtain (3).
Namely, the vectors f, determine the ellipse axes’ directions, and their lengths
are functions of the eigenvalues \;.

Let h(xz) = z, h(y) = p and h(e;) = f;, ¢ = 1,...,D — 1. Considering
(1), the simplicial counterpart to £p—1(z), denoted in the following as £5(z),
is given by

D-1 D-1
Z Ai((es, x)a)® —2 Z Ai(ei,v)alei, x)ya+k=0. (4)
i=1 i=1

The following theorem is thus a simple consequence of the above mentioned
considerations and definition of the Aitchison inner product:

Theorem 1 The analytical form of the simplicial ellipse Sg (x) is uniquely de-
termined as

D
> SN a”klln—ln——i—z Z bwln——i—k—o

1=1 j=i+1 k=1 l=k+1 =1 j=i+1
where
D-1 D-1
1 €mi emk 2 €mi
Aijkl = 73 E Am In In —, bjj = ——= Am(€i,¥)aln
D? ~— €mj  €mi D — €mj
m=1 m=1
and
D-1
2 2
E Ai({em,¥)a)? —c°.
i=1
The compositions v and e; = (e;1,...,¢e;p) represent centre of 57:9, (z) and

the ellipse axes’ directions, respectively. Theorem 1 provides a procedure how
to construct an analytical representation of an ellipse on the simplex, obtained
as a result of statistical computations in coordinates.

Example 2 A simplicial ellipse in coordinates (see Example 1) is given by

2.5, 1.5 B
/“"*(171)7 2<15’ 25)7 0717

i.e. with centre pu = (1,1), eigenvalues A\; = 4, Ay = 1 and axis directions

1 1
S5 and fy= —(1,-1),

The analytical form of the ellipse £ (x) in coordinates, i.e. £(2), is thus

f1:

2.522 +2.525 + 32120 — 821 — 820 + 7= 0.
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Using (4) and Theorem 1 and after an adjustment we obtain the analytical
form of £ (x) as

05612 22 08412 22 102712 22 £ 113 i 22 £ 0.021n 2 22
To T3 xs Ty I3 T2 I3

4056 222 —377m = 515t — 138122 +7=0.
T3 3 Z2 x3 z3
Here, the centre v = (0.72,0.18,0.10) and axis directions are e; = (0.61,0.23,0.16)
and es = (0.36,0.13,0.51), respectively. Fig. 1 shows the simplicial ellipse dis-
played in a ternary diagram as well as in coordinates.

o
X3 N
3 - ;
v |
-
NS
/ wn |
e e
3 - :
/ €2 n
(l————" S

-05 00 05 10 15 20 25
X1 X2

Z

Fig. 1. The simplicial ellipse displayed in a ternary diagram (left) and in coordinates
(right) together with the directions of the ellipse axes.

Let us remark that the existence of an analytical expression for ellipses on the

simplex opens also a possibility for further generalizations in many directions,
e.g. [13], [14].

3 Application in a statistical method

Ellipses frequently occur as a result of many statistical methods. In the case of
compositional data one has to be careful to check whether the given problem
is solvable in coordinates and how the results can be interpreted back on the
simplex. One such problem is to find a regression line (in the compositional
sense) that represents the main trend in the data, e.g. using the first principal
component or equivalently the total least squares problem, computed in coordi-
nates ([4], [15], [19]). In its simplest form it attempts to fit a line that explains
the set of n two-dimensional data points (e.g. three-part compositions in co-
ordinates) in such a way that the sum of squared distances from data points
to the estimated line is minimal. In [12] it was shown that in this case, the
problem is also solvable iteratively using the theory of linear regression models



58 Karel HRON

with type-II constraints (in the constraints not only parameters of the model
but also additional parameters occur, [16]), see [12] for details. Moreover, this
approach enables to perform deeper statistical analysis like confidence regions
and hypotheses testing. Considering the first mentioned possibility, under the
assumption of normality we can construct confidence ellipses for locations of
the unknown errorless results of the measurement, i.e. for the locations of each
of n points z; = h(x;) = (2i1,22), ¢ = 1,...,n. The numerical results in the
text below correspond to the statistical analysis of the well known Aphyric Skye
Lavas data set that comes from [1, p. 360] and represents percentages of three
variables (NagO + K20, FeaO3 and MgO) related to the chemistry of 23 lava
samples.

The confidence ellipses for the single errorless results of the measurement
(true concentrations of the chemical compounds) in coordinates are constructed
in such a way that their centers p; (and 7y, in the Aitchison geometry) lie on the
regression line zo = 31 + B221, where the parameters (31, 02 are estimated using
the iterative algorithm described in [12]. Thus, we can assert that the unknown
errorless results lie in the ellipses with the prescribed probability 1 — a. The
directions f; of the main half-axes of such ellipses follow the direction given by
the estimated line, f; = (0.8903, —0.4554), thus f, = (0.4554,0.8903) for the
adjacent half-axes.

Although it might not to be visible from the ternary diagram, the unitary
directions of the ellipses’ main and adjacent half-axes are also the same and for
all of them we have e; = (0.4515,0.1282,0.4203), e3 = (0.5654, 0.2969, 0.1377);
note that, of course, (ej,ea)4 = 0. Concretely, for a 95%-confidence ellipse,
belonging to x;, we obtain the center of this ellipse in coordinates and on the
simplex as

py = (0.0122,1.7471), ~, = (0.4763,0.4682,0.0556),

respectively. Here ¢? equals 2F321(0.95), 95%-quantile of the F distribution
with 2 and 21 degrees of freedom, see again [12] for details. The analytical
representation of the ellipse in coordinates equals to

570.5322 + 233.9922 — 466.442, 25 + 801.042; — 811.9325 + 697.45 = 0

(the matrix 3 was obtained as inverse of the covariance matrix of the centre
1, [12]) and back-transformed to the simplex we obtain for £ (x)

126.79 12 2L 12581 1% 2L +115.58 In® 22 437.021n 2 1n 2L —216.55 In 2L 1n 22
X2 X3 X3 X2 X3 Z2 T3

+1461m 2 m 2 437761 2 — 142.661n 2L — 520.28In 22 + 697.45 = 0.
T3 T3 T2 I3 T3

Here, the composition &1 = (0.52,0.42,0.06) is not contained in the corre-
sponding confidence ellipse, because 55? (z1) = 9.85 > 0. The corresponding
results of all compositions x1,...,x, are collected in Table 1. Note that there
are many positive values, meaning that the data point is outside the ellipse.
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This indicates a poor fit of the model to the data. As a consequence, a more
complex model could be selected.

obs. number 1 2 3 4 5 6
&S (x;) 9.85 —6.40 —4.20 -6.05 3.70 —3.69
obs. number 7 8 9 10 11 12
E?f(wi) 1.38 13.92 7.42 6.81 21.94 31.44
obs. number ¢ 13 14 15 16 17 18
S?f(wl) 13.26 —-0.33 —5.71 —-195 67.19 —-3.80
obs. number ¢ 19 20 21 22 23
&S (x;) —6.85 —3.61 —6.44 2236 —5.20

Tab. 1. Overview of results for the Aphyric Skye Lavas data. The values correspond
to the observed compositions x;, i = 1,..., 23, substituted in the corresponding confi-
dence ellipses. A value less than zero indicates that the data point is contained inside
the ellipse and for values greater than zero outside. Exact zero values would mean
that the composition lies on the boundary.

Detailed interpretation of the logratios’ coefficients in the analytical repre-

sentation of ellipses on the simplex is the topic of the author’s research and will
be presented in the future.
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Abstract

The aim of the paper is to determine an influence of uncertainties in
design and covariance matrices on estimators in linear regression model.

Key words: Linear statistical model, uncertainty, design matrix,
covariance matrix.
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1 Introduction

Uncertainties in entries of design and covariance matrices influence the variance
of estimators and cause their bias. A problem occurs mainly in a linearization
of nonlinear regression models, where the design matrix is created by deriva-
tives of some functions. The question is how precise must these derivatives be.
Uncertainties of covariance matrices must be suppressed under some reasonable
bound as well.

The aim of the paper is to give the simple rules which enables us to decide
how many ciphers an entry of the mentioned matrices must be consisted of.

*Supported by the Council of Czech Government MSM 6 198 959 214.
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2 Symbols used

In the following text a linear regression model (in more detail cf. [2]) is denoted
as

Y ~n (Fﬁ72)7 /6 € Rk? (1)

where Y is an n-dimensional random vector with the mean value E(Y) equal
to FB3 and with the covariance matrix Var(Y) = . The symbol R¥ means the
k-dimensional linear vector space. The n x k matrix F is given. It is assumed
that the rank 7(F) of the matrix F is »(F) = k < n and the given matrix X
is positive definite. The k-dimensional unknown vector parameter 3 must be
estimated on the basis of the realization y of the random vector Y. Symbol
ez(-") means n-dimensional vector with the entry 1 at the i-th position; other
entries are zero. The matrix of the normal equation F'S'F is denoted as C;
its (4, j)-th entry is {C}; ; and the (4, j)-th entry of C~! is {C}*/. F/ means the
transpose of the matrix F. The (7, j)-th entry of the matrix 3 is 0, ; = {X};;
and the i-th component of the vector v is {v};.

The symbol 01}, Y /OF means

Y Y

ouy [ o or

aF = | o , (2)
Y LY
BFnyl’ : BFnk

where F;; = {F};;,i =1,...,n,j = 1,...,k, and 1}, = h'C'F'Y7! for an
arbitrary h € R¥, h # 0.

The Kronecker multiplication of matrices A and B is denoted as A ® B (in
more detail cf. [3]). If A = (ay,...,a,), then vec(A) = (a},...,a],). The
identity matrix is denoted as I.

3 Uncertainty in the design matrix

In the following text a sensitivity approach is used, i.e. the influence of uncer-
tainty in the design matrix is judged according to the linear term of the Taylor
series (cf. also in [1], chpt. VI). The Taylor series of the quantity 1Y = h'3
will be considered.

Lemma 3.1 Let h’ € R be an arbitrary vector. It is valid that

h'3 ~
a(’)FIB = 71;1,8/ + X7 'vhW/'C™!, 1, = X7 'FC'h, (3)
B=CclFsly, (4)

v=Y-FpB. (5)
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Proof The BLUE (best linear unbiased eastimator) of the linear function
h(B)=hpB,BeR, ishWB=1Y=nC 'F'E Y. Thus

on'B aC-1 OF’

=h FY 'Y +hC ' —xly
oF,, oF,, + oF,,
and
oc~t  AF'EIF)! OF __ _, OF
= =-C! SR+ c!
8Fi,j 8Fi,j (aFi,j - aFiJ
_ n k I — — n k _
= _C! {[el(- )(eg- ))’] SIF+F'YE 191(' )(eg- ))’}C 1
= _C—lF’E_leE")(eg,k))’C—l - C_leEk) (egn))’E_lFC_l.
It implies
on'p n n
6‘F-ﬁ- = Te(e)yclFETlY —n'c el (elV)yETIFCTInTY
7

+ h’Cflegk) (egn))’Ele

— 71;Ze1(-") (egk))/B + h/C_legk) (egn))’E_lv

{—1hB’+2—1vh’c—1}__, i=1,...n, j=1,... k. 0
7

Lemma 3.2 Let in the model from Lemma 3.1 the symbol OF denote the matrix
of uncertainties in the design matriz F. Then

-~
(1) E|Tr <5F’621F'6> = —Tr(0F'1,8), (6)
-
(it) Var Tr((SF’a;lFﬁ )] = 1,0FC'6F'l;, + h'C '6F' (MpEMp)*
x 6FC™'h, (7)

where
(MpEMp)t =2 -2 'FClFET !

is the Moore—Penrose generalized inverse of the matric MpXMp (in more detail

cf- [3]).

Proof The statement (i) is obvious. As far as (ii) is concerned, it is valid that

o' . (onB
Tr <6F’ 3Fﬂ> = Var {[Vec((SF)] vec (8—Fﬂ> }

— Var ([vec(aF)]’ {-(1 ©1,)8+ [(C'h) @ =] v}) .

Var
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Since B and v are noncorrelated, Var(8) = C~! and Var(v) = X — FC~'F’,

we have
on'B
!
Tr <5F F )

+ [vec(dF)]'[(C™'h) @ Z7(Z = FC7'F))[(h'C™!) @ '] vec(JF)
= [vec(6F))[C™* @ (1,1},)] vec(6F) + [vec(6F))[(C'hh'C™!) @ (MpEMp)*]
x vec(6F) = Tr[(6F)'1,1,6FC ™! + Tr[(6F) (MpEMp) "dFC 'hh'C™]
=1,6FC *(6F)'l;, + h'C(§F) (MpEMp) " 6FC ™ 'h. m

Var

= [vec(6F))/(I®1,)C (I ®1}) vec(JF)

Remark 3.1 Regarding Lemma 3.1 the influence of /F on the estimate of the
function '3, B € RF, can be evaluated. If 6F # 0, then instead of h’3 =
W' C'F'S" 'y (y is a realization of Y) we obtain

W3 ~hCFE ly - Tt[(0F)1,8 ] + Te[(6F)' S~ 'vh'C™}] (8)

(for practical purposes the values B and y — FB can be used on the right hand
side of the last approximate equality instead of B and v).

In an actual case we can judge whether uncertainty 0F in the used matrix
F satisfy the inequality

| — Te[(0F)1L, 8] + Tr[(0F)' S~ 'vh'C1]| < eVh'C—1h,

where £ > 0 is sufficiently small (according to an opinion of a statistician)
number.

If 6F = e{™ (egk))’A, then

~ T [(0F)L,8] + Tr[(6F)' S~ vh'C™!] =

=—-Tr [e§k> (e)1,3 |+ Tr [egk) (ez(-"))’E_lvh’Cfl]
=~} {8y + (=7 {C '},
Remark 3.2 According to Lemma 3.2 the influnce of §F on the estimator of
the function h'@, B € RF, can be evaluated. As far as the bias of the estimator
h’(3 is concerned, if
B = [(F + 6F)S 1 (F + 6F)] " (F + 6F)='Y,
then B
EM'B)~hgE—-Tr [(5F)’1h,8'],

i.e. the bias of the estimator is — Tr [(5F)’1h,8']. It must be suppressed under
some reasonable bound, i.e. it must be

| Tr [(6F)'1,8']| < eVh/C~1h.

(Instead of B the estimator of it can be used what could be sufficient for practical
purposes.)
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For the sake of simplicity let 6F = e{™ (egk))’A. Then

Tt [(6F)' 1,8 = AT [l (e{)1,8] = A{L,}:{8}:
thus it should be valid

1
A vh'C—1h—MM.
€ VHCTha TSy,

The value

AL =eVWCTh

crit,i,g

1
T80, ©)

is the maximum admissible contamination of the (i,7)-th entry of the design
matrix F. It causes a bias of the estimator h’ﬁ not larger than ev/h’C—1h.
As far as the variance of the estimator h’3 is concerned, we have

WA = W3+ {Tr [~ (F)1,8] + Tr [0F)=~'vh'C!]}
= (b —1,0F)B + W' C LYF' ="ty
and thus
Var(h'8) = (b’ —1,6F)C ' [h — (6F)'l;] + h'C~!(6F) (MpEMp)* dFC~'h

= Var(h'B) — 21, 6FC~'h + 1, 6FC ' (§F)'l, + h'C ' (6F)’
X(MFEMF)jL(;FCilh.

The variance of the estimator with an uncertain design matrix differs from the
variance of the estimator with the proper design matrix. The difference is

—21,6FC~'h + 1},0FC ' (6F)'l;, + W'C ! (§F) (MrEMp)"SFC™ 'h.
For the sake of simplicity let §F = el(-n) (eg-k))’ A. Then the difference is
Th,(i.5) =
= —2A{L}{C R}, + A2 [{CP({1})? + ({CT'RE)H{(MFEM) }i.

It can be assumed that v, (; ;) < h’C~'h and thus

- i\ 1/2
VVarwB) = /W C—h+ 315 = VNG T (14 o)
1 Yo
~ vVh/'C—'h (1 4 h,(i.9) ) .

2h/C—'h

The solution A‘(:Yi)t’i, ; of the quadratic equation

A2[{C}({1}:)? + ({C R} H{ (MFEMF) }i
—2A{1,},{C"'h}; — 2evVhW'CTh =0 (10)
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is the maximum admissible contamination of the (i,7)-th entry of the design
matrix F. It causes an enlargement of the standard deviation vh’C~—'h not
larger than ev'h’C~'h. The value of the quantity 74 (; ;) is the same for both
roots of the quadratic equation.

It is useful to arrange tables of the values Ac”t i (cf. (9)) and AV

crit,i,j
(cf. (10))foralli=1,...,nand j =1,...,k, cf. section 5 Numerical examples.

Remark 3.3 The most dangerous shift F of the matrix F with respect to the
bias of the estimator is in the direction of the gradient, i.e.

-
SF* = kE (ah 5) — kLG

OF
(The number & will be determined later.) The bias of the estimator caused by
0F* is
—Tr [(5F*)’1hﬁ'] = kB'BL,1,.
The number k£ now can be bounded according to the condition
kB B1,1, < evVh/C~1h.
The matrix

., &vh'C-th
0F* = —— 1,3 (11)
BB, 1,
can serve as a good information on the necessary accuracy of the matrix F in
connection with the bias of the estimator h’ ﬁ

It is to be remarked that in the case ¥ = ¢2I, the number k must satisfy

the inequality k < oe/ (ﬁ/ﬂ h’(F’F)_1h>-

4 Uncertainty in the covariance matrix

Lemma 4.1 In the regular linear model Y ~, (FB3,%), B € R*, for a given
linear function h'B3, 3 € R*, it is valid that

on'B

(901',]'

= *{lh}i{z_lv}j — {lh}j{Z_IV}i, Z,j = 1, ey .
Proof Since h'3 =h/(F'S™'F)~'F’S7'Y, it is valid that
on!

h'3 'Y 'F)-!
a 16 _ h/a( ) F/271Y+h/(F/271F) 1F/ Y
00 ; 00; ; ol
= WCIFE e (") + el (e”)] =TI FCTIF'ETY
_hWClES [ En)( (")) +e(")( En))]zfly

_ {7 [lh(E* v) + 3 vl’h} }j ii=1,...,n ]
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Remark 4.1 Since uncertainty in the covariance matrix does not cause the
bias of the estimator, only a change of the variance of the estimator must be
taken into account. Since it is valid that

W[F (S +6%)'F] 'F/(Z+6%) 'Y~ hC'FE Y
—Tr [fS1v'S" + 27)] =B - 216ES "y,

we have
Vars; {0 [F'(£ +0%)~'F] " 'F(2+0%) 7Y}
~h'C 'h + 41, 6Z(MprEMp) 621,
If
55— { e (™) +e{" (e )]A, i#j
[e" (e;)]A, i=j
then if ¢ # j

dn. i) = A, 6E(MpEMp)To3l,

((MPEMP) s, (MeEMe) 0\ () co
= 4l ) <{<M§2M§>+}j,i, {<M§2M§>+}j,j) ({IZ}i ) o

ifi=j
dn (1,0 = 4{1n}e){ MpEMp) T} A%

Since we can assume that dj, (; j) < h'C~'h, we can write

1 dy iy
VWO h+dy ;) ~ VINCTh <1 4 o eld) ) .

2h/C—'h
The matrix Dy, with the (7, j)-th entry

L dh. i) >
{Dh}i7j: (1+§hlclh 9 17.7217"'7717
can help to analyze the influence of 63 on the standard deviation of the es-
timator h’@. The value {D}; ; means the ratio of the standard deviation of
the estimator calculated with the covariance matrix ¥ + 3 to the standard
deviation of the estimator calculated with proper covariance matrix X.

The solution A, . . of the equation (for i # j)

crit,i,j

) ((MPEMA) o, {(MeEMR) ({1},
282(0)5 03) ({1 e ) ()
=ch/C 'h (12)

and the equation (for ¢ = j)
2A%({1,})*{(MpEMpg)t); s = ch’'C'h (13)
is the maximum admissible contamination of the (7, j)-th entry of the variance

matrix Y. It causes an enlargement of the standard deviation vh’C~—'h not

greater than ev/h/’C—'h.
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5 Numerical examples

Example 5.1 Let the regression model be

(g;) Lo, 0=0.1

Y
Ys
}/3 n
Yy

—_ ==
[ENEOCR N

and y = (1.6,1.9,2.6,3.1)".
Then

et (1.5, —0.5 21 0.0150, —0.0050
(F'F) _(0.5, 0.2)’ o (FF) =1 _0.0050, 0.0020 )

1w (1.0, 05,00, —0.5
(F'F) F<—0.3, ~0.1,0.1, 0.3)°

B=(FF) 'Fy= (é'gg) , v=y—FB=(0.08,-0.14,0.04,0.02)".

Let hy = (1,0)’ in situation A, hy = (0,1) in situation B and € = 0.2.
Then in situation A according Remark 3.4 formulas (9) and (10) we will
determine:

0.0245 0.0471 0.0129 0.0067
F 0.0490 0.0942 X 0.0064 0.0033

A‘(:m‘)t = 00 oo | OF" = 0 K
—0.0490 —0.0942 —0.0064 —0.0033

from (10) two solution 1A$/i)t and QAgfi)t are obtained

—0.9620 —6.4139 2.3413 2.7775
AWy _ | —1.2464 —5.9078 Ay _ | 20156 3.6855
15erit = | 17637 —5.2910 | > 2T erit = | 17637 5.2910

—2.9893 —4.5720 1.5608 8.5720

These two matrices cause an enlargement of standard deviation not more e-times.
As a criterion the value

min {|1A(V) A(V)crit,i,j|}

crit,i,j|7 |2
must be choosen in practice.

0.0071 0.0063 0.0046 0.0093
A _ 0.0063 0.0093 0.0093 0.0071
erit = | (0.0046 0.0093 oo 0.0093 |~
0.0093 0.0071 0.0093 0.0141
For example the value A(Fc)m’(&l) and A(Fc)rit,(3,2) for h = (1,0)" cannot
be determined, since {1,}5{B}: and {1,}3{B}2, respectively are zero. Ever it
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seems that the contamination of the design matrix F in the third row can be

any larger number, it is not so. An aproach to determination of the value
(F)

erit.i.q is infinitesimal and therefore some carefulness it necessary. If, e.g.
X2¥)

AF) 1) = 0.1, then the bias of the estimator (1,0)3 is (0.0096,0.0064),
what is admissible. However the value A (F c)”-t’ (3,1) = 1 leads to a non-admissible
bias.

In situation B according Remark 3.4 formulas (9), (10) and from the Remark
3.5 formula (11) we will determine:

—0.0298 —0.0573 —0.0106 —0.0055

AF) _ | —0.0894 —0.1720 sF+ — | —0-0035 —0.0018
crit 0.0894 0.1720 |- 0.0035 0.0018 |’

0.0298 0.0573 0.0106 0.0055

—2.2905 —9.9767 3.7190 5.9767

AW) _ | —28165 ~8.4173 AW) _ | 3.3428 7.0840
1= erit —3.3428 —7.0840 | * 2Terit 2.8165 8.4173 |’

—3.7190 —5.9767 2.2905 9.9767

and from the Remark 4.2 formulas (12) and (13) we will determine

0.0086 0.0069 0.0053 0.0105
~ | 0.0069 0.0169 0.0105 0.0053
erit = | (.0053 0.0105 0.0169 0.0069

0.0105 0.0053 0.0069 0.0086

Let for 0F = §F* the value of the estimator (8) from Remark 3.3 be com-
pared with h'3 = I/ (égg >; W3 = W3 — Te[(6F*)1,8] + Tr[(0F*)'vh/C 1],
If h = (1,0), then h’3 — '8 = 0.9755 — 1.0000 = —0.0245.
If h = (0,1)’, then h/3 —h/8 = 0.5111 — 0.5200 = —0.0089.

Example 5.2 Let the regression model be

B .
;= ,1=1,2,3,4,5 14
Vi B+ (14)
and results of measurement of y at points x1,..., x5 be

x| 1]2]3]4]5
y[|32]49]62]65]73
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Equations (14) enable us to obtain an approximate values B,

For 15t and 599 measurement two equations for unknown parameters lead
to an approximate values 8 = (10,2).
The linear version of the functions (14) obtained by the using the Taylor
expansion at the approximate point ,8(0) is in the form Y — g(ﬁ(o)) = Fi3,
(0) 0) ..
where F = 24000 and g(8) = (91(8)....95(8”)), 5:(8V) = S,
i=1,2,3,4,5. ’

In our case we will determine

0.3333 —1.1111
0.5000 —1.2500 .

F = | 0.6000 —1.2000 |, y?= 2" i=1,2,3,4,5
0.6667 —1.1111 By + i
0.7143 —1.0204

y° = (3.3333,5.0000, 6.0000, 6.6667, 7.1429)’,

B=p"+ip=p8" +(FSF) FE Ny -y = <

10.5230
2.2754 )7

v=y-FB= (—0.0127, —0.0226,0.2158, —0.2075, 0.0681)".
Let h = (1,0), ¢ = 0.1, ¢ = 0.2. Then in our linearized model we will

determine numerically from the Remark 3.4 formula (9) and from the Remark
3.5 formula (11)

—0.0681 —0.1294 —0.0342 —0.0180
—0.4915 —0.9333 —0.0047 —0.0025

AE) — | 03349 06359 |, 6F =] 00070 0.0037 |,
0.1672  0.3174 0.0140  0.0073
0.1184 0.2248 0.0197  0.0104

and from the Remark 3.4 formulas (9), (10) and from the Remark 3.5 formula
(11)

—0.5132 —1.2038 0.1342 0.3216
—0.3135 —0.7568 0.2530 0.6107

AV — | —0.3516 —0.8476 |, LA = | 0.5799 1.3966 |,
—0.2763 —0.6640 0.7268 1.7326
—0.2308 —0.5531 0.8581 2.0160

and from the Remark 4.2 formulas (12) and (13)

0.0095 0.0083 0.0116 0.0126 0.0160
0.0083 0.0536 0.0310 0.0172 0.0125
A — 1 0.0116 0.0310 0.0600 0.0303 0.0226
0.0126 0.0172 0.0303 0.0329 0.0296
0.0160 0.0125 0.0226 0.0296 0.0273



Uncertainty of the design and covariance matrices. . . 71

Let h = (0,1)’, € =0.2. Then

0.0027 —0.1200 —0.0315 —0.0166
0.0043 —0.1912 —0.0114 —0.0060

AP | 00217 —0.9609 |, 6F*=| 0.0031 0.0016 |,
—0.0083  0.3674 0.0082 0.0043
—0.0038  0.1699 0.0125 0.0066
—0.5941 —1.3733 0.2216 0.5018
—0.5255 —1.1809 0.3422 0.7678

AV — [ —0.6593 —1.4756 |, .Y = | 0.8050 1.8022 |,
—0.5643 —1.2680 0.9644 2.1739
—0.4958 —1.1190 1.1108 2.5353

0.0076 0.0080 0.0097 0.0108 0.0143
0.0080 0.0166 0.0229 0.0165 0.0129
A — [ 0.0097 0.0229 0.1013 0.0389 0.0262
0.0108 0.0165 0.0389 0.0415 0.0347
0.0143 0.0129 0.0262 0.0347 0.0321

6 Concluding remarks

The aim in linear statistical models is to determine an estimator of the parameter
3 on the basis of the observation vector Y.

In this article we concentrated on a fundamental questions — how uncertainty
of the design and covariance matrices influence the bias and the variance of
estimators.

The quantities Agfi)t, OF*, AS,?t, Agi)t enables to judge how precise the
record of the design matrix and the covariance matrix must be.

In the last example it can be seen that in the situation B for ¢ = 0.2 the
record of the design matrix must take into account the values 0.001 and that
record of the covariance matrix must take into account the values 0.01.
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Abstract

A construction of confidence regions in nonlinear regression models
is difficult mainly in the case that the dimension of an estimated vector
parameter is large. A singularity is also a problem. Therefore some simple
approximation of an exact confidence region is welcome. The aim of the
paper is to give a small modification of a confidence ellipsoid constructed
in a linearized model which is sufficient under some conditions for an
approximation of the exact confidence region.

Key words: Nonlinear regression model, confidence region, singu-
larity.
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1 Introduction

A construction of a confidence region for unbiasedly estimable functions of non-
linear singular regression model parameters can be a difficult numerical prob-
lem (for more detail on nonlinear models cf. [6]). Mainly the case of a large
dimension of a vector parameter is unwelcome. If a confidence region can be

*Supported by the Council of the Czech Government MSM 6 198 959 214.

73
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approximated by a confidence ellipsoid (in the case of normally distributed ob-
servation vector), then a numerical calculation and an interpretation of results
are much more easier and simpler.

Therefore an attempt to find a simple measure of nonlinearity which enable
us to decide whether an approximate confidence ellipsoid can be used instead
of exact confidence region, is the aim of the paper.

2 Notation and some useful statements
The following notation is used.

means that Y is an n-dimensional normally distributed random vector with the
mean value E(Y) equal to f(3) and with the covariance matrix Var(Y) = X.
Let the function f(-): R¥ — R™ (R™ is the n-dimensional real linear vector
space) can be expressed by the Taylor series of the second order, i.e.

£(8) = fo-+ FOf + 5w(60). 56=0— P,

fo = £(By), By is an approximate value of 3,

of /
F = 8(:11) — k(68) = [£1(68),..., k. (68)] ,
2 £,
Ki(08) = 5ﬂ/%£8<:) a8 =1

The matrix F need not be of the full rank in columns and 3 need not be positive
definite.
The linearized version of the model (1) is

Y — £y ~ N, (F68, %) (2)

and the quadratized version is

1
Y~ fo~ N, (Féﬂ + (08, z) | 3)
In the following text the notations
A~ ... g-inverse (generalized inverse) of the matrix A,
AT ... the Moore-Penrose g-inverse of the matrix A,
A;(W) ... minimum W-seminorm g-inverse of the matrix A, (W is positive

semidefinite matrix),
M(An) = {Au: u e R"} (column space of the matrix) A,

I ... identity matrix,
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Py = F/(FF’)"F the projection matrix on the space M(F’) in the Euclidean
norm,

r(A) ... the rank of the matrix A,
U = Var(Pr0B),
T =3 +FF,

will be used. More on a g-inverse of a matrix cf. [7].
In the model (2) a representative of all unbiasedly estimable linear functions
of the parameter 3 is the vector

Yy=PrB=PrBy+PrdéB=v,+dv.

Lemma 1 In the model (2) the (1—a)-confidence ellipsoid of the vector P §3
18

SPFHW = {PF/U.Z PFru — P/F—/(S\ﬁ eM [Var(m)] s (szu — m)/

x [Var(ProB)] " (Pru—PrioB) < X2 mypmn -3 (01— a)},

where
PriéB = Pr[(F), 5] (Y — o),
Var(P0B) = Pp [(F'TF)” —1|Pp, T=3X+FF.
Proof is given in [2]. O

In the following text it is necessary to take into account the fact that even 3,
can be considered to be known, only Pr (8 — B,) = Pr/d3 can be unbiasedly
estimated. Let

Bo =7 +wo, Yo=PrBy wo=MprPBy;

the parameter v = Pp/ (8 — B,) is unbiasedly estimable in the model (2),
however dw = Mp/(8 — B;) is not. Therefore the model

1

will be considered instead the model (3). Here

HWQ - (K/WQ,l? ct K/WQ,H)/?
0% f;
Ruwg,i = 57/ fa(z’(()?:;wO) vor= 17 sy
F — (o +w0).

o'
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Lemma 2 The bias b of the estimator

55 = BrdB = P[0 ) (Y - 1)

in the model (4) is
—~ 1 B
b = B(07) — 67 = 5Pr (), )] %0 (67)
1
= §PF/(F/T7F)7F/T7K/WO(5‘)’).
Proof is implied by the definition of the bias. O

Lemma 3 Let Y ~ Ni(u,X). Then
Y'EYY ~ x5 (6),
where § = W' p = Py X Pyp.

Proof Let J be a k x r(X) matrix such that JJ' = ¥ and K such a k x (%)
matrix that KK’ = 37 (ie. JK =1I). Then K'Y =K'+ 1, 7 ~ N, (5)(0,1).
Thus

Y'KK'Y = Y'S'Y =n'n+20'K'p+ p/S"p~ 32 ('S p).
However &1 = Py3 Py, since

P Pe¥ =% PysY Py¥Py¥ Py =Py¥ Py,
YPyY Py =PyY¥ Pe¥ =Py, P¥ PyX¥ =3Py¥ Py =Py

(in more detail cf. [7]). O

3 A linearization region for a confidence ellipsoid
Since T[Var(P/F/d\ﬁ)] =r[F/(X + FF')"X], it can happen that
r[Var(m)] = r[Var(g’\y)] < r(F).
Therefore the vector b need not be an element of M [Var(P/F-/(S\ﬂ)].
The relation
0y =Ppif=EPpdB) —b=E(Ey) b,

valid in the model (3) and (4), respectively, implies that in general case the
vector P /03 need not be an element of &p,, 5p from Lemma 1. Thus it seems to
be reasonable to enlarge the ellipsoid £p,,sg to £ in such a way that Pr/d8 € £
with sufficiently high probability.

In the following text the notation U = Var(m) will be used.
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Definition 1 Let a set € be defined as
E = {Pp/u: uc Rk, (Pp/u — P/F-/(S\ﬁ)/[U + CQ(PF/ — P’[})]jL

X (Ppu—PpiB) < X72"(F’T*E) (0;1— a)},

where T = ¥ + FF' and the choice ¢?> depends on the opinion of the user (cf.
the following remark).

Remark 1 The number c¢? should be comparable with the spectral numbers of
the matrix U. The semiaxes of £ in the space M (P — Py ) have the same size
equal to

a= C\/Xz(F/sz) (0;1 - a).

The smaller is ¢, the smaller is the probability P {P JeXS E}. Thus ¢ cannot
be smaller than some reasonable bound. If b € M(U), then it can be tolerated
in the case b U~ b < ¢. Let

f
U=) Mif], f=rFTX),
=1

be spectral decomposition of the matrix U and
Amax = max{\;: i =1,...,.r(FFT™X)}.

If h = sf,,.x (the vector fi . corresponds to Apax), then, regarding the Scheffé
theorem [8] (b’U~b < ¢ & V{h € M(U)} h'b| < evh'Uh),

[h'b| = s|f! .. b| < sev/Amax-

In the worst case (i.e. b = tfiax) ||b]| = t < v/ Amax- It implies that the bias
b with the norm smaller than v/ Anax can be tolerated and thus the choice
¢® = Amax 1S reasonable.

Definition 2 Let the measure of nonlinearity for the confidence ellipsoid be

2\/b/<6’y) [U + )\max<PF’ - PU)] +b<6’7)

C = sup -

toye RPED S

where .
b((;’)’) = §PF’ (F/T_F)_F/T_K/((S’)’)

Theorem 1 If 3 € E((;”), where

¢ - 2 5max
il = {57; 5y € M(F'),67' [U + Anax(Prr — Pyy)] 07y < 7V} ,

C'(ell)
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then
P{é‘yef} >1-a—ec

Here dax 18 a solution of the equation
P{X?(émax) < X?(O; 1-— a)} =l—-a-c¢
and f =r(F'T™X).

Proof Regarding Definition 6

2/B/(07) [U+ A (P — P)] TB(8) < 69 [U + A (Pr — Py)] 67D,
Let

2v/dmax
6’)// [U+)\max<PF’ - PU)]_(S’Y < Cllell) -~

Further
(07 = 67) [U + Anax (P = P0y)] " (57 — 67) =
= [67 — E(37) + E(67) — 67]'[U + Amax (P — Pyr)]
x [0y — B(37) + E(5v) — 0v]
= [07 = B(7)]'[U + Amax (P — Py)] " [67 — E(37)]
+2b'(59) [U + Amax (P — Pyy)] " [0 — E(57)]
+1'(07) [U + Amax(Prr — Pyr)] "b(07) = x2(9),
where
§ = b'(67)[U + Amax(Pr — Prr)] "b(d7),
what is implied by Lemma 3. The relation
(Y = ) + 0] (Y — )+ 4] =
= (Y-S (Y —p) +2/Z5(Y — p) + ('S p = x5y (W' =T ),

based on Lemma 3 is used as well.
Thus

(07 = 67)' [U + Amax(Pr — P1r)] " (37 — 09) = x3(0),

where 4
6= b/((s’)/) [U + Amax(PF/ - PU):I b(57)

If 6 < dmax, then
P{X?c(é) < xfc(O; 1-— a)} > P{xfc(émax) < xfc(O; 1- a)} =l-a-—c¢,

what means P{é’y € Z} >l—a—e. O
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Remark 2 Let us apply Theorem 1 on the regular linearized model. Then
Pr =Py =1, & = &, and O = K(P) where K97 is the Bates and
Watts parametric curvature

VE (6B PE K (58)
Kar) — sup y —
SBF'E FB

.08 € RF

(in more detail cf. [1]). In this case the statement

=P{oBe&pt>1—a—c¢

58 € {u: WF'S " Fu <

is true (cf. also [4]). Thus Theorem 7 is a reasonable generalization suitable for
the singular model.

Remark 3 In the case that only one function of the parameter 3, i.e. h(vy) =
h'~, + h'dy, év € M(F’), is important, a very simple procedure can be used.
Let in the first case Py [(F'T"F)~ —I|Pph > 0.

Since

by, = E(h'dv) — h'sy = %h’PF/ [(F"), 5] B (67) = 67/ Andy,
where

A, = znj {%h’PF/ [(F) ]’}iw

— m(%) dudu’

u="%0

we obtain

oy € ‘Ch/5V = {u: ue M(F/), |u’Ah/55u| < \/51,max}

= P{|h’57 — ] < \/x2(0;1 - @) h’PF/UPF/h} >1—a-—-«.
Here 01 max is a solution of the equation
P{x?(&,max) < X7(0;1 - a)} =l-a-c
If hYUh = 0, then
P{h’&? — E(W§y) = 0} =1

and thus -
P{h’&y — Wéy + h’b(&y)} ~ 1.

Thus
0y € Lpisy = {u: u€ M(F), [uApu| < A}
:P{h’&ye {u: u € R1,|u—h/’§\'y| < A} =1.

It is interesting to compare the linearization regions Ls, and Ly /5.
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4 Numerical example

Let us consider the regression model

Y; B exp(—F3)

Y B1 eXPE—ﬁsg 3,

Y3 B1 exp(—03 _ 3
Y4 ~ N6 ﬁQ eXp(*ﬁg) 726,6 ) ﬂ - gQ €ER )
Ys B2 exp(—03) ’

Ys B2 exp(—f33)

26,6 = U2I6,6a 02 = (05)2

Then
1
8f(u+w0) 13, 0, —13
F= = 3 13 = 1 )
61]./ U=y 07 137 _13 1
0,0, -1 0, 0, 0
Fi=F,=F;=| 0,0, 0|, Fs=F5=Fg=|[0, 0, -1
~1,0, 1 0, -1, 1
Here
82fi(u+w0)
Fi = ) = 17 . 767
Juou’ uU="0 !
92, —1, 1
Pp =F(FF) F=_[-1, 2 -1,
1, -1 2

- 2 [ 10, -8, —2
Var(Ppop) = U = PF,{[F’(Z +FF)F] - I}PF, - g_4 -8, 10, —2

—2, -2, 4
1 2, -1, -1
Py =U(U?) U= 3 -1, 2,-11,
-1, -1 2
r[F'(Z+FF') " %] 2 1 1 1
U = Z:ZI )\Zfzle = z_Zl/\lfzle, /\1 = 502, /\2 = =0, /\max = §0'2,

Omax = 0.48 is a solution of the equation
P{Xft(o;l—a)} =l-a-—c¢,

and f =r[F'(Z +FF)~X] =2, a = 0.05, ¢ = 0.04.
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Further
2/1/(67) [U + Amax(Pr — P1)] " b(67)
ce = sup - c0yER?
69 [U + Amax(Pr — Py)| 0y
— 5 -0.191273,
where )
b = §PF/ (F/r:[‘7]:—“)7]:—“/':[‘7Iiw0 (5‘7)
The linearization region for v = P03 is
2 V 5max
Lsy = {u: ue€ M(F),u [U + Amax(Pr — PU)]+u < RlCD }

and the set % is
S = {u: ue M(F), (u—67) [U+ Anax(Pr — Py)] "
x (u— g’\Y) < X%(F/T*E)a); 1 - a)}

The linearization region Ls~ is the ellipse in the subspace M(F’) with the
semi-axes

ac1 = 1.5539 \/E, ac 2 = 0.8972 \/E
and &y, is the ellipse in M(F’) with the semi-axes

ag1=0.23590, ags=0.13620.

For ¢ = 0.5 it means
ac1 = 1.099, ac 2 = 0.634

and
agi1 = 0118, ag 2 = 0.068.

Thus the linearization is possible.
As far as the single function of 3 is concerned let us consider h = (1,0,0)".

6
Ap=)" {éh’PF/ [F'(X+FF)"F] F/(Z+ FF’)} F,

s=1 s

and
Eh’(H = {u; ue M(F/), u’Ahu < 61,max}
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where 1 max = 0.339 is a solution of the equation

P{Xf(élmax) < 2(0; 0.95)} —1-0.05— 0.04.

The linearization region L4+ is the hyperbola in M(F’) with the real semi-axis
a = 1.1768 and the imaginar bi, b = 1.714. Thus the linearization region for the
confidence interval for §v; is essentially larger (in the case o = 0.5) than the
linearization region for the whole vector §-y.
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Abstract

In this paper, we obtain some stability results for the Picard iteration
process for one and two metrics in complete metric space by using different
contractive definitions which are more general than those of Berinde [1],
Imoru and Olatinwo [5] some others listed in the reference section. The
results generalize and unify some of the results of Harder and Hicks [4],
Rhoades [10, 12], Osilike [8], Berinde [1], Imoru and Olatinwo [5] as well
as Imoru et al [6].

Key words: Stability results, Picard and Mann iteration processes.

2000 Mathematics Subject Classification: 47H06, 54H25

1 Preliminaries and Introduction
Let (F,d) be a complete metric space, T : E — F a selfmap of E.

Definition 1.1 [Harder and Hicks [4]]: Suppose that Fr = {p € E | Tp = p}
is the set of fixed points of T'. Let {x,,},-, C E be the sequence generated by
an iteration procedure involving 7" which is defined by

Tn+1 :f(Taxn)v n:0717"'7 (11)

where zg € E is the initial approximation and f is some function. Suppose
{z,,},2, converges to a fixed point p of T. Let {yn}5>, C E and set ¢, =
d(Yn+1, [(Tyyn)), n =0,1,2,... Then, the iteration procedure (1.1) is said to
be T'—stable or stable with respect to 7' if and only if lim, . €, = 0 implies

83
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Definition 1.2 [Singh et al [13]]: Let S,7:Y — E, T(Y) C S(Y) and z a
coincidence point of S and T, that is, Sz = Tz = p (say). For any z¢ € Y, let
the sequence {Swn}zozo, generated by the iteration procedure

Stpy1 = f(T,x,), n=0,1,... (1.2)

converge to p. Let {Sy,},., C E be an arbitrary sequence, and set €, =
d(Syn+1, [(T,yn)), n = 0,1,... Then, the iteration procedure (1.2) will be
called (S, T)-stable if and only if lim,,—. €, = 0 implies that lim,,_,c Sy, = p.

This definition reduces to that of the stability of iteration procedure due to
Harder and Hicks [4] when Y = E and S = I (identity operator).
If in (1.1),
f(T,z,)=Tx,, n=0,1,...,

then we have the Picard iteration process, while we obtain the Jungck-type
iteration if in (1.2)
f(T,xn) =Tx,, n=0,1,...

Definition 1.3 [Berinde [2]]: A function ¢: Ry — R, is called a comparison
function if:

(i) ¢ is monotone increasing;

(i) lim $"(t) =0, ¥t > 0.

We remark here that every comparison function satisfies the condition 1(0) = 0.

Several stability results have been obtained by various authors using dif-
ferent contractive definitions. Harder and Hicks [4] obtained interesting stabil-
ity results for some iteration procedures using various contractive definitions.
Rhoades [10, 12] generalized the results of Harder and Hicks [4] to a more gen-
eral contractive mapping. In Osilike [8], a generalization of some of the results
of Harder and Hicks [4] and Rhoades [12] was obtained by employing the fol-
lowing contractive definition: there exist a constant L > 0 and a € [0,1) such
Ve,y € E,

d(Tz,Ty) < Ld(z,Tz) + ad(z,y). (1.3)

Condition (1.3) is more general than those of Rhoades [12] and Harder and
Hicks [4]. As in Harder and Hicks [4], Berinde [1] obtained the same stability
results for the same iteration procedures using the same contractive definitions,
but applied a different method. The method of Berinde [1] is similar to that
employed in Osilike and Udomene [9].

Recently, Imoru and Olatinwo [5] obtained some stability results for Pi-
card and Mann iteration procedures by using a more general contractive condi-
tion than those of Harder and Hicks [4], Rhoades [12], Osilike [8], Osilike and
Udomene [9] and Berinde [1]. In the paper [5], the following contractive defi-
nition was employed: there exist a € [0,1) and a monotone increasing function
v: Ry — Ry, with ¢(0) = 0, such that Vz,y € E,

d(Tz,Ty) < p(d(z,Tx)) + ad(z,y). (1.4)
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It is our purpose in this paper to obtain several stability results in metric space
by applying different contractive definitions. However, we shall employ the
following lemmas in the sequel.

Lemma 1.4 [Imoruet al [6]]: Ify: Ry — R, is a subadditive comparison func-
tion and {en}zozo is a sequence of positive numbers such that lim, . €, = 0,
then for any sequence of positive numbers {u, 5, satisfying

Upt1 < Z om0 (upn) +€n, n=0,1,2,...,

m=0
where Y 0 o8 =1, 60,01, ,0s € [0,1], we have lim, oo up = 0.
Lemma 1.5 [Imoruet al [6]]: Let {)*(t)}2_, be a sequence of comparison func-
tions. Then, any conver linear combination Z?:o cjyI(t) of the comparison

functions is also a comparison function, where ijo c¢j =1 and co,c1,...,Cp
are positive constants.

Lemma 1.6 [Imoru et al [6]]: Let ¢: Ry — Ry be a comparison function and
{on}5Ly a sequence of positive numbers such that limy,_,oc v, = 0. Then, we

have
n

nh_)n;o an_k(vk) =0, foreach k.
k=0

Lemma 1.7 If¢: Ry — Ry is a subadditive comparison function and {en}zozo
is a sequence of positive numbers such that lim, .. €, = 0. Suppose that € > 0
is an arbirarily small given number. Then, for any sequence of positive numbers

{un}, 2, satisfying

Un+1 SZ(Skwk(un)—l—en—i—e, n=0,1,..., (1.5)
k=0

where 6 € [0,1], k=0,1,...,m, 0 < >7" 0 < 1, we have

lim u, =0

Proof By putting ¥ (u,) = Y pe 6x¢*(uy) in (1.5), then we have
Unt1 < P(up) +en+6, n=0,1,..., (1.6)

and also by Lemma 1.5, we have that ¢ (u,,) is a comparison function. It follows
from (1.6) that

< (o) + €0 + ¢,
S'l/_)(ul)JFEl € <(P(ug) + €0 +e€) +er+e
< [9(uo) + 1(eo) + 1] + [¥0(€) + €,
< Plug) + €2 + € < P (ug) + ¥ (e0) + P(er) + 97 (€) + P(e) + €2 + €
= [*(uo) + ¥*(e0) + (1) + e2] + [V (€) + P(e) + €]
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In general,
Unt1 <" (uo) + Zlﬁ"ik(ek) + Zl/;k(e) (1.7)
k=0 k=0
Since ) is a comparison function, then lim,, o ¥+ (ug) = 0. O

Using Lemma 1.6, we obtain that
lim Z@"‘k(ek) =0 and lim Z’(/_Jk(e) =0
k=0 k=0

since € > 0 is arbitrary. Hence, (1.7) leads to lim, e un = 0.

We shall establish our main results in the next two sections. Section 2 deals
with some stability results involving one metric, while stability results involving
two metrics are proved in section 3.

2 Stability results involving one metric in complete
metric space

Theorem 2.1 Let (E,d) be a complete metric space and T: E — E a selfmap
of E satisfying

p1(d(z, Tx)) + P(d(z, y))
pa(d(z, T)) ’

d(Tz,Ty) < Vo, y € B, (2.1)

where ¥: Ry — Ry is a continuous comparison function and p1,p2: Ry — R4
are monotone increasing functions such that ¢1(0) = 0 and 2(0) = 1. Suppose

T has a fixed point p. Let xy € E and let x4y = Taxn, n = 0,1,..., be the
Picard iteration associated to T'. Then, the Picard iteration process is T-stable.

Proof Let {y,} -y C E and €, = d(ynt1,Tyn). Assume lim, .o €, = 0.
Then, we shall establish that lim,, ., ¥y, = p by using the contractive condition
and the triangle inequality:

d(Ynt1,p) < d(Tp, Tyn) + €n < Y(d(Yn,p)) + €n- (2.2)

Using Lemma 1.4 in (2.2) yields lim, s d(yn, p) = 0, that is, lim, e yn = p.
Conversely, let lim, . ¥, = p. Then, by the contractive condition and the
triangle inequality, we have

€n = dYn+1, TYn) < d(Ynt1,0) +(d(Yn,p)) — 0 asn — oco. 0

Corollary 2.2 Let (E,d) be a complete metric space and T: E — E a selfmap
of E satisfying

o(d(z, Tz)) + ad(z,y)

<
AT, Ty) s = T Te)

Ve,y € E,
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wherea € [0,1), L > 0 and p: Ry — R4 is a monotone increasing function such
that p(0) = 0. Suppose T has a fized point p. Let xg € E and let xy11 = Txy,
n=0,1,..., be the Picard iteration associated to T'. Then, the Picard iteration
process is T'-stable.

Corollary 2.3 Let (E,d) be a complete metric space and T: E — E a selfmap
of E satisfying

Pd(x,y))
pa(d(z, Tx))’

where ¥: Ry — Ry is a continuous comparison function and p1,p2: Ry — R4
are monotone increasing functions such that ¢1(0) = 0 and ¢2(0) = 1. Suppose
T has a fixed point p. Let xy € E and let x4 1 = Taxn, n = 0,1,..., be the
Picard iteration associated to T'. Then, the Picard iteration process is T-stable.

d(Tz, Ty) < p1(d(z, Tx)) + Ve,y € E,

Remark 2.4 Theorem 2.1 and its corollaries generalize and unify Theorem 3.1
of Imoru and Olatinwo [5] and several others in the literature. In particular,
see Berinde [1], Imoru and Olatinwo [5], Rhoades [10, 11, 12] and some other
references in the reference section of this paper for detail.

We now establish the following stability results for uniform convergence of
sequences of operators:

Theorem 2.5 Let (E,d) be a complete metric space and {T,,},", a sequence
of operators Ty,: E — E. Let {xn}flo:o be the Picard iteration process. If the
sequence {Tn}zozo converges uniformly to an operator T: E — E satisfying

d(Tz, Ty) < p(d(z,Tx)) + ¥(d(z,y)), Va,y€ E, (2.3)

where p: Ry — Ry is a monotone increasing function such that ¢(0) = 0 and
¥: Ry — Ry is a continuous, subadditive comparison function. Suppose also
that T has the fixed point p. Then, the Picard iteration process is T -stable.

Proof Let {y,} -, C E and let €, = d(ynt1, Tnyn), d(Tpz,Tx) <€,V € E,
Vn > N. Assume lim,,_, €, = 0. Then, we shall establish that lim,, ... y, = p
by using the contraction condition (2.3) for T' and the triangle inequality:

d<yn+1ap) S d(yn—i-l» Tnyn) + d(Tnynvp) S d(Tp, Tyn) + d(Tyna Tnyn) + €n
< Y(d(p,yn)) + €n + €. (2.4)

Using Lemma 1.7 in (2.4) yields
d(Ynt1,p) >0 asn — oo

That is, since € > 0 is arbitrary, then lim,_, ., y, = p.
Conversely, let lim,, oo ¥ = p. Then, we have

en = dYns1, Tnyn) < d(Yny1,p) +9(d(p,yn)) +€—0 asn — oo,

since € > 0 is arbitrary. O
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Corollary 2.6 Let (E,d) be a complete metric space and {T,,} —, a sequence
of operators T,,: E — E. Let {xn}zozo be the Picard iteration process. If the
sequence {Tn}zozo converges uniformly to an operator T: E — E satisfying

where p: Ry — R4 is a monotone increasing function such that ¢(0) = 0.
Suppose also that T has the fized point p. Then, the Picard iteration process is
T-stable.

Remark 2.7 We remark that this theorem holds if {7} converges pointwise
to T since uniform convergence is more general than pointwise convergence.

Corollary 2.8 Let (E,d) be a complete metric space and {T,},~, a sequence
of operators T,,: E — E. Let {xn}zozo be the Picard iteration process. If the
sequence {Tn}zozo converges pointwise to an operator 1: E — E satisfying

d(Tz, Ty) < p(d(z,Tz)) + ¢¥(d(z,y)), Vx,y€ E,

where ¢: Ry — Ry is a monotone increasing function such that ¢(0) = 0 and
¥: Ry — Ry is a continuous, subadditive comparison function. Suppose also
that T has the fixed point p. Then, the Picard iteration process is T-stable.

Remark 2.9 To the best of our knowledge, this is the first time that stabil-
ity results are being considered using the concepts of uniform and pointwise
convergence of sequences of operators.

Theorem 2.10 Let (E,d) be a complete metric space and'Y an arbitrary set.
Suppose that S,T:Y — E are nonselfoperators such that T(Y) C S(Y), S(Y)
a complete subspace of E. Let z be a coincidence point of S and T (that is,
Sz =Tz=p). Suppose that S and T satisfy the contractive condition

d(Tx, Ty) < Y(d(Sz, Sy))

_WEOT oY) sy Y, 2.5
STt Md(Sn, Ta) 20 TRYED (2:5)

where 1: Ry — Ry is a continuous subadditive comparison function. For xg €
Y, let {San},—, be the Jungck-type iteration process defined by Stpiq = Ty,
n=0,1,..., converging to p. Then, the Jungck-type iteration process is (S,T)-
stable.

Proof We now assume that lim,, ., €, = 0 and establish that lim,,_., Sy, = p,
using the contractive condition and triangle inequality. Therefore, we have

A(Synt1,p) < d(SYn+1, Tyn) + d(TyYn.p) < Y(d(p, Syn)) + €n (2.6)
By using Lemma 1.4 in (2.6), we get lim,, o d(Syn,p) = 0, that is,

lim Sy, =p
n—oo



Some stability results in complete metric space 89

Conversely, let lim,, .o, Sy, = p. Then, by the contractive condition on S
and T as well as the triangle inequality, we have

en = d(SYn+1,Tyn) < d(Synt1,p) +d(p, Tyn)
S d(Syn+1»P)+1/)(d(p»Syn)) — 0 asn— oo. o

Theorem 2.11 Let S and T be operators on an arbitrary set Y with values
in E such that T(Y) C S(Y) and S(Y) or T(Y) is a complete subspace of E.
Let z be a coincidence point of S and T (i.e. S(z) = T(z) = p (say)). Let
zg € Y and let {Sxz,},, C E defined by Sxpyr = Txp, n = 0,1,---, be
the Jungck iteration process converging to p. Suppose that {Syn},—, C E and
en = d(SYn+1,Tyn), n =0,1,--- Suppose that S and T satisfy the contractive
condition

P(d(Sz, Sy)) + p(d(Sz, T))

d(Tz, Ty) <
(T, Ty) < 1+ Md(Sz, Tx) ’

where ¥ : Ry — Ry is a continuous subadditive comparison function and ¢ :
Ry — Ry is a monotone increasing function such that ¢(0) = 0. Then, the
Jungck iteration process is (S,T)-stable.

Proof The proof of this theorem follows a similar argument as in that of
Theorem 2.10. O

Remark 2.12 Theorem 2.10 and others extend some celebrated results of [1,
4, 8,9, 12] and some results due to the author [5, 6]. Infact, Theorem 2.10 is
also a generalization and extension of Theorem 3.1 of Singh et al [13].

3 Stability results involving two metrics d and p on a
nonempty set F

Theorem 3.1 Let E be a nonempty set, d and p two metrics on E andT: F —
E a mapping. Suppose that:
(i) T has a fized point p;
(i) there exist ¢ > 0, and a monotone increasing function p1: Ry — Ry
with ¢1(0) =0 such that

d(Tz,Ty) < p1(p(x, Tx)) + cp(z,y), Va,y € E;

(iii) (E,d) is a complete metric space;
(iv) T: (E,p) — (E,p) satisfies the contractive condition

p(Tz, Ty) < p2(p(x, Tx)) +P(p(x,y)), Y,y €L,

where ¥*: Ry — Ry, k=1,2,..., are continuous comparison functions (* is
the k-th iterate of 1) and po: Ry — Ry, k=1,2,..., is a monotone increasing
function such that v2(0) = 0.

Letxg € E and xppy1 = Txp, n=0,1,..., be the Picard iteration associated

to T. Then, the Picard iteration process with T: (E,d) — (E,d) is T-stable.
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Proof Let {y,},—y C E, €, = d(ynt1,Tyn), n = 0,1,..., and suppose that
lim, o €, = 0. Then, we shall establish that lim,_,. y, = p, using condi-
tions (i)-(iv) and the triangle inequality: Therefore, using (i), (ii) and triangle
inequality lead to

Ad(Yn+1,p0) < d(Tyn, Tp) + en < 01(p(p, TP)) + cp(p, yn) + €n
= cp(Yn,P) + €n- (3.1)

Using (iii), we have that p € E. Condition (iv) shows that 7" has a unique
fixed point. Also by condition (iv), we get

P(Ynsp) = p(Tyn—1,Tp) = p(Tp, Tyn-1) < Y (p(Yn-1,p))
<P*(p(Yn—-2,p)) < -+ <™ (p(yo,p)) = 0 asn — oo. (32)

Using (3.2) in (3.1), we have
d(ynt1,p) < " (p(yo,p)) + €n- (3-3)
Taking limits of both sides in (3.3) yields
Jim_d(yni1,p) < ¢ lim 9" (p(yo,p)) + lim e, — 0 asn — oo

That is, lim,—c0 yn, = p.
Conversely, let lim, o yn = p. Then, by condition (ii) and (3.2) we have

en = d(Yn+1, Tyn) < d(Ynt1,p) + d(Tp, Tyn)
< d(Yn+1,p) + " (p(p,y0)) = 0 as n — oo. o

Corollary 3.2 Let E be a nonempty set, d and p two metrics on E andT: E —
E a mapping. Suppose that:

(i) T has a fized point p;

(i) there exist ¢ > 0, M > 0 such that

d(Tz,Ty) < Mp(xz,Tz) + cp(z,y), VYa,y € E;

(i) (E,d) is a complete metric space;
(iv) T: (E,p) — (E,p) satisfies the contractive condition

p(Tz, Ty) < o(p(z,Tz)) +P(p(,y)), VYz,y € E,

where Y¥: Ry — Ry, k =1,2,..., are continuous comparison functions (Y*
is the k-th iterate of ¥) and ¢: Ry — Ry, k= 1,2,..., monotone increasing
functions such that ©(0) = 0.

Letxg € E and xpy1 = Txp, n=0,1,..., be the Picard iteration associated

to T. Then, the Picard iteration process with T: (E,d) — (FE,d) is T-stable.
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Theorem 3.3 Let E be a nonempty set and Y an arbitrary set. Let d and p
two metrics on'Y and S,T:Y — E nonselfmappings such that T(Y) C S(Y)
and S(Y) is a complete subspace of E. Suppose that:
(i) S and T have a coincidence point z (that is Tz = Sz =p);
(i) there exist ¢ > 0, and a monotone increasing function ¢1: Ry — Ry
with ¢1(0) = 0 such that

d(Tz,Ty) < ¢1(p(Sz,Tx)) + cp(Sz, Sy), Vr,yeY;

(iii) (E,d) is a complete metric space;
(iv) T: (Y,p) — (E,p) satisfies the contractive condition

where Y*: Ry — Ry, k=1,2,..., are continuous comparison functions (* is
the k-th iterate of ) and p2: Ry — Ry, k=1,2,..., is a monotone increasing
function such that ¢2(0) = 0.

Let xg € E and zpy1 = Txp, n = 0,1,..., be the Jungck-type iteration
associated to S and T. Then, the Jungck-type iteration process with T: (Y,d) —
(E,d) is (S,T)-stable.

Proof Let {Syn}.oy C E, €, = d(Synt1,Tyn), n = 0,1,..., and suppose
that lim,, o €, = 0. Then, we shall establish that lim, ., Sy, = p, using
conditions (i)—(iv) and the triangle inequality: Therefore, using (i), (ii) and
triangle inequality lead to

d(SYn+1,p) < d(SYn+1, Tyn) + d(Tyn,p) = d(T2,Tyn) + €n
< ¢1(p(52,Tz)) + cp(Sz,Syn) + €n = cp(p, Syn) + €n. (3.4)

Using (iii), we have that p € E. Condition (iv) shows that T has a unique fixed
point. Also by condition (iv), we get

p(p, Syn) = p(Tz, Tyn-1) < Y(p(SYyn—1,D))
< P*(p(Syn—2,p)) < -+ <" (p(Syo,p)) = 0 asn — oo. (3.5)
Using (3.5) in (3.4), we have
d(Syn+1,p) < ™ (p(Syo,p)) + €n. (3.6)

Taking limits of both sides in (3.6) yields
lim d(Syn+1,p) < c lim ¥"(p(Syo,p)) + lim €, =0

That is, lim,, o Sy, = p.
Conversely, let lim,,_, Sy, = p. Then, by condition (ii) and (3.5) we have

en = d(Syn+1,Tyn) < d(Synt1,p) + d(Tz,Tyn)
< d(SYn+1,p) + V" (p(p, Syo)) — 0 as n — oo. O
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Remark 3.4 Theorem 3.1 and Theorem 3.3 as well as the corollary generalize
and extend the well-known stability results in the literature. In particular, see
Singh et al [13], Berinde [1], Imoru and Olatinwo [5], Rhoades [10, 11, 12] and
some other references in the reference section of this paper for detail. Indeed,
Theorem 3.1 and Theorem 3.3 are generalizations and extensions of Theorem
3.1 and Theorem 3.4 of Singh et al [13].

Remark 3.5 To the best of our knowledge, this is the first time the stability
of the Picard and Jungck-type iteration processes is being investigated for the
case of two metrics.
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Abstract

Bounded commutative residuated lattice ordered monoids (R¢-mon-
oids) are a common generalization of BL-algebras and Heyting algebras,
i.e. algebras of basic fuzzy logic and intuitionistic logic, respectively. In
the paper we develop the theory of filters of bounded commutative R/{-

monoids.

Key words: Residuated ¢-monoid, deductive system, BL-algebra,
MYV -algebra, Heyting algebra, filter.
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1 Introduction

BL-algebras have been introduced by P. Hajek as an algebraic counterpart of
the basic fuzzy logic BL [5]. Omitting the requirement of pre-linearity in the
definition of a BL-algebra, one obtains the definition of a bounded commutative
residuated lattice ordered monoid (R¢-monoid). Nevertheless, bounded com-
mutative R/-monoids are a generalization not only of BL-algebras but also of
Heyting algebras which are an algebraic counterpart of the intuitionistic propo-
sitional logic. Therefore, bounded commutative R¢-monoids could be taken as
an algebraic semantics of a more general logic than Hajek’s fuzzy logic. It is

*The first author was supported by the Council of Czech Government, MSM 6198959214.
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known that every BL-algebra (and consequently every MV -algebra [2], or equiv-
alently, every Wajsberg algebra [4]) is a subdirect product of linearly ordered
BL-algebras. Moreover, a bounded commutative R¢-monoid is a subdirect prod-
uct of linearly ordered R¢-monoids if and only if it is a BL-algebra [13]. On the
other side, bounded commutative R¢-monoids which need not be BL-algebras
can be constructed from BL-algebras by means of other natural operations, e.g.
by means of pasting, i.e. ordinal sums. For example, the pasting of Wajsberg
algebras which are not linearly ordered gives bounded commutative R{-monoids
which are not BL-algebras [8, 9].

In both BL-algebras and bounded commutative R{-monoids, filters coincide
with deductive systems of those algebras and are exactly the kernels of their
congruences. Various types of filters of BL-algebras were studied in [19], [7] and
[11]. Boolean filters of bounded commutative R{-monoids were investigated
in [14].

In this paper we further develop the theory of filters of bounded commutative
R{-monoids and among others, we generalize some results of [7] and [11].

For concepts and results concerning MV-algebras, BL-algebras and Heyting
algebras see for instance [2], [5], [1].

2 Preliminaries

A bounded commutative R{-monoid is an algebra M = (M; ®,V,A,—,0,1) of
type (2,2,2,2,0,0) satisfying the following conditions:

) (M;®,1) is a commutative monoid.

) (M;V,A,0,1) is a bounded lattice.

(R(3) Oy <zifand only if x <y — z, for any z,y,2z € M.
) x©®(x—y)=xAvy, for any z,y € M.

In the sequel, by an R{-monoid we will mean a bounded commutative R{-
monoid.

On any R/{-monoid M let us define a unary operation negation ~ by =z~ :=
x — 0 for any x € M.

Bounded commutative R{-monoids are special cases of residuated lattices,
more precisely (see for instance [3]), they are exactly commutative integral gen-
eralized BL-algebras in the sense of [10].

The above mentioned algebras can be characterized in the class of all R{-
monoids as follows: An R{-monoid M is

a) a BL-algebra if and only if M satisfies the identity of pre-linearity
(z—y)Vy—z)=1;

b) an MV-algebra if and only if M fulfills the double negation law
T =

¢) a Heyting algebra if and only if the operation “®” is idempotent.
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Lemma 2.1 See [15] and [16]. In any bounded commutative RC-monoid M we
have for any x,y,z € M:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

l—-z=u2.

rly<=z—y=1.

Oy <zTANYy.

r<y—zx.

(Oy) »z=z—(y—2)=y— (- 2)
(@Vy) —z=(x—2) Ay — 2).

= (ynz)=(@ -y A= 2).
r<zx" ", x" =x" "

r<y=y <z .

(oy) =y —a =y o —r oy =

rl{y=—=z2z—cx<2—yY, y—2<1r— 2.
r—oy<y —ua .
rVy<((z—y) =y A(y—z)—2).
r—y<(y—z)—(x—2).

zoy<(z—a)—(2-y).

A non-empty subset F' of an R¢-monoid M is called a filter of M if

(F1)
(F2)

z,y € Fimply x Oy € F;
zeF, yeM, x <yimplyy e F.

A subset D of an R/-monoid M is called a deductive system of M if

(i)
(i)

1€ D;
r€D, x—yeDimplyyeD.

Proposition 2.2 [8]. Let H be a non-empty subset of M. Then H is a filter
of M if and only if H is a deductive system of M.

By [18], filters of commutative R¢-monoids are exactly the kernels of their
congruences. If F' is a filter of M, then F' is the kernel of the unique congruence
O(F) such that (x,y) € O(F) if and only if (zx — y) A (y — z) € F, for any
x,y € M. Hence we will consider quotient R¢-monoids M/F of R¢-monoids M
by their filters F.

A filter F' of M is called mazimal if F' is a proper filter of M and is not a
proper subset of any proper filter of M.
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3 Implicative filters

Let M be an R/-monoid and F' a subset of M. Then F is called an implicative
filter of M if

(1) 1eF;
(2) z—(y—zeF,z—yeFimplyzx—z€F.

Proposition 3.1 FEvery implicative filter of an R{-monoid M is a filter of M.

Proof Let () # F C M satisfy conditions (1) and (2) and let =,y € M be such
that v, o —y€ F. Then1l — (r - y) € F,1 >z € F,hencey=1—ye€ F.
O

If F is a filter of an R¢-monoid M and a € M, put
M, ={rxeM:a—x€F}.

Theorem 3.2 Let M be an R{-monoid and F be a filter of M. Then F is an
implicative filter of M if and only if M, is a filter of M for every a € M.

Proof Let F be an implicative filter of M and a € M. Then 1 =a — 1 € M,
thus 1 € M,. Further, suppose that =z, x — y € M,, ie. a — =z € F and
a — (x — y) € F. Then we get a — y € F, and hence y € M,. That means,
M, is a filter of M for arbitrary a € M.

Conversely, let M, be a filter of M for each a € M. Suppose that ©+ — (y —
2) € Fandxz — y € F. Then y — 2z € M, and y € M,, hence z € M, and
therefore + — z € F. That means, F' is implicative. O

Theorem 3.3 Let F be a filter of an R{-monoid M. Then the following con-
ditions are equivalent:

(a) F is an implicative filter of M.

(b)) y— (y — x) € F impliesy — x € F, for any x,y € M.

(c) z— (y — ) € F implies (z — y) — (¢ = z) € F, for any x,y,z € M.
(d) z— (y— (y—=x) € Fandz € F implyy — x € F, for any x,y,z € M.
(e) x — (xOz) € F, for any x € M.

Proof (a) = (b): Suppose that F' is an implicative filter of M, z,y € M and
y— (y—xz) € F. Thensincey »y=1€ F, we obtainy — z € F.

(b) = (c): Let F be a filter of M satisfying the condition (b), x,y,z € M
and z > (y > z) €F. Thenz - (z > ((z—y) — ) =2— ((z —y) —
(z—x)>2— (y—=x) € F,thus z — (¢ — ((z = y) — z)) € F. From this
we have z — ((z — y) — z) € F, that means (z —» y) — (z = z) € F.

(¢) = (d): Suppose that a filter F satisfies the condition (c). Let z — (y —
(y > z)) € Fand z € F. Then also y — (y — x) € F. At the same time,
y—z=(y—y) — (y—z),thussy -z €F.
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(d) = (a): Let a filter F' fulfill the condition (d). Let x — (y — 2) € F and
x—y€eF. Thenz — (y—z2)=y—(x—2) <(r—y) — (x— (x — 2)),
hence (z — y) — (z — (x — 2)) € F, and therefore x — 2z € F.

(a) = (e): Let F be an implicative filter of M. Then z — (z — (x ©® x)) =
(x®x) = (x©x) =1¢€ F. Further, x — 2 = 1 € F, and hence we obtain
z—(xOx)EF.

(e) = (a): Let a filter F satisfy the condition (e) and let x — (y — 2) € F
andz —y € F. Then (z — (y — 2))0(z = y)©0z0x < (y — 2)Oy < z, hence
(x—=(y—2)0—y) <(xOzx) — 2z and thus (xr ©®x) — z € F. Further,
x—(xOx)€F, (x©x) - x=1¢F, therefore from (z ©®©z) — z € F, we
obtain z — z € F. O

Using the proof (a) = (e) in the preceding theorem, we have as an immediate
consequence:

Theorem 3.4 If F is a filter of an R{-monoid M, then F is an implicative
filter if and only if the quotient REL-monoid M/F is a Heyting algebra.

Proposition 3.5 If I} and F» are filters of an R{-monoid M, Fy C Fy and Fy
is an implicative filter of M, then F5 is also an implicative filter of M.

Proof Suppose that F; and Fy are filters of an R/-monoid M, F; C F» and
Fy is implicative. Then, by Theorem 3.3, t — z ®x € F; C F; for any z € M,
and therefore F is also implicative. O

Let M be an R/{-monoid and F' a subset of M. Then F' is called a positive
implicative filter of M if

(1) 1eF;
3) 22— ((y—2)—y) € FandxeF implyy € F, for any z,y,2z € M.

Proposition 3.6 FEvery positive implicative filter of an R{-monoid M is a filter
of M.

Proof Letz€ Fandez -y € F. Thenz — (y—1)—y)=z— (1 -y =
x — 1y, hencex — ((y — 1) - y) € F, and thus y € F. O

Proposition 3.7 FEvery positive implicative filter of M is an implicative filter
of M.

Proof Let F be a positive implicative filter of M, z,y,z € M,z — (y — z) €
Fandz —-yeF. Wehave (2 —y) —m (x> (z—2) >2y—(x = 2) =z —
(y — 2), hence (x — y) — (z — (x — 2)) € F, and thus also x — (x — z) € F.

Since ((x — z) — 2) — (r — 2z) > — (v — z), then we get ((z — z) —
z) = (x — z) € F. Further, 1 — (((z = 2) = 2) = (x — 2)) = ((z — 2) —
z) = (x — z),and since 1 — (((x = 2) = 2) > (x > 2)) € Fand 1 € F, we
obtain x — z € F.

Therefore F' is an implicative filter. O
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Theorem 3.8 Let F' be a filter of an R{-monoid M. Then the following con-
ditions are equivalent:

(a) F is a positive implicative filter of M.
(b) (x = y) = x € F implies v € F, for any x,y € M.

(c) (x —z)—x€F, foranyx € M.

Proof (a) = (b): Let F be a positive implicative filter of M and (z — y) —
x € F. Thensincel - ((r —y) mz)=(x —y) >z € Fand 1 € F, we get
rzeF.

(b) = (a): Let a filter F' satisfy the condition (b) and let x — ((y — z) —
y) € Fand z € F. Then (y — 2) — y € F, and therefore y € F. Hence F is a
positive implicative filter of M.

(b) = (c): Let F be a filter of M and z € M. Then (((z~ — z) — z) —
0) = (&= — 1) = 2) = (3= = 2) — (2~ = 2) = 7) = 0) = 2) > (2~ —
) > 1) 0) =1 = (17— 1) — 1) - 0) > (z — 0) >z — (2 — z) —
x) =1¢€ F, thus (((z~ - z) - z) - 0) = ((t7 — z) — x) € F, and hence
(= - z)—xeF.

(¢c) = (b): Let a filter F satisfy condition (¢). Let (x — y) — x € F.
We have (z - y) 2 < (z - 0) - x =2 — z, hencez~ — = € F. By
the assumption, (= — z) — x € F, thus € F. Therefore F satisfies the
condition (b). O

Proposition 3.9 If F} and F> are filters of an R€-monoid M, Fy is a positive
implicative filter and Fy; C F5, then Fy is also a positive implicative filter of M.

Proof Let F} C F, and F; be positive implicative. Then for any x € M we
get (x7 — x) — x € [, thus (z~ — ) — z € F,. Therefore, by Theorem 3.8,
F5 is a positive implicative filter of M. O

Theorem 3.10 Let M be an R{-monoid. Then the following conditions are
equivalent:

(a) M is a Heyting algebra.
(b) Every filter of M is implicative.
(c) {1} is an implicative filter of M.

Proof (a)= (c): It follows from Theorem 3.4.

(a) = (b): Let M be an idempotent R¢-monoid, F' be a filter of M, and
x€ M. Thenx — (x®z) =x — x =1 € F, hence by Theorem 3.3, F is an
implicative filter.

(b) = (c): It is obvious. O
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Proposition 3.11 Let F' be an implicative filter of an R{-monoid M. Then
the following conditions are equivalent:

(a) F is a positive implicative filter of M.
(b)) (x = y) =y € F implies (y —x) —x €F, for any x,y € M.

Proof (a) = (b): Let F be a positive implicative filter of M and (z — y) -y €
F. Since z < (y — z) — z, we get ((y — ) —» ) > y <z — y. Hence (v —
y)—y<y—z) = (@—-y —z)=(@—-y —(y—2) —2) <y —
z) = x) —y) = ((y — x) = ), and thus (((y — =) > 2) = y) = (y = 2) —
x) € F. Consequently, also 1 — ((((y — 2) = z) = y) = ((y = x) > x)) € F,
and since F is a positive implicative filter, we get (y — z) —» x € F.

(b) = (a): Let an implicative filter F satisfy the condition (b) and let z € F
and z — ((y — 2z) — y) € F. Then also (y — z) — y € F. Further, (y — 2) —
y<(y—2) — ((y—2) — 2), hence (y — z) — ((y — 2z) — z) € F. Since F is
implicative, (y — z) — z € F. Then, by the assumption, also (z — y) — y € F.
Further, z <y — z, hence (y — 2) » y < z — y, thus z — y € F. We have
shown (z — y) — y € F, therefore y € F. O

Theorem 3.12 Let M be an Rl-monoid. Then the following conditions are
equivalent:

(a) {1} is a positive implicative filter.
(b) Every filter of M is positive implicative.

(¢) M(a):={x € M: a<x}is a positive implicative filter of M, for every
a€ M.

(d) (x —y)—z=uz, foranyz,y € M.
(e) M is a Boolean algebra.

Proof (a) = (b): It follows from Proposition 3.9.

(b) = (c): Let @ € M. Then 1 € M(a). Assume that z, x — y € M(a),
ie. a—> 2 =1, a — (r — y) = 1. Since by the assumption, {1} is a positive
implicative filter of M, we obtain @ — y = 1, hence y € M(a). That means
M (a) is a filter of M which is also positive implicative.

(¢c) = (d): fz,y € M, then (x — y) - = € M((x — y) — x), therefore
(x — y) — < x by Theorem 3.8. Moreover, z < (z — y) — z, i.e. (x —y) —
T =z

(d) = (a): It follows from Theorem 3.8.

(d) = (e): Since (zx — y) > & =z, we obtain (y — 2) 2 =(y — z) —
(x— ) > 2) > (& — y) — y, and similarly, (& — 1) -y > (y — 7) — .
Hence =~ =(x - 0) - 0= (0 - z) — v = 1 — z = x and therefore by [12],
M is an MV-algebra. Then by [7, Lemma 3.16], furthermore M is a Boolean
algebra.
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(e) = (d): Since M is a Boolean algebra, x~ is the lattice complement of z
in M, and so « V z~ = 1. This implies, by [7, Lemma 3.16], (x — y) > 2 =«
for any z,y € M. O

Theorem 3.13 If F' is a filter of an R{-monoid M, then the following condi-
tions are equivalent:

(a) F is a mazimal and positive implicative filter of M.
(b) F is a mazimal and implicative filter of M.

(¢) Ifx,ye M\ F, thenx -y € F andy -z € F.
(d) M/F is a two-element Boolean algebra.

Proof (a) = (b): It is obvious.

(b) = (c): Let F be a maximal and implicative filter of M. By Theorem
32, My={aeM: y—acF}isafilterof M. If b€ F, then fromb <y — b
it follows that y — b € F, thus b € M,,. Hence F' C M,. Since F' is a maximal
filter of M and y ¢ F', we have M, = M. Therefore y — = € F. The assumption
x ¢ F analogously implies © — y € F.

(c) = (a): Let a filter F satisfy the condition (c). Suppose that F is not
positive implicative. Then by Theorem 3.8, there are x,y € M such that « ¢ F
and (x - y) - x € F. If y € F, then x — y € F, and hence z € F, a
contradiction. If y ¢ F, then by (c), x — y € F, a contradiction. Hence F is a
positive implicative filter of M. We will prove that F' is also a maximal filter of
M. If a ¢ F, then by the preceding part of the proof, FF U {a} C M,. We will
show that M, is the least filter of M containing F'U{a}. Let G be a filter of M
such that FU{a} C G. If € M,, then a — z € F C G, and since a € G, we
have z € G. Therefore M, C G. Consider any element z € M. If z € F, then
z € M,. If z ¢ F, then since also a ¢ F, the assumption (c¢) gives a — z € M,.
Hence M, = M, and therefore F' is a maximal filter of M.

(c) = (d): It is obvious. O

A filter I of an R/¢-monoid M is called

a) Boolean if V=~ € F for every x € M;
b)  semi-Boolean if (x Ax~)~ € F for every x € M.

Proposition 3.14 [14, Theorem 3.2]. If F is a filter of an R{-monoid M, then
F' is Boolean if and only if M/F is a Boolean algebra.

Proposition 3.15 Every Boolean filter of M is semi-Boolean.

Proof Letz € M. Thenz~ < (zx Az~ )  and z <z~ < (z Az~ )", hence
xVz- <(xrAzx)". O

Example 3.16 Let M = {0,a,b, ¢, 1} be the lattice with the diagram in Fig. 1,
and let ® = A and — be defined in the corresponding table in Fig. 1.
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1

c
—- |0 a b ¢ 1

0 1 1 1 1 1 a b
a|/b 1 b 1 1
b a a 1 1 1
C 0 a b 1 1
1 0 a b ¢ 1
0
Fig. 1

Then M = (M;V,A,®,—,0,1) is an R¢-monoid (which is not a BL-algebra).
The filter F = {1} is semi-Boolean, but it is not Boolean.

Theorem 3.17 a) Let M be an R{-monoid. Then every Boolean filter of M is
positive implicative and every positive implicative filter of M is semi-Boolean.
b) If an Rl-monoid M satisfies condition

(z—=27)—a2)A (7 = z)—a)=xVa, foranyz € M, (%)
then Boolean and positive implicative filters of M coincide.

Proof a) Let M be an R¢-monoid, let F' be a Boolean filter of M and let x € M.
Then by Lemma 2.1, x Va2~ < ((z - 27) - 27 ) A((z~ — z) — z), hence
(g —=27) =27 )A((z~ — 2) — z) € F, and therefore (z— — z) -z € F.
That means F' is positive implicative.

Let now F be an arbitrary positive implicative filter of M and x € M. Then
(x77 -2 )—>2 € Fand by Lemma 2.1, (27~ —m2" ) -2 =(z—2a ) —
2=z —27)0x)” =(zxAz")". Thus F is a semi-Boolean filter.

b) Let an R¢-monoid M satisfy condition () and let F' be a positive implica-
tive filter of M. Then a fortiori F' is also implicative, hence z — (z ©® z) € F
for every x € M. We have (xt — z7) - 2~ = (x — (x — 0)) — (x — 0) =
((z@z) -0 = (x —-0) >z — (zOx), hence (x — 27) — 2~ € F, and
thus alsoxVa~ = ((z —27) =27 )A((x~ — z) — x) € F. Therefore F is a
Boolean filter. O

As an immediate consequence we get the following theorem.

Theorem 3.18 [11, Theorem 2]. Boolean and positive implicative filters of
any BL-algebra coincide.

Proof If M is a BL-algebra, then by [5, Lemma 2.3.4(8)], ((z — y) — y)A((y —
x) = x) =2a Vy, for every x,y € M. O

Let F' be a filter of an Rf-monoid M. Then F is called an implicative
deductive system if t — (27 — y) € Fandy — z € F imply x — z € F, for
any z, y, 2 € M.
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Theorem 3.19 [14, Theorem 3.2]. Let F be a filter of an R{-monoid M. Then
F is an implicative deductive system if and only if F' is a Boolean filter.

Remark 3.20 Now we can rephrase Theorem 3.17 in this way. Let M be an
R{-monoid. Then every implicative deductive system of M is a positive im-
plicative filter and every positive implicative filter of M is semi-Boolean. If
M satisfies the condition (), then implicative deductive systems and positive
implicative filters of M coincide.

Theorem 3.21 If F is a maximal and (positive) implicative filter of an R(-
monoid M, then F is Boolean.

Proof Let F be a maximal and (positive) implicative filter of M. Then by
Theorem 3.13, M/F is a two element R¢-monoid, hence a two element Boolean
algebra. Consequently, by Proposition 3.14, F is a Boolean filter. O

Theorem 3.22 If F' is a maximal filter of an R¢-monoid M, then the following
conditions are equivalent:

(a) F is a Boolean filter.
(b) F is a positive implicative filter.
(c) F is an implicative filter.

(d) F is an implicative deductive system.

Proof It follows from Theorems 3.17 and 3.21 and from Remark 3.20. O
Let M be an R¢-monoid. If F is a proper filter of M, denote

F~:={zxeM:z <y for someyc F}.

By [14, Proposition 3.4], F'U F'~ is a subalgebra of M for every proper filter F’
of M.

An R{-monoid M is called bipartite if M = F' U F~ for some maximal filter
F of M.

By [14, Theorem 3.6], M is bipartite if and only if M contains a proper
Boolean filter.

An R/-monoid M is said to be strongly bipartite if M = F U F~ for every
maximal filter F' of M.

If M is an Rf-monoid, denote by B(M) the intersection of all Boolean filters
of M. Obviously B(M) is the least Boolean filter of M.

Further, denote by Rad(M) the radical of M, i.e. the intersection of all
maximal filters of M.

Theorem 3.23 [14, Theorem 3.8]. If M is an R{-monoid, then the following
conditions are equivalent:

(a) M is strongly bipartite.
(b) Every mazimal filter of M is Boolean.
(¢) B(M) C Rad(M).
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The following theorem is an immediate consequence of Theorems 3.22 and
3.23.

Theorem 3.24 If M is an R{-monoid, then the following conditions are equiv-
alent:

(a) M is strongly bipartite.

(b) B(M) C Rad(M).

(¢) Every mazimal filter of M is Boolean.

(d) Every mazimal filter of M is positive implicative.

(e) Every mazimal filter of M is implicative.

4 Fantastic filters

Let M be an Rf-monoid and F' a subset of M. Then F is called a fantastic
filter of M if
(1) 1€ F;
4) z— (y—=xz)eFandze Fimply (z —y) —y) >z €F,
for any z,y,z € M.

Proposition 4.1 Every fantastic filter of M is a filter of M.

Proof Let F be a fantastic filter of M and z,y € M. If z, x — y € F, then
alsox € Fandz — (1 - y) =2 — y € F, and thus by (4),y € F. O

Theorem 4.2 A filter F' of an R{-monoid M is fantastic if and only if
(5) y— x € F implies (x —y) —y) > x €F, for every x,y € M.

Proof Let F be a fantastic filter of M, z,y € M and y — x € F. Then

l-(y—z)=y—cr€FandleF, hence ((z —>y) —»y) —zxz<F.
Conversely, let a filter F' satisfy the condition (5) and let z — (y — z) € F

and z € F. Then y — x € F, therefore also ((zr - y) —»y) -z € F. O

Theorem 4.3 FEvery positive implicative filter of an R{-monoid M is a fantas-
tic filter of M.

Proof Suppose F' is a positive implicative filter of M and xz,y € M are such
that y — = € F. We have z < ((x — y) — y) — z, thus

(z—=y) =y —z)—y<z—y
Further, (((z —y) —y) = z) —y) = (. —y) = y) »2) > (x —y) —
(—=y) =y —2)=((@—-y) =y = (z—y) —2) 2y —=
By the assumption y — x € F', hence also
(@ —=y)—=y) —2) =y) = ((x—y) —y) —2z) € F.

Since F is positive implicative, we get ((z — y) — y) — « € F, and hence F is
a fantastic filter. O
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Theorem 4.4 If F is a filter of an R{-monoid M, then the following conditions
are equivalent:

(a) F is a fantastic filter of M.
(b)) x=— —x €F, for every x € M.

(¢c) x —u€F andy — ue€F imply (x — y) = y) = u€F, for every
r,y,u € M.

Proof (a) = (b): Let F be a fantastic filter of M and € M. Since 0 — x =
1 € F, we obtain from (5) that =~ - 2= ((x - 0) - 0) -z € F.

(b) = (c): Suppose that F is a filter of M such that =~ — z € F for every
zeM. Let z,yyue M,z u€ Fandy - u € F. Sincex - u<u~ — "
andy - u<u” —y ,wegetu — a2~ € Fand u~ — y~ € F, and thus
(uw =z )A(u” -y )€eF.

Moreover,
(W =z )A (U =y )=u —(z7 Ay)
=u =y O —a))=u =y oy —(z—0)

(™ of
=u =W o= —0)=u = O@—y "))

Further,

(W =@y O@—y )= —(y o@—y)
>y o@—y )=y o—y))
>@—y )= (r—y) >y —yEeFL

therefore also v~ — (y~ © (x — y)) € F.
Moreover,

=y o@—y)<y o@—y) mu =@ oy) Yy ) U
hence ((r — y) — y~~ — u~~ € F. Further we have

(z—=y) =y )—=u )= (((z—>y) -y —u )
>((z—y)—y) = ((zr—y)—y )>2y—y =1€F,

thus ((x —y) —y) > u~~ € F.
Moreover,

(z—=y)—y) »u )= (((zr—>y) -y »u)>u~ —uclk

therefore also ((z —y) - y) D u€eF.

(c) = (a): If F satisfies the condition (c), then for u = = we get that whether
y — x € F then ((x — y) — y) —» x € F, for every x, y € M, hence F is a
fantastic filter of M. O
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Theorem 4.5 If Fy and Fy are filters of an R{-monoid M, Fy C F5 and F is
fantastic in M, then Fy is also a fantastic filter of M.

Proof Let F} and F5 be filters of M, F; C Fy, and let F; be fantastic. Then by
Theorem 4.4, x=~ — x € Fy C F, for every x € M, hence F3 is also fantastic.
O

Theorem 4.6 A filter F' of an R{-monoid M is fantastic if and only if M/F
is an MV -algebra.

Proof Let F be a filter of M. Then F is fantastic if and only if x7~ — x € F
for every « € M, which is equivalent to the following conditions in M/F:

2= JF —a/F=F, " /F<z/F and ==~ /F = z/F,
for every x/F € M/F, and this is equivalent to M/F is an MV -algebra. O

Proposition 4.7 If F is a mazimal filter of an R{-monoid M, then F is fan-
tastic.

Proof It follows from [3, Proposition 3.5], where it is proved that M/F is an
MYV -algebra for every maximal filter F' of M. O

Remark 4.8 The MV -filters of R{-monoids, i.e. filters such that the corre-
sponding quotient Rf-monoids are MV -algebras, were investigated in [16], [17]
and [3]. By Theorem 4.6, MV -filters of R¢-monoids are exactly their fantastic
filters. If M is an R¢-monoid, denote by D(M) := {x € M: =~ = 1} the set
of all dense elements in M. Then D(M) is a proper filter of M and a filter F' of
M is an MV -filter if and only if D(M) C F. Therefore we get as a consequence
the following proposition.

Proposition 4.9 A filter F' of an R{-monoid M is fantastic if and only if
DM)CF.

Proposition 4.10 Let M be an Ré-monoid. Then the following conditions are
equivalent:

(1) M is an MV -algebra.
(2) Every filter of M is fantastic.
(8) {1} is a fantastic filter of M.

Proof (1) = (2): Let M be an MV -algebra and F be a filter of M. Since the
class of MV -algebras is a subvariety of the variety of Rf-monoids, the quotient
Rl-monoid M/F is also an MV-algebra. Therefore by Theorem 4.6, F is a
fantastic filter.

(2) = (3): It is obvious.

(3) = (1): Let {1} be a fantastic filter of M. Then M = M/{1} is an
MYV -algebra. O
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Theorem 4.11 If F' is a filter of an R{-monoid M, then the following condi-
tions are equivalent.

(a) F is a Boolean filter.
(b) F is an implicative and fantastic filter.
Proof By Proposition 3.14, a filter F'is Boolean if and only if M/ F is a Boolean

algebra. Moreover, an R¢-monoid M/F is a Boolean algebra if and only if M/F
is an MV-algebra and (x/F) © (¢/F) = z/F for every z/F € M/F. This is

equivalent to (¢/F)~~ = «/F and (¢/F) ® («/F) = «/F, and it holds, by
Theorems 4.6 and 3.4, if and only if F' is a fantastic and implicative filter of M.
O

We have characterized filters of R{-monoids such that the corresponding
quotient R¢-monoids are Heyting algebras, Boolean algebras and MV -algebras,
respectively. (See e.g. Theorem 3.4, Proposition 3.14 and Theorem 4.6.) Now
we will complete it for the case when the quotient R{-monoid is a BL-algebra.

A filter F of an R/-monoid M is called a BL-filter of M if

(z—y)V(y—z)EF,
for every z,y € M.

Theorem 4.12 A filter F' of an R¢-monoid M is a BL-filter of M if and only
if M/F is a BL-algebra.

Proof We know that an Rf-monoid is a BL-algebra if and only if it satisfies
the identity of pre-linearity.
Let M be an R¢-monoid and F be a filter of M. If x,y € M, then

(@/F —=y/F)V(y/F —z/F)=(z—y)V(y—=)/F

Hence (¢/F — y/F)V (y/F — x/F)=F ifand only if (x —» y)V (y — z) € F.
|
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Abstract

The paper investigates singular nonlinear problems arising in hydro-
dynamics. In particular, it deals with the problem on the half-line of the
form

(p()u'(t)" = p(t) f (u(t)),
' (0) =0, wu(oco)=L.

The existence of a strictly increasing solution (a homoclinic solution) of
this problem is proved by the dynamical systems approach and the lower
and upper functions method.

Key words: Singular ordinary differential equation of the second
order, lower and upper functions, time singularities, unbounded do-
main, homoclinic solution.

2000 Mathematics Subject Classification: 34B16, 34B40

1 Introduction

In the Cahn—Hilliard theory used in hydrodynamics to study the behaviour of
nonhomogenous fluids the following system of PDE’s was derived

. dv
petdiv(pr) =0, — +V(ulp) —7Lp) =0
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with the density p and the velocity v of the fluid, p is its chemical potential,
v is a constant. In the simplest model, this system can be reduced into the
boundary value problem for the ODE of the second order (see [5] or [7])

(") = 4N*t" (u + Du(u =€), t € (0,00),
w'(0) =0, wu(oo)=E¢,
where k € N, £ € (0,1), A € (0,00) are parameters. The function u(t) = £ is
a solution of this problem and it corresponds to the case of homogenous fluid
(without bubbles). But only the existence of a strictly increasing solution of
this problem and the solution itself has a great physical significance. We call it
a homoclinic solution. We refer to [1] and [2], where an equivalent problem was

investigated. The numerical treatment was done in papers [5], [7].
Here, we study the generalized problem

(p()' (1)) = p(t)f (u(t)), (1)
uw'(0) =0, wu(oco)=1L, (2)

where L > 0.

2 Autonomous equation

The investigation of autonomous equations corresponding to (1) turned out to
be quite useful, because some solutions of the perturbed autonomous equation
(14) can serve as upper functions to (1).

Let h: R — R and x1, 2, 3 € R be such that z1 < x5 < 3 and

h is lipschitzian on [z1, 23], (3)

h(z;) =0 fori=1,2,3, (4)
there exists § > 0 such that h € C'((z2 — 6, z2)) }
and lim,,_, - W(x)=h"(z2) <O,

(x —x2)h(x) <0 for x € (x1,23) \ {22}, (6)
H(x1) > H(x3), (7)

where

H(:C):—/$h(z)dz for z € R.

2

Moreover we will assume that

h(z) =0 for x < 2y,
h(z) =z — a3 for x > x3.

Let us consider equation
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and the initial condition
u(0) =B, ¥/(0)=0 (10)

for B € (z1,x2). Equation (9) is equivalent with the gradient system
uy = ug, uy = h(uy). (11)

An energy function of the system (11) has the form

2
u
E(Ul,UQ): 72+H(U1), ’U,l,UQG]R.

Lemma 1 Let (3), (4), (6), (7) be satisfied. The function H has following
properties

1. H(z) > 0 for x € [x1,22) U (z2, z3],
2. H 1is decreasing on (x1,x2) and increasing on (x2,x3),

3. there exists unique B € (x1,x2) such that

H(B) = H(a3),
4. if (8) is satisfied, then
H(z) = H(z1) for x < xq,
{ H(x) = H(x3) — (v — x3)%/2  for > 23.

Proof The first two properties follow from the definition of H and (6). The
third property is a consequence of (6) and (7). The fourth one can be obtained
by simple computation. O

Lemma 2 Let (3), (4), (6)—(8) be satisfied. Let (v1,v2) be a solution of problem

(11);
ul(O) = B,’LLQ(O) = O, (12)

where B € (x1, B), B is from Lemma 1. Then there exists b > 0 such that
(% (b) = I3

and
0 < wat) < +/2H(xq)

fort € (0,0].

Proof It is well known that the level sets of the energy function E consist of
the orbits of the second-order conservative system (11), in particular, the orbit
~v((B,0)) of system (11) passing the point (B,0) in the phase plane is a subset
of

{(u1,us) € R?: up = ++/2(H(B) — H(u1)) A H(u) < H(B)}.
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From the properties of the function H, we can see that this set can be expressed
in the form

{(u1,us) € R?: ug = ++/2(H(B) — H(u1)) Auy > B}.

This set contains no equilibrium point and hence it is the orbit v((B,0)). Con-
sider the function

uy = ®(uy) = \/2(H(B) — H(uy))  for u; > B.
Simple computation yields

0< ®(uy) < P(x2) for uy € (B, x3).

/\/
<

Fig. 1. The escape orbit.

Therefore the orbit v((B,0)) belonging to the solution (v1,v2) of (11), (12)
has the form on the Figure 1. The direction of the flow on ((B,0)) is determined
by the equalities

v1(0) =v2(0) =0 and v5(0) = h(v1(0)) > 0,

see Fig. 1.
Hence there exists b > 0 such that

(v1(b), v2(b)) = (3, D(x3)) = (w3, /2(H(B) — H(x3)))

and
0 < va(t) < ®(x) < \/2H(x1) fort e (0,b)].

The proof is complete. O
As an immediate consequence of Lemma 2 we get Lemma 3.

Lemma 3 (On escape solution) Let (3), (4), (6)-(8) be satisfied and u be a
solution of problem (9), (10) with B € (x1,B). Then there exists b > 0 such
that

u(b) =3, u'(t)>0 forte (0,b]. (13)
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Choose € > 0 and consider the perturbed equation
u’ = h(u) —e. (14)

Lemma 4 (On the perturbed equation) Let (3)—(8) be satisfied. There exists
€0 > 0 such that for € € (0,¢e0) the function h — € has roots xz;(€) fori=1,2,3,
such that

h — € is lipschitzian on [x1(€), z3(€)], (15)

h(zi(e)) =€ fori=1,2,3, (16)

there exists § > 0 such that h — e € C*((z2(€) — 5 552( )
and hmw_)m(e)—(h —€)(x) = (h—€) (z2(e)) < } an

(
(x —z3(€))(h(z) —€) <O forz € (21(€), 23(€)) \ {za(e)}, (18)
He(z1(€)) > He(x3(e)), (19)

where

H.(z)=— /z( )(h(z) —e)dz

for x € R.

Proof From (4), (5), (6) and the Implicit function theorem, it follows that
there exists €y > 0 and a continuous function z2: [0,€) — (21, z2] such that

h(z2(e)) = € for € € [0,&)), x2(€) is decreasing, x2(0) = z5. (20)

We define
x1(€) = sup{z € [z1,22(&)]: h(z) <€} (21)

for € € (0, &). From the continuity of the function h, the definition of z;(¢) and
the supremum it follows that

X1 (6) S [{El,{BQ(Eo)) for € € (O,EO)

and
h(z1(e)) =€, €€ (0,&). (22)
We will prove that
11151+ z1(e) = z1, (23)

by contradiction. If (23) does not hold, then there exists a decreasing sequence
{en}, €n — 0 such that z1(e,) — Z1 € (x1,22(&)] as n — oo. From (20) it
follows that

h(z1(en)) = €, — 0.

From the continuity of h and (4), (6), we get a contradiction.
We put
{E3(6) =x3te€ €€ (0,50).
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Then, for e € (0,€), relations (15)—(18) are satisfied. For ¢ € (0,&), = €
[x1, 21 + €] it is valid

H.(z) = —/i () =) dz = —/m( )+ el = a3(0)

2 (€)

:H(:c)—i—/ h(z) dz + €(z — 22(6).

2

Then
|He(z) — H(z)| < |x2(€) — x2| max{|h(2)|: z € [x1,23 + &)} + €|z5 + €0 — 1]

for e € (0,&) and = € [z1,23 + €]. Since the terms on the right-hand side of
the inequality converges to zero as ¢ — 0+ independently on xz, we can write

H.(z) = H(xz) on [xi,z3+€]ase—0+.
From this fact and the relations

Eli%l+ x;(€) =x; fori=1,3,

it follows that
lim H(x;(e)) = H(x;) fori=1,3.

e—0+
From these facts and (7) it follows that there exists ¢y € (0, &) such that (19)
is valid for € € (0, ¢g), together with (15)—(18), as well. O

Lemma 5 Let (3)-(8) be satisfied. Let € € (0,¢€p), where € is from Lemma 4.
Then there exist B € (x1,22) and b > 0 such that the corresponding solution u
of problem (14), (10) satisfies (13) and

0 <u/(t) < /2H(z1) forte|0,b]. (24)

Proof Let €y be from Lemma 4 and € € (0,¢p) be arbitrary. Then relations
(15)—(19) hold. From Lemma 1 (with H. in place of H) it follows that there
exists the unique B(e) € (w1(¢€),r2(€)) such that H.(B(e)) = Hc(z3(e)). Let
B(e) € (x1(¢€), B(€)) and u be the solution of problem (14), (10) with B = B(e).
According to Lemma 3 there exists b(e) > 0 such that

u(b(e)) = z3(e) and « >0 on (0,b(e)]. (25)

In particular, u(t
turbed equation (
we get

) € (z1(€),z3(€)] for every t € [0,b(e)]. Multiplying the per-
14) by u’ and integrating it over interval (0,¢) for ¢t € [0, b(e)],

_ = —H(u(t)) + H.(u(0)),

that is
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fort € [0,b(e)]. Since H¢(x1(€)) is the maximum of the function H. in [z1(€), z3(€)]
and H. is nonnegative, we get

W () < VIH(51(9)
for t € [0,b(e)]. In view of the fact

z2(e€)

(h(z) —e)dz < / h(z)dz < /mz h(z)dz = H(x1)

z1(€) T1

z2(€)

(o) = [ .

and (25), it follows that

0<u'(t) < +2H(z1)
for t € [0,b(€)]. By B(e) < x5 < x3(e) and (25), there exists b € (0,b(¢)) such
that (13) and (24) are valid. O

3 Nonautonomous equation

Let us consider equation (1), where

f is locally lipschitzian on R, (26)
there exist Lo < 0 < L such that f(Lg) = f(0) = f(L) =0, (27)
there exists § > 0 such that f € C1((—6,0)) (28)
and lim, _o- f'(z) = /' (0) <0,
xf(z) <0 for x € (Lo, L)\ {0}, (29)
F(Lo) > F(L), (30)
where .
F(x):f/ f(z)dz, z e R.
0
Further we assume that
p € C*((0,00)) N C([0,00)), (31)
p(0)=0, p'(t)>0 forte (0,00), (32)
/
t
im 2 ®) =0, (33)
t—o0 p(t)
/!
t
im 2 ®) =0. (34)
Moreover, in some lemmas, we will assume that
f(z)=0 for x € (—o0, L] U [L, 00). (35)

If (35) is valid, then
F(z) = F(Ly) for x < Ly,
F(z)=F(L) for z > L.
The following classical result for non—singular initial value problems will be
useful in the proofs.
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Lemma 6 Let (26), (31), (32), (35) be satisfied, a > 0, By,B; € R. Then

there exists the unique solution on [a,00) of the initial value problem (1),
u(a) = By, u'(a) = Bj. (36)
Proof It is well known that the problem (1), (36) is equivalent to the IVP

ul(a) = Bo, UQ(G) = Bl.

From (26), (31), (32) it follows the unique solvability of this problem and of the
problem (1), (36), as well. 0

We will study the singular initial value problem (1),

w(0) =B, «/'(0)=0 (37)
with B € (Lo, 0).

Definition 7 Let [a,c) C [0,00). A function u € C*([a,c)) N C?%((a,c)) satisfy-
ing equation (1) on [a,c) and fulfilling conditions (37) is a solution of problem
(1), (37) on [a,c).

First we state several lemmas.

Lemma 8 Let us assume that (26)-(29), (31)-(34) be satisfied. Let u be a

solution of the initial value problem (1),
uw(a) =B, u'(a)=0 (38)
on [a,00), where a > 0 and B € (Lo,0). Then there exists 0 > a such that
w®) =0 and u/'(t) >0 fort e (a,b)]. (39)
Moreover, for every b > 0 satisfying
u(b) € (0,L) and u'(t) >0 forte[6,b), (40)
there exist a € (a, ), B € (0,b) such that
p*(b)u* () = 2[p*(e) F(B) — p*(B)F (u(b))]. (41)

Proof Let u be a solution of problem (1), (38), where a > 0 and B € (L, 0).
From (1) and (29) it follows that there exists £ > a such that u(¢t) € (Lg,0) and
u'(t) > 0 for t € (a,€). Let us assume that £ = oo. Then there exists [ € (B, 0]
such that

lim wu(t) = 1. (42)

t—o0o

From (1) and (38), it follows that

u’2(t) +/a pl(S)u'2(s) ds = F(B) — F(u(t)). (43)
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Since the right-hand side of the equation (43) has a finite nonnegative limit

F(B)— F(l) as t — oo and the function f; ’;/((Ss)) u"?(s) ds is positive and mono-

tone, it follows that there exists finite nonnegative limit lim;_., u?(t)/2. Since
u’ > 0 on (0,00), there exists nonnegative lim; o v'(t). If tlim u'(t) > 0, then
— 00

lim;_, oo u(t) = 0o, which contradicts (42). Consequently,

tlggo u'(t) = 0. (44)
From (1) it follows that
() = ’]’?((tt)) W (1) + f(u(t)) for t € (0,00).

This, together with (42), (44), (26) and (33) implies

lim " (t) = f(1).

t—o0

Using (44), (27) and (29) we can check that [ = 0.
We define a function

v(t) = v/p(t)u(t) fort € [0,00).

By virtue of (31) and (32) we see that v is well defined, negative and there exist

finite derivatives ,

24/p(t
and
v 1R 1PN Fflul®)
“<“‘”“4§pm ‘Z(mw) " uu>]

for t > a. In view of (33), (34), from the fact that lim; .o u(t) = 0, u is negative
and from (28), it follows that there exist w > 0 and R > 0 such that

Pt 1<ﬂ@»2+fw0D

1
2 p(t) 4\ p(t) u(t)

< —w fort>R.

Then
v'(t) > —wou(t) >0 fort > R. (45)

Thus, v’ is increasing on [R, c0) and has the limit

lim /() = V.

t—oo

If V > 0, then lim; , v(t) = 400, which contradicts the negativity of v. If
V <0, then v/(t) < 0 for every ¢ € (R, 00) and therefore

0>wv(R) >wv(t) fort>R.
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In view of (45) we can see that
0 < —wv(R) < —wuo(t) <0v”(t) fort>R.

We get lim;_,o0 v/ (t) = 0o, which implies lim;_,o, v(t) = oo, again. These con-
tradictions imply the existence of § > a such that u(d) = 0 and v/(t) > 0 for
t € (a,6). Let us assume that u'(6) = 0. Since u(f) =0 we get from Lemma 6,
(1) and (27) that u(t) = 0 for ¢ € (0,00), which is a contradiction. Thus (39)
holds.

Let us consider b > 6 such that (40) is satisfied. Multiplying equation (1)
by pu’ and integrating it over (a,8) and (0,b) we get

0

(pu')*(0) — (pu')*(a) = 2/ P*(s)f (u(s)u'(s) ds,

a

b

(pu’)* (b) — (pu')*(0) = 2/ P*(s)f (u(s)u'(s) ds.

0
Using the Mean value theorem, we get « € (a,6) and 8 € (,b) such that

0
(pu')2(6) = 2%(a) / flu(s)) (s) ds,

(pu')*(b) — (pu')*(0) = 2p*(B) /eb flu(s))u'(s) ds
and substituing T = u(s) we get
(pu')*(0) = 2p* () (F (u(a)) — F(u(0))),
(pu')?(b) — (pu')*(8) = 2p*(B)(F (u(0)) — F(u(b))).

From these two equations, using the fact that F(u(6)) = 0, we have (41). O

Lemma 9 Let us assume that (26)-(34) be satisfied. Let u be a solution of the
ingtial value problem (1), (37) on [0,00) and let b > 0, L € (0,L) be such that

u(b) =L, u'(b) =0. (46)
Then there exists 0 > b such that
uwl)=0 and u'(t)<0  forte (b,0). (47)
Moreover, for every c > 0 satisfying
u(c) € (Lp,0) and u'(t) <0 forte (,c), (48)

there exist a € (b,0) and 5 € (0, ¢) such that

(pu')*(e) = 2[p*(e) F (L) — p*(B)F (u(c))]. (49)
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Proof First of all we will prove the existence of 0 satisfying (47). By (29) and
(46) there exists by > b such that f(u(t)) < 0 for ¢ € (b,b1). Thus p(t)u'(t) and
u'(t) are decreasing and negative on (b,b1) and u(t) is decreasing and positive
on (b,by). Assume that 6 > b satisfying (47) does not exist. Then b; = co and
tlgIolo u(t) € [0,L). On the other hand, tlirgo u'(t) < 0, which gives tILngo u(t) =
—00.

Let us consider ¢ > 6 such that (48) is satisfied. Multiplying equation (1) by
pu' and integrating it over (b, 6) and (0, c) we get a € (b,0) and 3 € (0, ¢) such
that

(pu)?(0) — (pu')* (b) = 2p°(a)(F(u(b)) — F(u(9))),

(pu')*(e) = (pu')*(0) = 2p*(B)(F (u(9)) — F(u(c))).

From these two equations we get (49). O

Lemma 10 (On three types of solutions) Let (26)—(35) be satisfied, B € (Lo, 0).
Then there exists a unique solution u of problem (1), (87) and it is defined on
[0,00). There are just three types of solutions:

e an escape solution if there exists b > 0 such that u(b) = L and v’ > 0 on
(07 b]?

e a homoclinic solution if v’ > 0 on (0,00) and lim;_,oc u(t) = L,

e an oscillatory solution if u has infinitely many roots and u(t) € (B, L) for
t € (0,00).
Moreover, fort € (0,00) it is valid
/ t2
< . < L
WO < max 1P O] < Lo+ s 1] S

Lo<z<L

Proof STEP 1. (On the existence of a solution on some neighbourhood of
t =0) From (26) and (35) it follows that there exists L > 0 such that

|f(x1) = f(z2)| < Llay — s (50)

for x1, x5 € R. Let us take n > 0 such that

L 2
=l ) (51)
2
Consider the Banach space C(]0,7]) with the maximum norm || - || and using

(32), define an operator F: C([0,7n]) — C([0,7])

S

(Fu)(t) =B+/0 Z%/o p(7) f(u(r))dr ds.
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From (50), (32) it follows that for uq, us € C([0,n]), t € [0, 7]

mfun@>f<fuzxw|stﬂ Eéjszﬁﬂf@uGﬁ)fﬁmﬁﬁDdes

_ t 1 S
SLHU1*U2HO<>/ —/ p(r)drds
p(s) Jo

0
t s T 2
_ L
§L||u1—u2|\oo/ / drds < Tn||u1—u2||oo.
o Jo

Inequality (51) implies that F is a contraction. From the Banach fixed point
theorem it follows that there exists a unique fixed point u of the operator F.
Then
t 1 S
u(t) =B —|—/ —/ p(T)f(u(r))drds fort € [0,n].
o p(s)Jo
We have u(0) = B and deriving the equality we get

L)/O p(s)f(u(s))ds, forte (0,n). (52)

wit) = p(t

From (52), (26), (35) and (32) we have

1t
WO < max [f@ [ p)ds < ma @)t forte (00)
This fact implies «/(0) = 0. Moreover, multiplying equation (52) by p(t) and
deriving it we get (1). So, the fixed point u is a solution of problem (1), (37).
Analogously, every solution of (1), (37) defined on [0,7)] is a fixed point of the
operator . We conclude that there exists a unique solution of problem (1),
(37).
STEP 2. (Global solution) From Lemma 6 it follows, that the solution u can be
extended onto every interval, where it is bounded. Lemma 8 gives § > 0 such
that

w(@) =0 and u/(t) >0 for (0,6)]. (53)

If w is defined on [0, w), where w € (f, o], then

! *Z@u' L t s)f(u(s))ds
W () = B8 0)+ = [ o)1)

for t € (A,w). From (29), (53) and the last equation we get three possibilities:
CASE A. There exists b > 0 such that

wb)=L and u'(t) >0 forte[6,b).

CaASE B. For t € (0,00) it is valid u(¢) € (0, L) and u/(t) > 0.
CASE C. There exists b > 6 such that

w'(b) =0, wu(b)€(0,L) and u'(t)>0 forte (6,b). (54)



Singular problems on the half-line 121

Let us consider CASE A. Since @ = L is the solution of the equation (1) and it
satisfies @(b) = L, @'(b) = 0, then from Lemma 6 we get

u'(b) > 0.
It follows that there exists § > 0 such that
u'(t) >0 and wu(t) > L forte (bb+9).
In view of (35) the solution u satisfies
(p(t)u'(t)) =0 forte (b,b+9)
and consequently

0 - PO as
v ==0m 2

for t € (b,b+ 0). From (31) and (32) it follows that u can be extended onto
[0,00). This solution is an escape solution.

Let us consider CASE B. The monotonicity of u implies the existence of L €
(0, L] such that

>0 and wu(t)=1L +p(b)u’(b)/b

tlim u(t) = L. (55)
We will prove that L = L. Since f(u(t)) < 0 for t > 6, from (1) it follows,
that pu’ is decreasing on (6, 00). The inequality u'(t) > 0 for ¢t € (6, 00) implies
that " < 0 and hence v’ is decreasing on (#, 00). That yields the existence of
lim; o '. Since u is bounded, necessarily

lim «/(t) = 0.

t—o0

From (1) it follows that

for t € (0,00). In view of (33) we get

Jim u”(t) = f(L).
According to (27) and (29) we get L = L. This solution satisfies the conditions
(2) and so it is a homoclinic solution.

Let us consider CASE C. From the second part of Lemma 8 we get o € (0, )
and § € (0,b) such that (41) holds. In view of (54) we get

F(u(b)) = (]’;E—;i) F(B). (56)
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Using Lemma 9 we get the existence of ¢; > b such that u(6;) = 0 and /(t) <0
for ¢ € (b,61]. Let us suppose that there exists by € (61, 00) such that

u(by) =B and u/(t) <0, forte[f;,b).

Using the second part of Lemma 9, we get a; € (b,60;) and 31 € (61,b1) such
that

(pu')?(b1) = 2[p*(an) F(u(b)) — p*(B1) F(B)],
and together with (56) we obtain

(002(01) = 2F(B)|s*(a >(M) - ()]

p(B)

N [ )
This is a contradiction. Hence, by Lemma 8, there exists by > #; such that

u(b1) € (B,0), /(b)) =0 and u'(t) <0 forte (61,b1).

From the second part of Lemma 9 we get o1 € (b,601) and 81 € (01,b1) such
that

0 = 2[p? (1) F(u(b)) — p*(61) F (u(b1))]-
By (56), we get

_ p<a1>)2 _ (p<a1>p<a>)2
ru) = (357) 7o = (GG Fo- 6

Using Lemma 8 we get 02 > b such that u(f2) = 0 and u'(t) > 0 for t € (by, 02].
Let us suppose that there exists by € (62, 00) such that

u(be) = u(b) and u/(t) >0 fort € [f2,bs).

By virtue of the second part of Lemma 8, we can find az € (b1,02) and B2 €
(62, b2) such that

(pu')?(b2) = 2[p?(a2) F (u(b1)) — p*(B2) F (u(b))],
and together with (57) we obtain

(2 (B2) = 2P (u(D)r2 (B >[(%) ~1] <o

a contradiction. Hence there exists by > 05 such that
u(bz) € (0,u(by)), u'(b2)=0 and u'(t) <0 for (f2,bs).

Repeating this procedure we get a sequence {6,,}22 ; of roots of the solution u
and a sequence {b,}52; of roots of the derivative u’ such that {|u(b,)|}52, is
decreasing. This solution corresponds to an oscillatory solution.
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STEP 3. (Estimations) Let u be a solution of problem (1), (37) with B € (Lo, 0).
Then from (1) it follows that

L)/O p(s)f(u(s))ds, fort e (0,00). (58)

vt = p(t

Then, in view of (26) and (35)

|u'(t)] < max |f(x)|/0t ds= max |f(z)|-t fort e (0,00).

" Lo<z<L Lo<z<L

Integrating (58) we get

()| < u(0)] + / ]% /Ospmf(u(rndfds <B+ max |f(z)] =

Lo<z<L 2

The proof is complete. O

Lemma 11 (On oscillatory solutions) Let (26)—(34) be satisfied, B € (Lo, 0)
be such that
F(B) < F(L). (59)

Then the corresponding solution of problem (1), (37) is oscillatory.

Proof Let u be a solution of problem (1), (37) with B € (Lo, 0) satisfying (59).
STEP 1. Let us assume that u is an escape solution. Then there exist b > 0,
6 € (0,b) such that

w(®) =0, wub)=L and u/'(t)>0 forte (0,b].
From Lemma 8 we get o € (0,6), 8 € (6,b) such that (41) holds. Then
2
2 2 2 p(a)\"F(B)
p“(b)u“(b) = 2F(L)p*“(8 [(—) ——1(<0.
o) =21 o) (29) 15
This contradicts the fact that u/(b) > 0.

STEP 2. Let us assume that v is a homoclinic solution. Let 6§ > 0 be the root of
uw and b > @ be arbitrary. Then, by Lemma 8, there exist « € (0,0), 8 € (0,b)
such that (41) holds. From (41), the fact (pu’)?(b) > 0 and (32) we get

2
F(B) > (%) F(u(b)) > F(u(b)).
Letting b — oo we get F((B) > F(L), which contradicts (59). O

Actually, the homoclinic solution is the desired strictly increasing solution
of the problem (1), (2). In order to prove the existence of such solution we need
the lower and upper functions method for the singular mixed problem

() =p®)f(w),  u'(a)=0, uld) =L, (60)
where a,b € R, a >0, b > a.
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Definition 12 A function o € C([a,b]) is called a lower function of problem
(60), if there exists a finite set ¥ C (a,b) such that o € C?((a,b] \ X), o’(77),
o'(r7)eRforT €%,
(p(t)o’ (1)) = p(t)f(a(t)) for t € (a,b] \ 2,
o' (@) >0, o(b) <L, o'(77) <o'(v7) forTeX.

If all inequalities are reversed, then o is called an upper function of problem
(60).

Note that o’(a™) need not be bounded if a = 0.

Theorem 13 Let p satisfy (31), (32), f € C(R), o1 and o2 be a lower function
and an upper function of problem (60) and let o1(t) < o2(t) for t € [a,b]. Then
problem (60) has a solution u € C*([a,b]) N C?((a,b]) such that o1(t) < u(t) <
oa(t) fort € [a,b)].

Proof See [8] Theorem 2.3 for a = 0. For a > 0 problem (60) is regular and
therefore we can use a simplified form of the proof in [8]. O

The next assertion is based on Lemma 4 and Theorem 13.

Lemma 14 (On escape solutions) Let (26)—-(35) be satisfied. There exist B, €
(Lo, 0) and c. € (0,00) such that a solution u,. of problem (1), (87) with B = B,
satisfies the condition

ux(cs) = L, ul,(t) >0 on (0,c..

Proof Let us put

=y | f(x) forx <L,
f(x){.%'—LfOI'CBZL. (61)
Let ¢g € R be from Lemma 4 for Lo, 0, L, f, F in place of z1, x2, x3, h, H,
respectively. Here, F f z)dz, x € R. The assumptions of Lemma 4
are satisfied due to (2 ) ( 0), (6 ) Cons1der the perturbed equation
"= flu) —e (62)

with € € (0,€p). From Lemma 5 it follows that there exists By, € (Lg,0) such
that for the corresponding solution uy, of problem (62), (37) with B = By, there
exists b > 0 such that ur(b) = L and

0 <ul(t) <\/2F(Ly) forte]0,b]. (63)
From (33) it follows that there exists a > 0 such that

/
t
p()< < for t > a.

p(t) 2F(L0)
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Put v(t) = ur(t—a) for ¢t € [a,a+b]. Then v satisfies equation (62) on [a, a+ b)
and fulfils the initial conditions

v(a) = B, v'(a)=0.

Moreover, v(a +b) = L, f(v(t)) = f(v(t)) and

o0 V'(t) < m 2F(Lg) =€

for t € [a,a + b]. Therefore

() = Fot) — e < 1) - v

p(t)
for ¢t € (a,a + b]. We can see that v is an upper function of the problem
/
t
u” + %u' = f(u), v (a) =0, u(a+0b) = L. (64)
p

Since Ly is a lower function of problem (64), by Theorem 13 and Lemma 6 there
exists a solution ug of (64) such that

Lo < up(t) <wv(t) for ¢t € [a,a + b]. (65)

By (63), (64), (65) we have v'(a +b) > 0, ug(a+b) = v(a +b) and ug(t) < v(t)
for t € [a,a + b]. Therefore
ul(a +b) > 0. (66)

Since ug(a) = f(uo(a)) > 0 there exists a minimal ag € [0, a) such that uj(t) < 0
for t € (ap,a) and ug(t) < 0 for t € (ag,a]. There are two possibilities.
(1) ap > 0, UO(CL()) =0,
(ii) agp = 0, uo(t) <0 for ¢ € [0, a).
Assume that (i) holds. Then we put
_]o for t € [0, aol,
Alt) = {uo(t) for t € (ag,a + b].

Assume that (ii) holds. Then ug(t) > 0 for ¢ € [0, a] and

tl—i»%l+ up(t) <0

and we put
B(t) = ugp(t) forte[0,a+b].

Denote ¢, = a+b. In both cases (i) and (ii) the function £ is an upper function
of the problem
/
t
u’ + %u’ = f(u), uw'(0) =0, wu(ce)=0L. (67)
p
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Since the constant Lo is a lower function of problem (67), then, by Theorem 13
and Lemma 6, there exists a solution u, of the problem (67) such that

Lo < ux(t) < 6(t) for ¢ € [0, c.]. (68)

We put B, = u.(0). Then u, is a solution of (1), (37) with B = B,. Finally, by
(64) and (66) we have

B(cs) =L, [(cs)>0.
This, together with (68) gives u/ (c.) > 0. Hence, by Lemma 10, u/ (¢) > 0 for
t € (0, ¢y O

Theorem 15 (On homoclinic solutions) Let (26)—-(34) be satisfied. Then there
exists at least one strictly increasing solution of problem (1), (2).

Proof First, we will assume that (35) is satisfied. Let us define
M = {By € (Lg,0): each solution of (1), (37) with B € [By,0) is oscillatory},

and B = inf M. Lemma 11 guarantees that M # () and from Lemma 14 it
follows that B > Ly. We will prove that there exists Bpom € (LO,B] such
that the corresponding solution of the problem (1), (37) with B = Bpom is a
homoclinic solution. Assume that Bpom does not exist.

CasE A. Let @ be an oscillatory solution of (1), (37) with B = B. Then,
according to the definition of B, we can find a sequence {B,} C (Lo, B) such
that lim, ... B, = B and the corresponding solutions u, of (1), (37) with

B = B,, are escape solutions. Let 6; be the second zero of 4, that is, 6; fulfils
(1) =0, u'(01) <O0.

From Lemma 10 we can see that

07
< — m / < .
lun(t)] < Lo + 5 Logi’éﬂf(x)" |, ()] < 64 Lomggngf(w)l

for t € [0,61], n € N. Hence the sequence {u,} is bounded and equicontinuous
on [0,60;]. Therefore we can choose a subsequence {u,,}, which is uniformly
convergent on [0, 1] to a function v € C([0,61]). Obviously,

t 1 s
um(t)Ber/O 1@/0 p(7) f(um (7)) dr ds

for t € [0,601], m € N, and consequently

~ t 1 s
v(t):B—i—/O m/o p(T)f(v(r))dr ds

for ¢t € [0,01]. We can check that v is a solution of problem (1), (37) and
therefore
v=14 on [0,64].
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Since u,, are increasing, it follows that v is nondecreasing on [0,60;]. This
contradicts the fact that v’(6;) < 0.
CASE B. Let @ be an escape solution of (1), (37) with B = B. Then there exists
b > 0 such that

a(by=1L, @(t)>0 forte (0,00). (69)

From the definition of B we get a sequence { B, } C (B,0) such that lim,, .., B, =
B and the corresponding solutions u,, of (1), (37), with B = B, are oscillatory.
Therefore

< < ! <t-
Lo <up(t) <L, lur, (8)] <t L£2§L|f($)| for t € [0,00),n € N,
and there exist b, > 0 such that u,(b,) = Ly, € (0,L), u, (b,) =0 for n € N.
Then there exist 6,, > b,, such that

un(0n) =0, wu,(0,) <0, neN. (70)

The sequence {u, } is bounded and equicontinuous on every [0, K] C [0, 00) and
so we can choose a subsequence {u,,} which is uniformly convergent on [0, K]
to a function w € C([0, K]). As in CASE A we conclude that w = @ on [0, K].

Now, we have two possibilities.

(i) Let limy,— 00 Om = 0y < co. Put K = max{fy,b} + 1. By (70), each u,, is
decreasing at a neighbourhood of 6,,, and hence @ is nonincreasing at 6y, which
contradicts (69).

(ii) Let limy,— 00 Oy = 00. Put K = b+ 1. Since u;,(b+1) < L for m € N,
it follows that 4(b+ 1) < L, which is a contradiction.

We have proved that the function @ can be neither an escape solution nor an
oscillatory solution. Lemma 10 yields that « is a homoclinic solution of problem
(1), (2). Since a(t) € [Lo, L] for ¢ € [0,00) we see that assumption (35) can be
omitted. O
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Abstract

We investigate approximation properties of de la Vallee Poussin right-
angled sums on the classes of periodic functions of several variables with
a high smoothness. We obtain integral presentations of deviations of de
la Vallee Poussin sums on the classes C3'g.
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1 Introduction

Considering [1] we define ¢-integral classes of periodic functions of several vari-
ables in the following way.

Let R™ be an Euclidean space with elements Z = (21,2, ..., Zm), and let
T™ = [[:*,[—m; 7| be an m-dimensional cube with the side 27,

N™ ={ZfeR™|x; €N, i=1,2,...,m},

N ={ZfeR™|z; € N,=NU{0}, i=1,2,...,m},
{
{

*

N™ —

(2

We denote by L(T™) the set of summable on a cube T functions f(Z) =
f(z1,29,...,2my) which are 2m-periodic on every variable.
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Let f € L(T™). Then for every pair of points § € E™, ke NI we have a
corresponding value

g 1 — i ST
ax(f) = pry / (@) Ul cos<ki:1:i -5 )dxi. (1)
Tm =

Values a%(f), §e E™, k€ N™ are the Fourier coefficients of the function f (@)
[1, p. 546].
For every vector keN ™ we have the major harmonic of the function f(Z)

Afii = Y k(f)f[(kx 5;”) -

seEm™

and on the variable z; conjugated harmonic

z. . 5 ST s; + 1)
AZJ(f;x) = Z az(f) H cos<ijj - jT) cos(kl-xi - (JFT))

FeE™ jem\{i}

Using [1, p. 545] we define Fourier series of the function f(Z) by the following
relation

1
Sifl= > S Aef D), (3)
EeNm
where q(E) is a number of zero coordinates of the vector k.
Let f € L(T™) and systems of numbers ;;(k), ¥;;(k), i = 1,2,...,m;
j=1,2, k € N, be given.
Let us put

(k) = \/ 7 (k) + ¥ (k), Wi(k) = \ 3 (k) + W2y (k)

7é Oa aZ(k) 7é 07 ke N*a

ey

and consider the following conditions be fulfilled: v, (k)
$i1(0) =1, ¥31(0) = 1, ¢2(0) = 0, ¥;2(0) =0, =1,2,
Furthermore, let

1 B : .
,;esz mwu(ki)l&lﬁ(ﬂﬂg) - 1/%‘2(/%)14]3 (f,@)] (4)

be the Fourier series of some function of L(7™). It will be denoted by
TR (C))
bi (7)) =
@) =

and called v,-derivative of the function f with respect to the x;, i € .
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Let m = {1,2,...,m}. For a fixed r-elemental set u(r) C m, u(r) =
{i1,i2,...,i,}, we define a function f¥=(Z) by

7 oV g¥ir-1 9% f ()
T2y
f (.CE) 8:5“6;5“71 N (’“):cil

and call it mixed W ,-derivative with respect to variables z;, i € u(r).

Let a set of functions 1,5, W;5, ¢ = 1,2,...,m; j = 1,2 be given. The set
of continuous functions f € L(T™) having the essentially bounded ¥,- and
1,-derivatives, i.e.

esssup|fa“(f)| <1, esssup|f$i(f)| <1, i=1,2,...,m; pCmm :feT’:
5)

will be denoted by the symbol C7%.

If for the sets of functions ;;(k) and \I/” k),i=1,2,...,m; j = 1,2, the
functions ;(k), ¥;(k) and numbers 5;, 5f, i =1,2,...,m, fulﬁl
i i
Vi1 (k) = (k) cos %% Yiz(k) = (k) sin 52 ;
Wi (k) = U, (k) cos 52 (k) = Uk sin T =12, m,

2 )
then the class C is the class of (¢, 3)-differentiable periodic functions of m
variables (see [2]) and it is denoted by Cj w. For m = 2 these classes are
the classes of (¢, B)-differentiable periodic functlons of two variables which are
defined in [3] (see also [1]). In the case when the conditions ¥y(k) = k™,
\IJQ(k) - k_s7 1/)1( ) = k—ﬁ’ ¢2( ) = k_817 ﬁl =T, ﬁl =5 52 =T, 52 = S1
for the r > 0, s > 0, r;y > r, s1 > s are also fulfilled the classes C w and
W, are equal(see for example [4]). In [4] (see [5], too) there is proved the
asymptotic equality of upper bounds of deviations of Fourier right-angled sums
S#(f, %) (taking at the classes W5, ) for n; — o0, i =1,2:

71,81
4lnn;  4lnns InnyInng 1 1
SV S1) = it + gt + 00 (M + o o
Let us put Gpy = [[1oy[ni — pisni — 1] for 7 € N™, g€ N™, p; < n;,
i=1,2,...,m,. Then trigonometric polynomials of the type
Vas(f; @) = > SifE), (6)
T o
7, P

(where Si(f; ¥) are partial sums of Fourier series defined (2), 7 € N™, p; € N,
p; <ni, i =1,2,...,m) are called Vallee Poussin right-angled sums.

In this work the problems of approximation of classes Cgi by polynomials
Vap(f; @) are investigated. The functions which determine these classes are
defined in the following way:

Yi(z) = e T Wy(z)=e %, a; >0, af >0,i=1,2,...,m.
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We denote such classes by C3's, (analagously to the classes of functions of
a single variable).

It is proved by S. M. Nikol’skii in [6] (see also [7], [8]) that for upper bounds
of the deviations of Fourier sums on the corresponding classes C§ , functions
of one variabl we obtain the following asymptotic equality for n — oo:

8q™

a q" —a
E(CF ooi Sn) = ?K(Q) + 0(1)? g=e°, (7)

where

z
du
K@) = / V1—¢?sin®u
0

is the total elliptic integral of the first kind.
Asymptotic equalities for upper bounds of the deviations of de la Vallee

Poussin sums on the classes C§  may be found in the [9], [10] (see also [11],
[12, p. 217)):

4qn—rtl -
(1 — ¢?) +0(1)<p(np)(1 EERETG qQ))’ L<p<n.
(8)

The 2-dimensional and m-dimensional analogies of equality (7) for the classes
Cp's, are in the works [13], [14].

qn—p—i-l

& (C’g,oo; Vn,p) =

2 Main Results

Let A = {A1,As,..., A} be a fixed set of infinite triangle numeric matrices,
Ar={A =12, ,m AT =1, A0 =0 for ky > .

Further let )\](;ﬁ) =T11", )\,(:i) and let G =[], [0; n; —1] be an right-angled
parallelepiped corresponding to the vector 7 € N™.

For every function with Fourier series (1) we have trigonometric polynomial

Us(f;550) = Y 279N AL (11 7).
EGGﬁ'

Values §7(f; @; A) = f(&)—Ugz(f; Z; A) are the deviations of such polynomials
of the function f(Z).
In this work there are found the integral presentations of the deviations

6ﬁ,ﬁ<f7 f) = f(f) - Vﬁ,ﬁ(f’ f)

of sums Vi 5(f, ¥) from function f(Z) out of classes C3's..
The following theorem is the main result of this work.
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Theorem 1 Ifa; >0, a] >0,¢ =¢"%, Q; =e"

a:;ﬁieRyﬁfER;piEN;
1<pi<ngit=1,2,...

7

then for every functwn I € CF'S, the following equality is fulfilled

m nz pi+1 .
53.5(f.7) Z /fﬁ1x+tez>b@ (t:)dt;

Ni—Pi

m

n+1
- /fﬁ’ (T + ;)b () dt;

1= 1

Wy > I e Jlela. o

r=2 p(ryem jepu(r)
where

(1 — 2¢; cost; + ¢?)? 2

(g7 sint; — sin 12) s <nlt N Bim )
(1 —2¢;cost; +¢?)

2
b (1) = 4008t — 20i + costy) (nzt 1 bim )

8 (Q? cost; — 2Q; + cost;) Brm
Bri(t;) = iti
() (1—2Q;cost; + Q?)? cos \mite

(@Q?sint; —sint;) . *
i+ 2 ).
T 2Qicost, v @ M T

Proof It is clear that

m n;—1
. 1 . 1 N .
S p(f3 ) = pr(fiE) = =—>_ > pp(f:E),  (10)
Hl lpZ E G- Hi:lpl i=1 k;=n;—p;

where ~
pp(fs @) = f(&) = Sp(f; %), k= (kiska; ... km).

Let us investigate pz(f; 7). Using theorem 1 in [13] for f € CF'S we have

Z fﬁl T+ t;€;) Z exp(—a;k) cos (kt + 52 ) dt;
k=n;+1
r+1 =g
S ﬂ/fﬁ*( > ue)
r=2 u(r)em zeu(r)

X H Z exp(—ajk;) cos (kjtj + JT) dt;.

jep(r) kj=n;+1
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Denote ¢; = exp(—aw;), Q; = exp(—a;). Using [15, p. 123-124] we obtain

Z exp(—a;k) cos (kti + ﬁ;ﬁ)

- cost: — g2 i sint;
9i COS%: — 4s 5 COS (nlt qtﬂZ ) gi Sints 5 sin (mt Jrﬁl ) .
1—2g; cost; +gq; 2 1—2g;cost; +q; 2

i

=g
If
5 (q; cost; — q?) cos (niti + ﬁf) — @; sint; sin (niti + ﬁéﬂ)
hli(t;) = R
ni () 1 —2¢; cost; + ¢?
gr (Q;cost; — Q ) cos (mt + B’”) — @Q; sint; sin (niti + B;”)
Hyi(t;) =
ni (t:) 1—2Q;cost; + Q2
then

Z f 5 (& + i) gl h ()t

YA | fé’{(ﬂ 2 tiei-) IT @5 ) .

r=2 p(ryem — pr i€pu(r) JEM(r)

According to (10) we obtain

nifl

> in/fgii(f+t15i)h£f(ti)dfi

D —r
nj—1

x H Y QU HL (t;) dt;. (11)

JEM(T) I vj=n;—p;

a0 = -

1 Py

m

Jrz 1)+ Z wr/fﬁ* <x+

r=2 p(ryem zeu(r)

Let us use [11, p. 232-234]. Applying elementary transformations we obtain

nifl nifl

Soodim =Y “[@os(kiﬂ)tqmoska-t)cos

ki=n;—p; ki=n;—pi

Bim

Bim

— (sin(k; + 1)t — g; sin k;t) si 5 ] (1 —2gicost+¢?)~ !

d_f Ei,l( )COS ﬁm— — Ei)Q(t) SlIl ﬁm—

12
172qlcost+qi (12)
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Let us investigate 3; 1 (¢) and 3; 2(t). We may write

Yi(t) = z_: ¢" 1 (cos(k + 1)t — qcoskt) = % [Z(qeit)k _ Z<qeit)k]
k=n—p

k=0 k=0

#5[2er 2_j<q>} - [:_:@e”)k - g(m]
e Y ey

_flge)m T 1 (get)n et 1] LT (ge )T 1 (ger ™)
) gett — 1 gett — 1 2 ge~ it —1 ge~* —1

et =1 (ge")" P 1) ¢ f(geT)" —1  (ge™)" TP —1
2| get—1 get —1 2 '

ge”t —1 gem* —1
According to [15, p. 124] we denote
[(t) = (1 —2gcost +¢*)~*. (13)
Now we have
1(t) = (¢""? cosnt—g" ! cos(n+1)t—g" P+ cos(n—p)t+q" P cos(n—p+1)t
—q*(¢" cos(n—1)t—gq" cosnt —q" P cos(n—p—1)t+¢" P cos(n—p)t))T(t)
= (2¢"*? cosnt —2¢" P2 cos(n —p)t — "' cos(n+ 1)t +¢" Pt cos(n—p+1)t
— " cos(n — 1)t + ¢" P cos(n — p — 1)t)T(t)
= ((2¢""* cosnt — ¢" " cos(n + 1)t — ¢" 2 cos(n — 1)t) — (2¢" P2 cos(n — p)t
—¢q" Pt cos(n —p+ 1)t — ¢" PP cos(n —p — 1)t))T(2). (14)

Doing elementary transformation of the term in brackets on the right part
of equality (14) we have

2¢" % cosnt — ¢" " cos(n + 1)t — ¢" 3 cos(n — 1)t

= ¢"((2q — cost — ¢” cost) cosnt + (sint — ¢*sint)sinnt), (15)

2¢" P2 cos(n — p)t — ¢" P cos(n — p + 1)t — ¢ P3 cos(n —p — 1)t

= ¢" Pt ((2q — cost — g® cost) cos(n — p)t + (sint — ¢ sint) sin(n — p)t). (16)
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Comparing (13)—(16) we obtain
Yi(t) = [q"“ ((2q — cost — ¢® cost) cosnt + (sint — ¢* sint) sin nt)
—q"P*((2q — cost — ¢* cost) cos(n — p)t
+ (sint — ¢*sint) sin(n — p)t)} (1 —2qcost+¢*)~ . (17)
Analogously, we may find
So(t) = [q"“ ((¢*sint — sint) cosnt + (2¢ — cost — > cost) sinnt)
— ¢" P ((¢* sint — sint) cos(n — p)t

+ (2¢ — cost — q? cost) sin(n — p)t)} (1 —2qcost+¢*) L. (18)

Respecting the last relation we may the equality (12) write in the following way

1 ni—1 qm*piﬂ ﬂ'TP
— Z qfihf? (t;) = +—— {(qz2 cost; — 2q; + cost;) cos <(nZ —pi)ti + )
pi ‘ pi 2
ki=n;—pi
2 . . . ﬂﬂf 22
+ (¢; sint; —sint;) sin ( (n; — pi)t; + > (1 —2¢;cost; +q;)
ni+1 .
_ 4 [(qf cost; — 2q; + cost;) cos (niti + %)
Di
+<2. i " ﬁiﬂ' _ ) ) 2\—2
q; sint; — sint;) sin | n;t; + 5 (1 —2¢;cost; +q;)". (19)
Analogously,
n;—1
1 C . gr
— D QUH () =
b ki=ni—p;
n;—p;+1 *
= QZT {(Qf cost; — 2Q; + cost;) cos ((nZ —pi)ti + @;—)

pim

5 )} (1 —2Q;cost; + Qf)*2

pim
)

)](1 —2Q; cost; + Q)2 (20)

+ (Q? sin ti — sin tl) sin <(?’L1 — pz)lfZ +

Q”}H—l
- [(Q? cost; — 2Q; + cost;) cos <niti +

Di
Bim
2

+ (Q? sint; — sin tl) sin <let1 +
Considering the condition

esssup |4 (7)| <1, pcm, feCpS
FeTm ’

and equalities (11), (19), (20) we have the coretness the theorem. O
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3

Conclusion

Using the relation (9) we can obtain an asymptotic equality for upper bounds of
the deviations of the de la Vallee Poussin right-angled sums taken over classes
of periodic functions of several variables with a high smoothness.
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Abstract

In this paper, weak and strong convergence of finite step iteration
sequences to a common fixed point for a pair of a finite family of non-
expansive mappings and a finite family of asymptotically nonexpansive
mappings in a nonempty closed convex subset of uniformly convex Ba-
nach spaces are presented.

Key words: Nonexpansive mapping, asymptotically nonexpansive
mapping, common fixed point, finite-step iterative sequence.
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1 Introduction

The class of asymptotically nonexpansive mappings which is an important gen-
eralization of that of nonexpansive mappings was introduced by Goebel and
Kirk [6]. Iteration processes for nonexpansive and asymptotically nonexpansive
mappings in Banach spaces including Mann [11] and Ishikawa [8] iteration pro-
cesses have been studied extensively by many authors (see [2, 7, 14, 15, 16, 17]).

Recently, Xu and Noor [19] introduced and studied a three-step scheme to
approximate fixed points of asymptotically nonexpansive mappings in Banach
space. Cho et al. [3] extended the work of Xu and Noor [19] to the three-step

*Supported by the Faculty of Science, Khon Kaen University.
**Correspondence should be addressed to Satit Saejung, saejung@kku.ac.th.
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iterative scheme with errors in a Banach space and gave weak and strong con-
vergence theorems for asymptotically nonexpansive mappings. Chidume and
Ali [2] considered the multi-step scheme for a finite family of asymptotically
nonexpansive mappings and gave weak convergence theorems for this scheme
in a uniformly convex Banach space whose the dual space has the Kadec—Klee
property. They also proved a strong convergence theorem under some appro-
priate conditions on a finite family of asymptotically nonexpansive mappings.
Liu et al. (see [9] and [10]) established a new method with respect to a pair
of nonexpansive and asymptotically nonexpansive mappings. The results in [9]
and [10] generalize, improve and unify many known results due to many authors.
Moreover, they also gave an example to demonstrate that their results are sub-
stantial generalizations and many previous known results are not applicable in
this case.

Inspired by the above works, in this paper, a multi-step iteration scheme for
a finite family of nonexpansive and asymptotically nonexpansive mappings is
introduced and strong and weak convergence theorems of this scheme to com-
mon fixed point of nonexpansive and asymptotically nonexpansive mappings are
proved. The weak convergence theorem is proved in a uniformly convex Banach
space whose dual has the Kadec—Klee property. It is worth mentioning that
there are uniformly convex Banach spaces, which have neither a Fréchet differ-
entiable norm nor Opial property; however, their dual does have the Kadec—Klee
property (see [5, Example 3.1]). Hence our results are different from [9] and [10]
and the proofs are of independent interest.

2 Preliminaries

Let K be a nonempty subset of a real Banach space £ and T: K — K be a
mapping with the fixed point set F/(T), i.e., F(T) = {x € K: x = Ta}. In this
paper, we write x,, — x (resp. =, — x) if x,, converges strongly (resp. weakly)
to x.

Definition 1 A mapping T: K — K is said to be

1. asymptotically nonexpansive if there exists a sequence {k,} C [1, 00) with
lim,, o0 kyn = 1 such that ||T"x — T"y|| < k,||z — y|| for all z,y € K and
n>1;

2. nonezpansive if |Tx — Ty|| < ||z — y| for all z,y € K;

3. Lipschitzian (with a Lipschitz constant L) if |Txz — Ty| < L||x — y|| for
all z,y € K;

4. demi-closed at a point p € K if whenever {z,} is a sequence in K which
converges weakly to a point « € K and {Tz,} converges strongly to p, it
follows that Tx = p.
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Definition 2 [4] A norm on a Banach space FE is uniformly convex (or simply,
E is uniformly convex) if for all {z,},{yn} C {z € E: |z|| = 1} such that
||%H — 1, we have ||z, — yn| — 0.

Let K be a nonempty subset of a Banach space FE. Let S1,52,...,5v: K —
K be N nonexpansive mappings, 11,75, ..., Ty: K — K be N asymptotically
nonexpansive mappings. Then the sequence {x,} defined by

r1 € K,
x’SLO) - xn»
) = ag)T{‘w%O) +(1- ang))Slxna

o) = aPTpal) + (1 - al?)Sawn,

,’ESLN71) = agzNil)Tjr\lrflx’EzNim + (1 - aSzNil))SN—lxna
2N = a7 4 (1= o) Sy,

N
Tnt+1 = x’SL )7 n > 17

where {aﬁ)};f;l C [0,1],4=1,2,...,N. An example of such iterations can be
found in [9] and [10].

The purpose of this paper is to study the weak and strong convergences of
finite-step iteration sequence {z,} defined by (1) to a common fixed point of
a finite family of nonexpansive mappings and a finite family of asymptotically
nonexpansive mappings in a uniformly convex Banach space.

The following lemmas are our main tool for proving the results.

Lemma 1 ([7]) Let E be a uniformly convex Banach space and K be a nonempty
closed conver subset of E. If T: K — K is an asymptotically nonexpansive
mapping, then I —T is demiclosed at zero.

Lemma 2 Let E be a uniformly conver Banach space, {x,} and {y,} be se-
quences in E. Suppose that there is § > 0 such that § < t, < 1—9 for all
n € N. If limsup,_, [|[zn] < a, limsup,,_ o [|y=|l < a and lim, o |[tn2n +
(1 = tp)ynll = a for some a > 0, then lim, o ||Tn — yn|| = 0. Moreover,
limy, o0 || Zn|| = limy—oo ||yn]| = a.

Proof The first assertion follows from [15]. It suffices to prove that
lim inf ||z, | > a.
In fact, this follows since
a = tim [y, + (1~ t)yall = lm [l + (1~ ) — )]

This finishes the proof. O
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Lemma 3 ([13]) Let {an} and {b,} be sequences of nonnegative numbers sat-
isfying the inequality ant1 < (1 + by)an, for alln > 1. If Y07 | b, < oo, then
lim,, 0 an, exists. In particular, if {a,} has a subsequence which converges to
zero, then lim, . a, = 0.

Lemma 4 ([5]) Let E be a reflexive Banach space such that its dual E* has the
Kadec—Klee property. Let {x,} be a bounded sequence in E and p,q € wy,(x,,),
where wy, () denotes the set of all weak cluster points of the sequence {x,}.
Suppose that lim,_, |[tz, + (1 — t)p — q|| exists for all t € [0,1]. Then p = q.

Lemma 5 ([5]) Let K be a convex subset of a uniformly convex Banach space
E. Then there exists a strictly continuous convex function ¢: RT — RT with
®(0) = 0 such that for each Lipschitzian mapping T: K — K with a Lipschitz
constant L,

[T + (1~ )Ty~ Tltz + (1~ )| < Lo~ (Jz — yll ~ 71Tz — Tyl

forallz,y e K and all0 <t < 1.

Proposition 1 ([20]) Let K be a nonempty subset of a Banach space E and
T,T5...,Tn: K — K be N asymptotically nonexpansive mappings. Then
there exists a sequence {ky,} C [1,00) such that lim, o k, =1 and

[T{' 2 — Tyl < knllz —yl| (2)
forallz,ye K, n>1andt=1,2,...,N.

From now on, we will assume that N asymptotically nonexpansive mappings
T1,T5,...,Tn: K — K share the same sequence {k,} C [1,00) as mentioned in
the preceding proposition.

3 Technical Lemmas

Lemma 6 Let K be a nonempty conver subset of a real Banach space E. Let
S51,82,...,8v: K — K be nonexpansive mappings, 11,1s,...,Tn: K — K be
asymptotically nonexpansive mappings with the sequence {k,} and suppose that
F =L, F(S)NF(Ty) # 2. If

oo

> (kn — 1) < o0, (3)

n=1

then lim,,_, ||@n —q|| exists for any q € F, where {x,} is defined by the iterative
scheme (1).

Proof Let g € F. It follows from (1) that
|25 = qll < af | T{ 2 — gl + (1 = al)[|S120 — q]
< aMknllzn — gl + (1 = al))l|lz — g
< aPkallzn —al + (1= afP)kallzn —ql
= knllzn — 4l (4)
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and from (4), we have

2 =gl < aP | T3l —gll + (1 - a)||Sown — g
< Pkt — all + (1= afP)]lzn — gl
< aPk}|len —al + (1 = o)kl —al
= kpllzn — gll- (5)

Continuing the above process, we get
2@ —q|| < kbllxn —q|| forallm>1,i=1,2,...,N. (6)
In particular,
|zns1 =gl = 128 = qll < kY llzn = all = 1+ (kY = 1)]l2n — gll.

Notice that (3) holds (if and) only if
S kY -1) < 0. (7)
n=1

By Lemma 3, we have lim,, . ||z, — ¢|| exists. This completes the proof. O

Lemma 7 Under the assumptions of Lemma 6 and suppose that there is 6 > 0
such that

§<aV<1-6 foralln>1, i=1,2,...,N. (8)
If {x,,} is defined by the iterative scheme (1), then
nlglgo |Sszn — TPV =0 foralli=1,2,...,N. ©))
Proof Let g € F. By Lemma 6, we have
d= lim lzn — gl exists. (10)

It follows from (6), (10) and lim,,_,o ky, = 1 that

limsup ||V — ¢|| < d, (11)
and so
limsup || TRzN"Y —¢| < d.
Also,

limsup ||Syx, — q|| < d.

n—oo
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Further, from (10) and (1) we have

d= Tim [le{") — g = Tim [a{ (TR0 ~ ) + (1~ a{™)(Sxn — ).

Then, by Lemma 2, we get

i |Sya, — TRat¥ ) = lim [[(Sya — q) — (TN — ) =0,
and
T (T2 — g =
Therefore,
d = liminf | T — g|| < liminf &, 25Y~ — q|
= liminf |25~ — || < limsup ||z — gl < d.
Hence,

Tim [N — g = d.

It follows from (6), (10) and lim,,_,+ k, = 1 that

limsup [|zY =2 — ¢|| < d, (12)
and so
limsup |Th_ 2N "2 —¢| < d.
Also,

limsup || Sy 12 — g < d.

n—oo

Further, from (10) and (1) we have

d= Tim ¥ —g = lim ¥ (T2 D g+ (10 (Sn g
Applying Lemma 2, we have

lim | Syoaan = T 122 = lim [[(Sy-r2a —q) = (TF 1272 = g)l| = 0.

Continuing this in an obvious manner, we get (9) and this completes the proof.
O

Lemma 8 Under the assumptions of Lemma 6 and suppose that (8) holds. If
{z,} is defined by the iterative scheme (1) and

lim ||z — Sizp|| =0 foralli=1,2,...,N, (13)

then limy, o0 |27 — Tixyn|| =0 for alli=1,2,...,N.
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Proof By Lemma 7, we have
lim [ Sz, — Trae~ Y| =0, foralli=1,2,...,N. (14)
It follows from (13) that,
lim [z, — TP~V =0, foralli=1,2,...,N. (15)
Next, from (1) we have
lzn = znsill < afMlzn — TRaM V) + (1 = afD)|len — Sywnl.
From (13) and (15), we have
[l — @) =0. (16)
Thus, we can estimate, using (1),
|z — T an| < [lzn — Tinxgzi_l)H + ”Tl_nw%i—l) — T2y
< N = TPl V| 4 kall2i ™Y — 2
< lzn — Tinxgzi_l)H + knag_l)HTin—lxg_m — zn|
+ k(1= al ™) |Siz120 — .
Hence,
nh_)H;onn—ﬂnanH =0, foralli=1,2,...,N. (17)
It then follows from (16) and (17) that
lzn = Tizall < o = @ntall + l2ner = T ang | + 1T oy = T |
T — Ty
< Ntm = Busal + onss = T 1|+ K g1 — 2l
+ k|| T 20 — 0|
< (14 bt 20 = 2nstll + Nonss — T @il + ki1 — 0
for i =1,2,...,N. This implies that
nh_}r{)lo |z — Tizyn]| =0, foralli=1,2,...,N.

This completes the proof. O

Lemma 9 Under the assumptions of Lemma 6 and suppose that (8) holds and
that

|z — Tyl < ||Siz — Tyy|| for allz,y € K andi=1,2,...,N.  (18)
If the sequence {x,,} is defined by the iterative scheme (1), then
lim ||z, — Sizy| = lim ||z, — Tiz,|| =0,

foralli=1,2,... N.
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Proof We shall show that
nhﬁngo |xn — Sizp|| =0, foralli=1,2,...,N. (19)
By Lemma 7, we have
lim Sz, — Tre~ Y| =0, foralli=1,2,...,N. (20)

It follows from (18) that

lim |z, — 7720 Y| =0, foralli=1,2,...,N. (21)
Thus (19) follows. And Lemma 8 guarantees the second equality. O

4 Strong convergence theorems

A finite family {T1,...,Tn} of mappings of K with
N
F=(\F(T)#0
i=1

is said to satisfy condition (B) [2] if there exists a nondecreasing function
f:]0,00) — [0,00) with f(0) = 0 and f(r) > r for all » € (0,00) such that
forallz € K

max ||z —Tiz|| > f(d(z, F)),

1<i<N

where d(x, F) = inf{||z — p||: p € F}.

Theorem 1 Let K be a nonempty closed convexr subset of a uniformly con-
vex Banach space E. Let S1,S52,...,Sv: K — K be nonerpansive mappings,
T, Ts,...,Tn: K — K be asymptotically nonerpansive mappings with the se-
quence {k,} and suppose that F = ﬂfil F(S;)NF(T;) # @. Suppose that the
family {S1,So,...,Sn,T1, T, ..., TN} satisfies condition (B) and (3), (8), (18)
hold. Then the sequence {x,} defined by (1) converges strongly to a common
fixed point of S1,59,...,SNn,T1,To,...,Tn.

Proof We have
s — all = 0 = g < (1 + (2 = 1)) — gl forall g € F.

Consequently,
(@1, F) < (1+ (kY = 1))d(wn, F).

Applying Lemma 3 to the above inequality, we obtain that lim,, . d(x,, F)
exists. Also, by Lemma 9,

lim ||z, — Sizy|| = lim ||z, — Tia,||=0 foralli=1,2,... N. (22)
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Since {51, 52,...,5n,T1,T>, ..., Tn} satisfies condition (B), we conclude that

lim d(x,, F)=0.

n—oo

We now prove that {x,} is a Cauchy sequence in K. Let £ > 0. Then there
exists a positive integer ng such that d(z,,,F) < §. Find p € F' such that

|zn, — pll < §. By Lemma 6, we see that lim, .. ||z, — p|| exists and so

{x,, — p} is bounded. Then there is a constant M > 0 such that
|lzn —pl| < M foralln > 1.

We now choose a positive integer nq such that

o0

3
Z(kj"—l)<m.

Jj=ni1
Moreover, we have
[Zn41 =l < 20 = pll + M (k' = 1).
This implies that
|Zntm =PIl < @nsm—1 = pll + MKk g — 1)
< ||$n+m72 *pH + M(kvjz\r+m—2 - 1) + M(kvjzv-i-m—l - 1)

n+m—1
<llan —pl+M Y (kY 1) (23)
j=n

for all n,m > 1. From (23) it follows that, for all n > ny and m > 1,

|Zn+m — Tall < |Tntm — pll + |20 — pl|

n+m—1 n—1
<2flwn, —pl+ M D (Y -1+ MDD (KN -1)
Jj=ni1 j=n1
n+m—1
< 2|z, —pll+2M > (KN —1)
Jj=n1

< 2wn, —pll+2M Y (K —1)

Jj=ni1

2= oM —
VR VAN
Hence {z,} is a Cauchy sequence in K. In virtue of the completeness of K, we
assume that x,, — p’ € K as n — oco. By the continuities of S; and T; and (22),
we have S;p’ =p' = T;p' forall i = 1,2,...,N, so p’ € F. This completes the
proof. O
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5 Weak convergence theorems

Lemma 10 Under the assumptions of Lemma 6 and suppose that (8) holds.
Let {x,} be the sequence defined by (1). Then for all u,v € F, the limit
limy,— o0 ||tz + (1 — t)u — v|| exists for all t € [0,1].

Proof Since {z,} is bounded, there exists R > 0 such that {z,} C C :=
Br(0)NK. Then C is a nonempty closed convex bounded subset of E. Basically,
we shall follow the idea of [17]. Let

an(t) = |[tzy, + (1 —t)u —v||, wheret € [0,1].

Then a,(0) = ||u — v||, and from Lemma 6, lim,, o a,(1) = lim, oo ||2n — v
exists. We now assume that ¢ € (0,1). Define U,,: C — C by

W = a1+ (1 - a8z, 2eK

2@ = aDT1re® 4 (1 - a?) Sy,

(
2@ = a®Tre® 4 (1 - a®) S5,

V- : NI N2 4 (1 - eV V) Sy,
Upz = al™MTR2WN=Y 4 (1 — oM Sy
Then
1Unz = Unyll < k'llz = y|-
Set

Wn,m = n+m—1OUn+m—20"'oUna m > 1,
b = W (b + (1 — £)1) — (Wi + (1 — )W)

Then observing that W, ,,Zp = Zy4m, We get
antm(t) = [[trppm + (1 = t)u — v

< by + (W (tzn + (1= t)u) — |

n+m—1

j=n
< bn,m + Lnan(t)v

where L,, = [[;Z, k}’. By Lemma 5 we have

brm < Lnd ™ ([l2n = ull = Ly | Wamat — ul])

< Lo (lon — ull = @ntm — ull + (1 = L3 1)d),
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where ¢: [0,00) — [0, 00) is a strictly increasing continuous function depending
only on the diameter of K and ¢(0) = 0. Since lim,,—,o, L, = 1, it follows from
Lemma 6 that lim;, ;o0 bn,m = 0. Therefore,

limsup an,(t) < lUm by, + liminf Lya, () = liminf a,(¢).

m—o0o n,M—00 n—00 n—00
This completes the proof. O

Recall that a Banach space E has the Kadec—Klee property if for every
sequence {z,} in F, z, — x and ||z,| — ||z| it follows that ||z, — z| — 0.

Theorem 2 Let K be a nonempty closed convexr subset of a uniformly con-
vex Banach space E such that its dual E* has the Kadec—Klee property. Let
S51,82,...,88v: K — K be nonexpansive mappings, T1,Ts,...,Tn: K — K be
asymptotically nonexpansive mappings with the sequence {ky} and suppose that

N
F=(F(S)NF(T) + 2.

i=1

If (3), (8) and (18) hold, then the sequence {x,} defined by (1) converges weakly
to a common fixed point of S1,S52,...,5n, T1,T2,...,TN.

Proof Letq € F. Then by Lemma 6, lim,,_, ||, —q|| exists. Since E is reflex-
ive and {x,} is bounded sequence in K, there exists a subsequence {x,, } of {z,}
which converges weakly to some p € K. Moreover lim; .o ||zn; — Sizn,|| =0
and lim; oo |25, — Tizn,|| = 0 for all i = 1,2,..., N, by Lemma 9. From
Lemma 1, we have that (I — S;)p=(I —T;)p=0foralli=1,2,..., N. Thus,
peF.

Now, we show that {z,} converges weakly to p. Suppose that {z,,} is
another subsequence of {x,} which converges weakly to some p’ € K. By
the same method as above, we have p’ € F and so p,p’ € wy(2,). Then by
Lemma 10,

lim ||tz, 4+ (1 —t)p —p'||
n—oo

exists for all ¢ € [0, 1]. Now, Lemma 4 guarantees that p = p’. As a result, the
whole sequence {z,} converges weakly to p. This completes the proof. O

6 Some analogues and corollaries

With a little effort, we have the following analogues to Theorems 1 and 2.

Theorem 3 Let K be a nonempty closed convexr subset of a uniformly con-
vex Banach space E. Let S1,S52,...,Sv: K — K be nonerpansive mappings,
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T1,Ts,...,Tn: K — K be asymptotically nonexpansive mappings with the se-
quence {kn} and suppose that ﬂf\;l F(S;))NF(T;) # @. Let {x,} be the se-
quence defined by

xr1 € K,
.’,E(O) =T
n - ns

2P = a1l + 6808 3, + Dull,
aP) = ag)TQ”x%l) + b Soay + i ul,

(24)
2N aglel)TJ,\lrilw%me NGy e 4 N N
) = aslN)T]\}xSLN_l) + bglN)SN:rn + C%N)U%N),
T+l = xﬁlN), n>1,

where {ugf)} are bounded sequences in K and {aﬁf)}gozl, {bgf)}fle, {cgf)}fle C
[0,1] such that agf) +bgf) +cgf) =1forali=1,2,...,N.
Suppose that > o7 ¢V < 00 foralli=1,2,...,N,

(1) 2opz1(kn — 1) < oo,
(ii) there is § > 0 such that § < al <1-90 foralln>1,i=1,2,...,N,
(iii) ||z — Tyy|| < ||Six — Thy|| for all x,y € K and i =1,2,..., N.
(a) If the family {S1,Sa2,...,Sn,T1,T>, ..., TN} satisfies condition (B), then
{z,} converges strongly to a common fized point of S1,S2,...,Sn,T1, T2, ..., TN.

(b) If the dual E* has the Kadec—Klee property, then {x,} converges weakly
to a common fixed point of S1,S2,...,5n,T1,T>,..., Tn.

Remark
1. If, moreover S; = S = --- = Sy = S, then by Lemma 7

lim ||Sz, — Tiz0" V| =0 foralli=1,2,...,N.
The assumption (iii) in Theorem 3 can be weakened by assuming that there
isip € {1,2,..., N} such that
o = Tigyll < 1Sz — Tioyl| for all 2,y € K.

2. If, moreover S; = Sy = --- = Sy = I, then Theorems 2.3 and 2.9 of [18]
become a corollary of Theorem 3.

3. Theorem 3 is not only an extension of [9] and [10] but also obtained under
the different assumptions.

Theorem 4 Let K be a nonempty closed convex subset of a uniformly convex
Banach space E. Let S1,59,...,5v,T1,Ts,...,Tn: K — K be nonexpansive
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mappings and suppose that ﬂf\;l F(S;))NF(T;) # @. Let {x,} be the sequence
defined by

r € K,
(0) _
:L"n - xnv

2 = VT + 000 S 2, + Dull,
22 = aP TV + b Sz, + cg)ug),

G N=D _ (N=Dp (N2 (N g +C£LN—1)U£LN—1)’

2N = aM Ty 0N Sy, + C%N)ugv),
Tpy1 = :v%N), n>1,

where {ugf)} are bounded sequences in K and {agf)};’f:l, {bg)};’f’:l, {c5f>}$;>:1 C
[0,1] such that agf) +bgf) +cgf) =1forali=1,2,...,N.
Suppose that > o7 ¥ < 00 foralli=1,2,...,N,

(i) there is § > 0 such thatégag)S1—(5f07"alln21,i:1,2,...,N,
(i) ||z — Tyl < ||Siz — Tyl for allx,y € K andi=1,2,...,N.

(a) If the family {S1,S2,...,Sn,Th,T>, ..., TN} satisfies condition (B), then
{zn} converges strongly to a common fized point of S1,Sa,...,Sn,T1,Ta, ..., TN

(b) If the dual E* has the Kadec—Klee property, then {x,} converges weakly
to a common fixed point of S1,S2,...,Sn,T1,T>,...,Tn.
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Abstract
A concept of equivalence preserving upper and lower bounds in a poset

P is introduced. If P is a lattice, this concept coincides with the notion
of lattice congruence.
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There are various concepts of a congruence relation in ordered sets. All of
them define a congruence as an equivalence relation whose classes are convex
subsets. However, this concept is too weak, namely the quotient set by such
an equivalence need not be an ordered set. Hence, in the definitions additional
conditions are usually required. We can mention e.g. the approaches by M. Koli-
biar [2, 3], I. Chajda, V. Snésel [1], J. Lihové, A. Haviar [4] and R. Halag [5],
[6]. A natural assumption for a congruence on an ordered set is that if this
set is a lattice then the notion of a congruence has to coincide with the lattice
one. The aim of our paper is to introduce a concept of LU compatible equiva-
lence in an ordered set satisfying all the foregoing assumptions which, moreover,
corresponds to the concept of morphism preserving upper and lower bounds.

Let A # () be a set and let < be a partial order on A. For a subset B C A,
we denote the set of all lower or upper bounds of B in A with respect to < by
L 4(B) or Us(B), respectively, i.e.:

Lia(B)={z€A; z<aforall a € B}
Ua(B)={x € A; a<zforall a € B}

153



154 Viclav SNASEL, Marek JUKL

If there is no danger of misunderstanding, the subscript A will be omitted
and we will write U(B) or L(B) only.

We adopt the notation U(B,C) = U(BUC) and L(B,C) = L(BUZC).
If B = {b1,ba,...,b,} is finite, we will write briefly U(B) = U(by,ba,...,by),
dually for L(B).

Remark that if B C C C A then U(B) 2 U(C) and L(B) 2 L(C).

Definition 1 [1] An equivalence © on an ordered set P is called a congruence
if either © = P x P or it satisfies:

(i) [a]e is a convex subset of P for all a € P;

(ii) for every z,y € [a]o there exist u,v € [a]e such that u < x < v and
u<y< v

(iii) if u < z, u < y and u O = then there exists v € P with < v, y < v and
y O v ifx <o,y <vand v O y then there exists u € P with u < z,
u<yanduO zx.

Of course, the identity relation on P is a congruence on P.
It was already shown in [1] that the quotient set by a congruence is an
ordered set again.

Proposition 1 [1] Let P be an ordered set and © be a congruence on P. Then
the quotient relation defined on P/© by setting [ale <o [ble iff there exist
x € [alo,y € [ble with x <y is an order on P/O.

In the following, for any A C P denote [A]e = {[a]e; a € A}.

Corollary 1 [1] Let P be an ordered set and © be an equivalence on P. Then
© is a congruence on P if and only if

(1) P/© is an ordered set (with the order <,q);
(2) [Lp(z,y)le = Lpje([zle; [yle) and [Up(z,y)le = Up/e([zle, [ylo)

for every x,y of P.

Definition 2 Let (P, <) be a an ordered set. An equivalence © on P is called
LU — compatible if it satisfies the condition (2) of Corollary 1.

Lemma 1 If © is an LU compatible equivalence then the following holds:
(1) each block is directed,
(2) the condition (iii) of definition 1 is satisfied,

(3) <o is transitive.
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Proof (1) Let a,b € [x]o. Then [a]e = [z]e = [b]e whence
[L(a,b)le = L([ale, [tle) = L([z]e) # 0.

(2) Let u <z, u <yand u O z, ie. [ylo =[v]o for some v € U(x,y). Since
O is an LU-compatible equivalence, we have

Uz, y)le = Ul[z]e, [yle) = U(lule, [yle) = [U(u, y)le = [U(y)]e-

This shows the first part of (iii) of Definition 1. The rest can be shown analo-
gously.
(3) The proof is analogous to that used in [1]. 0

Theorem 1 Let (P, <) be a an ordered set and © be an LU compatible equiv-
alence. Then (P/©,<,g) is an ordered set if and only if each block of © is

converx.

Proof It is easy to show that <,g is reflexive. The transitivity of <,g follows
directly from Lemma 1.

We show that </ is antisymmetric. Let [z]e </o [y]e and [yle <o [z]e.
Then there exist 2/,2” € [r]e and y',y” € [y]e such that 2’ > ¢’ and 2"
From Lemma 1 there exist § € [y]lo and T € [z]e such that v/, y" < 7,
and T < y'. We have Z <y’ < 2’. Applying convexity we conclude [z]o = [y]o-

Conversely, let (P/0,<,g) be a an ordered set and assume z < y < z
with [z]e = [z]le. Then [z]e </o [ylo, [¥le <o [z]le = [z]e, thus due to
antisymmetry of <,o we have [z]e = [y]e. O

Theorem 2 Let (P, <) be a ordered set and let © be an LU compatible equiv-
alence. If every equivalence class of © has the least element, then (P/©,<g)
is an ordered set.

Proof It is easy to see that <,g is reflexive, transitivity of <, follows directly
by Lemma 1.

To prove its antisymmetry, denote by 0, the least element of an arbitrary
block [z]e. Let [z]o </o [y]o and [yle <, [r]o. Then there exist 2/, 2" € [z]e
and y',y"” € [yl such that 2’ > ¢ and 2" < y".
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Now 0, <y” and 0, < y”, hence by Lemma 1 there exists Z € [z]e with Z < 0,
and Z < 0,. Since 0 is the least element of [z]o, we have Z = 0,. This shows
0z < 04. Analogously we prove 0, < 0, consequently 0, = 0,, which finally

yields [z]e = [y]o- O
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Abstract

We contribute to the reverse of the Fundamental Theorem of Rieman-
nian geometry: if a symmetric linear connection on a manifold is given,
find non-degenerate metrics compatible with the connection (locally or
globally) if there are any. The problem is not easy in general. For nowhere
flat 2-manifolds, we formulate necessary and sufficient metrizability con-
ditions. In the favourable case, we describe all compatible metrics in
terms of the Ricci tensor. We propose an application in the calculus of
variations.

Key words: Manifold, linear connection, metric connection, pseudo-
Riemannian geometry.
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1 Preliminaries—affine differential geometry

Recall briefly some well-known facts from affine and metric differential geometry.
Let M be an n-dimensional smooth manifold (“smooth” always means of the
class C*), T,,M the tangent space at * € M, and let 7: TM — M denote the
tangent vector bundle of M. F(M) = C°°(M) denotes the ring of all smooth
functions on M, X(M) the C°°(M)-module of all smooth vector fields on M
(which can be viewed as sections of the projection 7), and A(M) the exterior
algebra over M. wl: JY'TM — M is the first jet prolongation of the tangent

*Supported by the Research and Development Council of the Czech Government MSM 6
198 959 214.
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vector bundle 7: TM — M, that is, the fibred manifold of 1-jets in J'(M,T M)
which may be represented by local sections of the projection 7. We have also
a canonical projection 7i: J'TM — TM = J°TM. Given an n-dimensional
smooth manifold M, a (generalized) connection' on TM is a (smooth) section
[':TM — J'TM of n§. A section I of 7} which is linear as a fibred morphism
of vector bundles is called a linear connection on TM, [10], [8]. Any linear
connection I' on T'M induces the so-called covariant derivative on M, and vice
versa. Recall that a covariant derivative on M is a mapping (X,Y) — VxY,
V:X(M)x X(M) — X(M), such that

Vx(Y+Z): VxY +VxZ, Vx(fY):fVXYJr(Xf)Y,

1

VixtgvZ = fVxZ+gVyZ @

for any vector fields X,Y,Z on M and functions f,g € F(M) on M; often,

under a linear connection on M we mean just V. To emphasise that V arises

from a linear connection I' we can write V!'. In what follows, (M, V) will denote
a manifold with linear? connection in the above sense.

If (Uy), U C M open, ¢ = (z',...,2") is a local chart on M denote
by (z*,v%) the induced adapted coordinates on V = 7~ 1(U) C TM and by
(z*,v",v}) the corresponding fibre coordinates on (mg)~ (V) € J'TM. A con-
nection I' on T'M can be locally given by functions v;» ol' = F;(ZE,’U) called
components of I'. A connection is linear if and only if its components are just
linear functions in v*, that is, there exist functions I‘;- i of coordinateson U C M
such that I (z,v) = I', (z)v* holds.

If (2) are local coordinates on U C M, we can introduce components
(Christoffel symbols) of V relative to the chart under consideration directly
as the functions Ffj(:t) given on U by? Vi% = Vaii % = Fi‘cja%' Note that
the linear connection T' (or V, respectively) is fully determined by components
Ffj provided they satisfy the well-known transformation law on overlappings of
neighborhoods, [9, I, Ch. 3, Th. 7.2, Th. 7.3]; recall that Ffj are not components
of a tensor.

Covariant derivation extends to tensor fields, [9, I]: if F' is of type (r, s) then
VxF is of the same type, and VF is of type (r,s + 1).

The torsion of a manifold (M,V) with linear connection is a type (0,2)
tensor field T given by T'(X,Y) = VxY — Vy X — [X,Y] for X,Y € X(M).
Here [, ] is the Lie bracket, [X,Y]f = X(Yf) = Y(Xf) for f € F(M); T is
skew-symmetric. The curvature of (M, V) is a type (0, 3) tensor field R defined
by R(X,Y)Z = [Vx,Vy|Z - Vixv|Z = Vx(VyZ) — Vy(VxZ) - Vix v Z.

The map R(X,,Y:): T.M — T, M is linear and skew-symmetric, R(Y, X) =
—R(X,Y). A connection V is called torsion-free (torsion-less, or symmetric) if

1In the sense of Ehresmann

2Many authors still use the term “affine connection” instead, from historical reasons; note
that affine connection or affine manifold may have a different meaning: each tangent space
Tz M is considered as an affine space, and TM — M as an affine bundle, similarly for mor-
phisms etc., [9, I, Ch. 3].

3 As usually, (#, o, L

s g ) 18 a basis of coordinate vector fields.
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T =0 (in local coordinates, I, = T'}.), and flat if T =0 and R=0. V is flat
if and only if around any point, there are local coordinates such that I' k=0
holds. We introduce the Ricci tensor Ric of type (0,2) as a trace of a linear
map, namely Ric(Y,Z) = Tr{X — R(X,Y)Z} (the other possibility differs
up to a sign) Components of torsion T = Tzk 57 @ da) ® da¥, of curvature
R = R}wk 72 ® da? @ dz* ® dz" and of Ricci tensor Ric = Rjpda? ® da*
terms of components of connection are T;k =TI ik I‘;- >

1A 8Fl ari‘h i s I s
hik — 6$]3h - 6$Jk Z (F ksrjh) ) (2)

% 8Flk ari i s s
Rjk = ZiRkij = Z ( 8;1 - axf) + Z Fzsl—‘jk ]sFik) . (3)

(2

Due to the co-called first Bianchi Identity (thjk] =0)
RX,Y)Z+R(Y,Z) X +R(Z,X)Y =0 (4)
and antisymmetry of the curvature we get

ors;  ory,

Ry — Rij = ) (Rl + Rjpi) = Riyy = Tr Riy = > 550 = 555 (5)

i

Hence in general, the Ricci tensor is not necessarily symmetric, even for a sym-
metric connection. We can see the following:

Lemma 1 The Ricci tensor satisfies [14, p. 14]
Ric(Z,Y) — Ric(Y, Z) = Tt R(Y, Z).

In general, the functions ; = Y T, (“traces”) that appear in (5) do not
transform as components of a tensor (1-form) since I'}; do not, either. Never-
theless, they play the following role:

Lemma 2 (Local necessary and sufficient condition for symmetry of Ric) The
following conditions are equivalent for (M,V):

(i) The Ricci tensor Ric is symmetric on M.

(i) The curvature tensor R is trace-less, Tr R = 0.

(iii) In each coordinate neighborhood the components of connection satisfy

ors or;
L 2 =0 i =1,...,n. 6
6$] 6$Z ) Z?] ) 7n ( )
The equations (6) in fact tell that there is a function fY on U such that
= I = d 4 = 1,...,n; @ is a “gradient vector”. That is, if we
1ntroduce a one-form on a coordinate nbd U by ¢V = > Yida; = I'é.dx’ then
(6) is a necessary and sufficient condition for ¥V be closed on U, di)V = 0.
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Recall that an exterior g-form w on M is a totally antisymmetric type (0, q)
field; w is closed if dw = 0, and ezact if w = da for some (¢ — 1)-form «. Since
d?> = 0, exact forms are obviously closed, but not vice versa. The so-called
Poincaré lemma guarantees that any closed form is locally exact. Obviously, a
form « from the above formula is not determined by w uniquely (in fact, there
are many (¢ — 1)-forms with the same differential).

Symmetry of the Ricci tensor is closely related to the concept of parallel
volume element. We say that (M,V), dimM = n, is locally equiaffine, or
volume preserving if locally, around each point x € M, there exists a non-
vanishing and covariantly constant n-form w; Vw = 0. If this is the case, w is
called a (local) volume element. The following holds, [14]:

Lemma 3 (M, V) with T = 0 is locally equiaffine if and only if the Ricci tensor
18 symmetric.

(M, V) with T = 0 is called equiaffine if it admits a parallel volume element.
If M is simply connected and (M, V) is locally equiaffine then it is equiaffine
[14, p. 15]. Hence a symmetric linear connection with a trace-less curvature
tensor (equivalently, with symmetric Ric) on a simply connected manifold is
equiaffine.

1.1 Parallelism and recurrency

Ifc: I — M, t— c(t) is a curve, let {(t) = (c(¢), ¢'(t)) denote the corresponding

tangent vector field along the curve ¢; ¢/(t) = %. Let Y be a vector field
along c. Then the covariant derivative V(Y along c is defined; in terms of local

coordinates, if Y = Yk(t)(%)c(t) then

dy'’* det . 0
= - Tk Zvyi | —.
VY zk: Tt r(c(t)) Y| 57

,J

A regular? differentiable curve t — c(t) is an unparametrized geodesic®, [13],
or pregeodesic, [14], if there is a real function ¢(¢): I — R along ¢ such that
V¢¢ = ¢¢. Equations of (pre)geodesics read 2”" + F;kx”:zz’k = ¢2’". If the
tangent vector field is parallel along the curve, V:( = 0, we speak on canonically
parametrized geodesics; the so-called canonical affine parameter s is determined
uniquely up to affine transformations s — as+b with a # 0. In local coordinates,
canonically parametrized geodesics are described by the well-known system of
differential equations

:ii+F§-kx'jx'k:0, jk=1,...,n. (7)

Connections with the same “symmetric part” V, V,(X,Y) = L(V(X,Y) +
V(Y, X)), have the same geodesics, and pregeodesics, too.

4in the sense that ¢(s) = g—g #0forallsel
5to emphasize that the particular parametrization is unrelevant for actual considerations
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A diffeomorphism f: (M,V) — (]\7[,@) is called a geodesic mapping if all
geodesics of (M, V) are mapped into unparametrized geodesics of (M , @)

A non-vanishing tensor field F on (M, V) is called parallel, or covariantly
constant (with respect to V) if VF = 0; equivalently®, VxF = 0 for any
X € X(M). A non-vanishing tensor field F' on M is recurrent if there is a
one-form w such that

VF=w®F. (8)

Lemma 4 Let a type (r,s) tensor field F' on (M, V) be recurrent; VF =w® F
for some 1-form. Let F' be non-vanishing on M. Then the 1-form w is closed.

Proof Recurrency means that for arbitrary vector fields Y7,...,Ys and one-

forms w!,...,w” on M,

(Vx F)(Y1,..., Y, wh W) =w(X) - F(Yy,..., Y,y w").
In local coordinates about any point p € M, let w = wy dz*, and V}, = V%-
dx

It follows that VkF““'Z: = W Fil"'ir forany k=1,...,n;n =dim M. Let the

component FZl ]“ (for fixed 1ndlces) be non-zero at p, and due to continuity,

in some nbd U of p (from continuity again, the component is either positive,
or negative around the point). Then the components of the 1-form can be
expressed in U as

1 0

Ve F = Vi (n | F ) =

J1---Js

In |Fiir

Ji---Js

WE = ), k=1,...,n.

That is, about any point p € M, w = d(ln |F;11]“|)7 i.e. w is locally exact, and
dw = d(df) = 0. O

Lemma 5 Let F be a type (r,s) tensor field on (M,V). Let o € F(M) be a
non-vanishing real function; a(x) # 0 for x € M. Then the following conditions
are equivalent:

o a® F s parallel with respect to V,
e VF=d(—In|a|)® F.

Proof Since V(a®F) = (Va)@F+a®(VF) and « # 0, we have: V(a®F) =0
iff VF = —(1.Va)® F = —d(In|a|) ® F. Hence a ® F is parallel if and only
if VF =df @ F where f = —In|a|. O

Lemma 6 If a tensor field F' of type (r, s) on (M, V) is recurrent, VF = w®F,
and the 1-form is exact, w = df, then e~! @ F is parallel w.r.t. V.

Proof If VF = df ® F denote a = ¢/, Then f = —Ina, and V(a ® F) =
da®@F+a-d(—Ina)®F = da®@F+a-(—1)-da®F = 0. Hence a®F = e /@ F
is parallel. O

6In more geometric language, the condition tells that the field is preserved under parallel
transport along all curves in M.
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1.2 Compatible metrics

Recall that a pseudo-Riemannian metric on a smooth manifold M is a (smooth)
type (0,2) tensor field on M such that in any point @ € M, the corresponding
bilinear form g, defined on T, M is symmetric and non-degenerate; (M, g) is
called a pseudo-Riemannian manifold. If g, is moreover positive definite for all
x € M, (M,g) is called the Riemannian space. A linear connection V (may be
non-symmetric in general) on (M, g) is compatible with g if g is parallel with
respect to V, Vg = 0.

The Fundamental Theorem of Riemannian geometry states that any pseudo-
Riemannian manifold (M, ¢) admits a unique linear connection V, called the
Riemannian (or Levi-Civita) connection, or metric connection, of (M, g), char-
acterized by the pair of conditions T' = 0, @g = 0 (the parallel transport
with respect to \Y along any curve preserves the scalar product of tangent
vectors defined by g). On (M,g), components I‘;-k of the Levi-Civita connec-
tion are related to components g;; of the metric by the well-known formula
Tfy = b (55 + G - 3

On the other hand, given a manifold equipped with a linear connection,
(M, V), we might be interested in metrics the given connection is compatible
with. If V is torsion-free, it means to find a metric g on M such that V is just the
Levi-Civita connection of (M, g). We say that a manifold (M, V) is metrizable,
or locally metrizable, respectively, if there exists a metric (or exists locally,
respectively) compatible with the connection (metrization problem, MP).

Essentially the same problem can be formulated in a bit more general set-
ting as follows, [13] (the answer is formulated in Corollary 1): If (M, V) is given
find all geodesic mappings (i.e. diffeomorphisms which map geodesics onto un-
parametrized geodesics) of (M, V) onto (all possible) pseudo-Riemannian man-
ifolds (M, g) (due to diffeomorphisms, we can in fact suppose M = M ).

In local coordinates, the formula Vg = 0 reads”

gi:;z = gs; I + gisr;k- 9)
In principle, to answer the question on (local) metrizability of a connection
means to solve the system® (9). Employing the curvature, necessary integrability
conditions for metrizability can be given in the form of an infinite system of
linear equations in %n(n +1) functions g;; (with coefficients which are functions
in I's and their partial derivatives), [7]; the coordinate-free form reads

g(R(X, Y)Z,W)+g(Z,R(X,Y)W) =0, (10)
gV'R(X,)Y;Zy;.. s Z ) 2), W)+ g(Z,V"R(X,Y; Z1;...; Z)(W)) =0 (11)

forall X,Y,Z, W, Zy,...,Z, € X(M), 1 < r < oo. Flat connections are locally
metrizable’. If (10) has at least a 1-dimensional solution space containing a

. a8 . 98 y_ 99
“In components, g;;:, =: V(557 557 3ok ) = 5.0 — 9siliy — gisLjy-

8Which can be done directly in simple cases.
9For the detailed theory of flat affine manifolds, cf. [9, I], flat Riemannian manifolds are
discussed e.g. in [23].
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non-degenerate metric and any solution of (10) satisfies also (11) for r = 1 then
(M, V) is metrizable, [7].

Corollary 1 If there exist %n(n + 1) (differentiable) functions g;; which solve
the system
9sj Ripe + gis R = 0 (12)

and satisfy gi; = gji, det(gi;) # 0, and any solution of (12) solves the system
gszfké;m + giSR_?ké;m =0 (13)

then (locally) there exist geodesic mappings of (M, V) onto pseudo-Riemannian
spaces.

On a (pseudo-)Riemannian manifold (M, g) with the metric tensor g besides
the curvature tensor R in type (1,3), we can consider the type (0,4) tensor

R(X,Y,Z,W) = g(R(X,Y)Z,W), usually also called curvature tensor; the re-
lations R(X,Y,Z, W) = R(Z,W,X,Y) = —R(Y,X,Z,W) = —R(X,Y,W, Z)
hold. In a coordinate system (U, = (z')) based at a point = € M, compo-
nents Rfjk of R and Ry of R = Rhijkdxj ® dz* ® dz' @ dz" are related by
Rhiji = gns Ry, and g R = R{;,.10.
Lemma 7 The Ricci tensor of the Levi-Civita connection of a (pseudo-)Rieman-
nian manifold (M, g) is always symmetric, [6, p. 331].

The sectional curvature of a two-space P given by the linearly independent
tangent vectors X,Y € T, M is given by

B g(R(X,Y)Y, X) _ R(X,Y,Y,X)
KX AY) = R X)gv.v) —g(X.VE ~ XAY|P (1)

where || X AY|| is the area of a parallelogram determined by X and Y, [3, p. 94],
[6, p. 327] etc. The sectional curvature determines the whole curvature tensor
R, [8, p. 137].

On (M, g), the Ricci tensor in type (1,1) is introduced with components
R} = g.R,;, and the scalar curvature g as its trace, ¢ = TrRic = R = g" R;;.

A Riemannian manifold (M, g) is called isotropic at a point * € M if the
curvature is the same constant, K (), on every (two-plane) section, and isotropic
if it is isotropic at every point, [1]. If 2 is an isotropic point of (M, g) then the
following formula holds at z in any local coordinates around x:

Rpije = K(x)(9n;9ik — gnigjx)- (15)

A two-dimensional manifold is (trivially) isotropic, therefore it satisfies (15).
Pseudo-Riemannian manifolds with symmetric Ricci tensor for which the

Ricci tensor is proportional to the metric tensor, Ric = Ag, are called FEinstein

spaces, [12, p. 263], [15], [17]. In the Loretzian case, they are important in

10 As already mentioned, Rpijk = Rjkhi = —Rinjk = —Rpikj-
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Einstein’s theory of general relativity (the Einstein’s field equation is a dynam-
ical equation which describes how matter changes the geometry of spacetime;
in vacuum, it is given by the condition Ric = 0). The factor of proportionality
can be calculated'!, A = %Q, hence for Einstein spaces,

1
Ric = —pg. (16)
n

Particularly, all two-dimensional pseudo-Riemannian manifolds are Einstein spaces
as we check below, cf. [12, p. 263], [15, p. 101].

2 Metrizability of 2-manifolds

Let us pay attention to existence of compatible metrics in the simplest case n =
dim M = 2. Let (2!, 2?) denote local coordinates on a coordinate neighborhood
U of a manifold M. In dimension two, the curvature is simply given by Rp;;r =
K (z)(gn;gik — 9nigjk) [8, p- 137], and the function K(x) is called the Gauss
curvature. The Riemann curvature R in type (1, 3) and the Ricci tensor Ric are
related by [12], [15]
hik = 05 Bikn — 6. Rjn. (17)
As far as Rj;; = 0 and Rj,; = Rj;, holds for j # 4, the curvature tensor
of a linear connection V on M5 is completely determined by its Ricci tensor;
explicitely,
Ry = _R%u = R%21a Ro1 = _R%Ql = ha»
Riy = *R%u = R%217 Rys = *Rézl = R%lQ'

Particularly, R = 0 if and only if Ric = 0, and recurrency is also inherited:

(18)

Lemma 8 For (Ms, V), Ric is recurrent if and only if R is recurrent.

Proof Let Ric be recurrent, VRic = w®Ric. In local coordinates, if w = w;dz?
then VéRij = 5}V@Rkh — 5,@V@R]‘h = (;;'wéRkh — 5,@(&)@th = ngij, hence
VR =w ® R. Vice versa, if VR = w ® R holds then V R, = ng};ij = weRjp,
and VRic = w ® Ric. O

On (M, g), non-zero components of type (0,4) curvature R are (up to a
sign) equal just Ri212, and (15) reads ([15, p. 62], [8, p. 137])

Rpiji = K(gnjgik — gnrgij) (19)
where K = K (z) is the Gauss curvature, K = dftlfgl?).

Lemma 9 The curvature tensor of a two-dimensional pseudo-Riemannian mani-
fold (Ma, g) satisfies

hik = K (61.9n5 — 6, gnk), (20)
and the Ricci tensor is proportional to the metric tensor,
1
Ric:K'g:§g~g. (21)

Un fact, o = Rijg = Agijg™ = n.
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Proof We can either use the fact that Ms is trivially isotropic, [1, p. 374],
and (16) holds, or proceed by direct evaluation: Rf,; = R}, ;0L = R, gskg™ =
Rnijkg™ = K(gnjgix — gnk9ij)9" = K(6tgnj — 0% gij). It follows immediately
for the Ricci tensor that Ry = ¥R}, = K - Xi(0;gnj — 04,9i5) = K - g, hence

Ric = Kg, and ¢ = Ry;g" = 2K. O

Corollary 2 (Ms, g) is always an Einstein space. For a nowhere flat (Ma,g),
the Ricci tensor is symmetric and non-degenerate.

Note that according to [9, I, p. 280], any non-flat Riemannian 2-manifold
has a recurrent curvature provided its sectional curvature does not vanish. We
can check:

Lemma 10 The Ricci tensor of a nowhere flat pseudo-Riemannian manifold
(Ms, g) is recurrent, and the corresponding 1-form is exact'?.

Proof R # 0 is equivalent with K (z) # 0 on M (from continuity, K is either
positive, or negative). Since by (21), g = «a(z) - Ric with a(z) = ﬁ # 0,
and Vg = 0, we get easily that a(x) - Ric is parallel. According to Lemma 5,
VRic = d(—In|a|) ® Ric holds. O

It follows from the above discussion on pseudo-Riemannian manifolds that
two conditions are necessary for local metrizability of a (symmetric) connection
on a 2-manifold: the Ricci tensor must be symmetric, and must be also recurrent,
with the corresponding 1-form being closed; Ric may be degenerate only in the
case R = 0, and then Ric = 0 holds. Furthermore, for global metrizability, the
1-form from the recurrency condition must be even exact. A flat connection
is always (globally) metrizable, with $n(n + 1)-parameter solution space; even
the signature can be prescribed. So let us pay attention to the situation when
the curvature tensor (or equivalently, the Ricci tensor) is non-zero in one point
2o € M, and due to continuity, in some neighborhood of zg!3.

Theorem 1 (Existence of local metrics on two-manifolds) Let a 2-dimensio-
nal manifold (M, V) with a symmetric linear connection be given such that
the Ricci tensor is regular, |R;j| # 0, symmetric, R;j; = Rj;, and recurrent,
VRic = o ® Ric for some 1-form o. Then locally, there is a metric compatible
with the connection.

Proof Let zp € M. |R;;| # 0 implies existence of a pair (4, j) of indices such
that R;; # 0 about'? z9. Recurrency together with regularity guarantee that
do = 0 (Lemma 4). Hence about xg, there is a function f such that ¢ = df.
Consequently, e~/ - Ric is parallel about zy. Therefore g = e~ - Ric is a local
metric on a nbd of xy compatible with V. O

12and consequently closed
13The subset of non-flat points is open.
14Under “about z” we mean on some neighborhood of .
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Of course, the function f from the proof is not unique. Any function f with
the same differential, df = df, also gives a metric; such a function differs up to
a constant, f = f+a,a € R.

If R is nowhere zero, a similar proof quarantees existence of global metriz-
ability of a nowhere flat affine manifold:

Proposition 1 Let (M2,V) be a two-dimensional manifold with a symmetric
linear connection. If the Ricci tensor of V is reqular, symmetric, and recurrent,
VRic = 9 ® Ric, and the 1-form o is exact, i.e. ¢ = df for some function
f € F(M), then g=e~f - Ric is a (global) metric tensor compatible with V.

Theorem 2 (Global metrizability of no-where flat connections on 2-manifolds)
A nowhere flat symmetric linear connection on My is metrizable if and only if
its Ricci tensor is regqular, symmetric, recurrent, and the corresponding 1-form
is exact. If this is the case, and V Ric = df ® Ric holds for some smooth function
f € F(M), then all global metrics compatible with V form a 1-parameter family
described by the formula

gy =exp(—f +0b)-Ric, beR, (22)

that is, any of them arises from the Ricci tensor as a multiple by a smooth
function. Moreover, any two compatible metrics differ up to a scalar multiple.

[134

Proof The main statement has been already proved - the “if” part in Theorem
1 and Proposition 1, and the “only if” part in Corollary 2 and Lemma 10. As
to the rest, let g = e~/ . Ric, § = e~/ - Ric be two compatible metrics, then
f—f=a,Ric=elg, and g = e*§. We get § = e~/ ~%-Ric; i.e. (22) holds. O

As an immediate consequence of Theorem 2 we obtain:

Corollary 3 Two pseudo-Riemannian metrics g1, go compatible with the same
nowhere flat (symmetric) linear connection on My are homothetic.

Unicity of g declared in [18, p. 532] must be understood in this way.

For positive-definite metrics, this result is a special case of the Theorem 1
of O. Kowalski from [11, p.131] (recall that two metrics g1, g2 on a manifold are
called conformally equivalent if there is a function x on M such that go = kg1,
[23, p. 99]): Let g, g’ be two Riemann metrics on a smooth manifold M with
the same Riemann curvature tensor R. Then g,g are conformally equivalent
on the closure of the set of all regular points of R.

3 Application in the calculus of variations

Let us mention the relationship of our problem to the Calculus of Variations.
The so-called Inverse Problem (IP) of the calculus of variations is: if a system
= fi(t,x% %), i,k = 1,...,n of second order differential equations (SODEs)
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is given, find—sufficiently differentiable—Lagrangian functions L(t,2*, %) and
a multiplier matrix g;;(¢, 2%, #*) such that

i i d (0L oL
9i (& — f') = 7 (@) 9

Given a system of second order ODEs of a particular type
4T () ek =0,  k=1,...n, (23)

that is, second derivatives can be expressed as quadratic forms in first deriva-
tives, we can use the above theory for deciding whether the system (23) is
derivable from a Lagrangian. In fact, provided det(g;;) # 0, the system (23) is
equivalent to the system

gmi(& + Tl (x)i/i%) =0, i,m=1,...,n. (24)

Another speaking, MP can be viewed as a particular case of IP, where f! =
—T% ()37 i (that is, f! are quadratic forms in components of velocities, with
coefficients depending only on components of positions) in the particular case
when the multipliers are time- and velocities-independent. We can assume that
the coefficients in (23), the functions I'*,(x), are components of a symmetric
linear connection V on some neighborhood U C R™. If V is (locally) metrizable,
and g¢;;(z) (with det(gi;(x)) # 0 at any « € U) are components of some non-
degenerate metric g compatible with V on U, then (23) and (24) are equivalent,
hence the functions g;;(x) can be taken as the desired variational multipliers.
One of particular Lagrangians comming from MP (and solving IP) is

1 o
L=T= igij (z)a*d, (25)

the kinetic energy. There might exist multipliers of a more general form
gik(t, z, @), depending on “time, positions and velocities”, which might bring
more complicated Lagrangians, [5].

4 Examples

Example 1 ([7, p. 122]) On R? with coordinates z = (z',2?), assume the
system of ODEs

(@) + (2" —a?)(@)? =0, (¥*)°+ (2! —2?)(@*)* = 0. (26)

Curves c¢(s): I — R? (parametrized by arcs length), which are solutions of the
system, represent the family of geodesics of a (symmetric) linear connection
V with components I'y; = TI'5, = z' — 2%, T = 0 otherwise. We ask if the
(torsion-free linear) connection is metrizable, i.e. we wish to find type (0,2)
symmetric tensor field g with Vg = 0. The corresponding system

O1g11 = (z' —2H)gi1, Oigi2 =0, Oiga2 =0,
D2g11 =0, Oag12 = (' —2?)g12, O2g22 = (z! — 2%)g2o
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can be solved directly, but the only solution is trivial, g;; = 0 for all 4, j. Or, ar-
gumentation using the Ricci (or curvature) tensor can be used: Ry; = R25; =0,
Ris = Rl = 1, Ry = R3,; = —1, Raa = R, = 0, hence the Ricci tensor is
not symmetric, our linear connection is not metrizable (even locally).

It appears that in this particular case, the quickest and most comfortable

way is to use the criterion from Lemma 2 (iii): we check that 1) = ¢ = 2! — 22,

01v2 = 1 while dx1p; = —1.
Example 2 The system of equations
it = —(2h)? — (#?)?, #? = —4i'd? (27)
corresponds to a torsion-free linear connection on R? with components
Fh = F%2 =1, F%2 = F%1 =0, F%1 = F§2 =0, F%2 = F§1 =2

Now our “quick” criterion fails, the connection determined by (27) has symmet-
ric Ricci tensor: ¢ = 3, 12 = 0, Ric = (Rpx) = (_02 91> . But the connection
is not metrizable, either, since Ricci is not recurrent: system of linear equations
for functions o (z), as(x) such that R;j.x = axRi;

4=Ri1;1 =01 Ry = 201, 0= Ry12 =Ry = —2ap,
4 = Roo;1 = a1 Rop = —avq, 4 = Rao.2 = aaRap = —ap etc.

is inconsistent in our case. The connection is a non-metrizable one. There are
no time- and velocities-independent multipliers g;;.

Example 3 ([2]) The system
=0, #*=-2i'd? (28)

defines on R? (or on R x S, or on the torus T? = S! x S!) a symmetric linear
connection V with Christoffel symbols '3, = '3, = 1, Ffj = 0 otherwise.
We can easily check that Ric is symmetric, since ¢; = I't; + I'?, = 1, and
g =3, + T2, = 0. But it is degenerate, evaluation of the components brings

(Rij) = <_01 8 ) . Therefore V is not metrizable (even locally). If we try to
solve directly the system corresponding to Vg = 0,

01911 =0, 01912 = g12, 01922 = 2922,
02911 = 2912, O2g12 = g2, Oogaz = 0,

we get a similar answer, G = (g;;) = (g 8)

Example 4 ([2]) Equations
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determine on My = R? a symmetric linear connection Vx, X1 = X3 =0,
Vx, X2 = X, Vx,X; = 0 otherwise, X; = 52, with Christoffels

Iy =I3=1, Ffj =0 otherwise.

The curvature tensor R vanishes, equivalently, Ric = 0, the connection V is
flat, hence (locally) metrizable, and the system (29) is variational. To find out
components of the metric, or another speaking, variational multipliers g;;, we
can solve the system of PDEs

01911 = 2911, 01912 = g12, 01922 =0,
2911 = 0, 02912 = g12, 02922 = 2g22.

Given xy € M, a non-singular 2 x 2 matrix (g;) and initial data g;(xo) = g§;
the solution is g11 = g?le“l, g1z = 99269”1*””2, goo = 982629”2, hence we get a
(global) metric on R? and the corresponding Lagrangian,
gij =gy - e" L= %Q?jeﬂﬂj &'
(remark that direct search for solution of the corresponding system of PDEs
need not be easy in most cases). The Ricci tensor brings the same answer.
Note that if we introduce essentially the same connection on the “infinite
cylindr” S' x R, or on the torus T2 = S! x S!, such a connection is not
globally metrizable. Indeed, consider the (continuous, even smooth) function
f@&) = | X1(v(t))l, t € (0,1), the length of the (smooth and globally defined)
coordinate vector field X; along the “flow line” (which is the circle without one
point): it satisfies f/ = 2f; the metric behaves “exponentially”. We must ex-
pect problems with successful “taping” of the metric on the overlap of coordinate
neighborhoods.

Another example of C*°-connection which is metrizable locally but not glob-
ally is given in [16], cf. [22].

Example 5 For the system

1
ittt =0, @ - 5 exp(2?)(i)? =0, (30)
non-zero components are I'l, = 'y, = 1, '} = —1e*". The Ricci tensor
with components Ric = —ieﬁdxl ® do! — %dwz ® dx? is covariant constant,

VRic = 0, therefore recurrent with vanishing (and consequently exact) 1-form
w = 0 = d (const) entirely on R?. All (global) compatible metrics on R? form a
one-parameter family

g = exp (22 + b) do' ® da' + exp (b) d2® @ da?, bER, (31)

which yields Lagrangians L = %ez2+b(;t1)2 + e (22)2.
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Abstract

Biology and medicine are not the only fields that present problems
unsolvable through a linear models approach. One way to overcome this
obstacle is to use nonlinear methods, even though these are not as thor-
oughly explored. Another possibility is to linearize and transform the
originally nonlinear task to make it accessible to linear methods. In this
aricle I investigate an easy and quick criterion to verify suitability of lin-
earization of nonlinear problems via Taylor series expansion so that linear
models with type II constraints could be used.

Key words: Linear models with constraints, compartmental anal-
ysis, nonlinear models, linearization via a Taylor series.
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1 Used symbols

h(A) rank of the matrix A

Ma a matrix My =1—Pjx

Pa a projector on the space M(A) in Euclidean norm

M(A) range space of the matrix A

R* k-dimensional linear vector space

x7(0;1—a) (1 = a)-quantile of the random variable with x%(0) distribution
X~ generalized inverse of the matrix X

Xt Moore-Penrose g-inverse of the matrix X

<X);1(z:) minimum Y-norm (seminorm) g-inverse of the matrix X
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2 Linearization via a Taylor series
Let us consider a general nonlinear model
YN" (f(lgl)vz)v ﬁlGRklv ﬁQGRk27

where the parameter 3, occurs only in a constraint g (3, 35) = 0, the function

f: V- R, V{<g1> 1g(ﬁ1,ﬁ2)0}7
2

has continuous second derivatives, and g(-) is a ¢-dimensional function with
continuous second derivatives.

If we know approximate values 3%, ﬂg of the parameters 3;, 3, we can
linearize functions f(-) and g(-) via Taylor series

B(3) = £ (8Y) +F (89) 081 + 5h(08,) + ..
where
F (8%) = 08(3,)/08ilp, gy, #(681) = (BBIF16By,... 681 F i)
Fi = 0°£:(8,)/06:08 5, g, i=1.m.

and
1
g(B4,8,) =b+B1683; + B2683, + §w(§ﬁ1, 0Bs) + ...,
where
g (81, B5) g (B1,B5)
_ 0 40 _ 192 _ 1,92 .
b*g(51752)7 Bl - aﬂl 2;2237 B2 6ﬂ2 Z;igé

and

{w(08,.08,)}i = (56'.665) (§ B) (ggi) ’

A = 9% (By,8,) /08,08

)

,31: ?7,32:,33

B = 9%¢; (81, 8,) /98,085

)

51:5?’52:53
D = 8291' (51752) /8523/3/2

)

51:5?’52:58
izla"'7q7 6/81:ﬂ1_ (1)7 6ﬂ2:/82_ﬂ?

After ommitting terms of the second and higher orders we get a linearized
model

Y —£(8)) ~n (F (ﬂ?)aﬂl,Z),@g;) € {(3) :b+Blu+B2vO}.



Suitability of linearization of nonlinear problems not only in biology. .. 173

If h(F (,6?)) =k < n, h(Bl,Bg) =q < k1 + kQ, h(Bg) =k < q, and X is
a positive definite matrix we say that the model is regular. It is a linear model
with type II constraints.

Let us denote shortly fo = f (8}), F = F (39).

Lemma 2.1 The best linear unbiased estimators (BLUE) of the parameters
08, 084 in the regular linearized model

Y —fy ~, (Fé3,,%), b+BidB;, +B23, =0,

are
5//6\1 = ({.i - CilB/l (MBzBlcilBllMBz)—i_ (b + Bl%\l) ) (1)
- S / —
0By = — [(Bz)m(Blcleg)] <b+B15,31> ; (2)
and their variance matrices are
_ +
var ((Sﬁl) = (MBQMBchBQMm) ) (3)
—_ _ -1
var (552) - [B; (BiC™'B + B,B}) 132} 1, (4)

where 68, = CTLF'S~1(Y — f;) and C = F'S~'F.
Proof First we find a constrained extreme of the function
(Y —fo —FéB,) =71 (Y — fo — FipB,)
with a constraint b+B108, +B263, = 0. Derivatives of the Lagrange function
®(68,,08,)=(Y—fy —FéB,) X Y- fy— FiB3,)—2XN (b +B163, + B203,)

are
0P ((Sﬁla 6/82)
268,
0P (68,,08,)
0034
We put both derivatives equal to a null vector and solve the ensuing system of

equations. By first calculating an estimator of 63, from the first equation for
the model without constraints, i.e. for A = 0, we obtain

= 2F'S71 (Y - fy) + 2F'S7'Fé3, — 2B},

= —2B)A.

53, =C'F'S (Y — fy),

where C = F'S7'F, and therefore 5/5\1 = (S/ﬂ\l + C71B{ . After substituting in
the model the constraints b + B103; + B208, = 0 we solve, together with the
second equation, a system

(BlclB’l,B2> AL —(b+B1§/ﬁ\1)
By, 0 )\ 43, 0 '
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Using the Pandora-box matrix ([2, Lemma A.7.23]) in its special form (]2,
Lemma A.7.24]) we obtain a solution

)- B

where

= (MBzBlcilB/lMBz)—i_’
= (B;C™'B} + B,B}) "B, [B,(B;C™'B} + B,B}) " By] ,

[3]=[2].

= [B4(B1C'B} + B,B})"By] 1,

and since ([2, Lemma A.7.9])

(B/Q);z(Blcle/l) = (Blc_lB/l + B2B/2)_B2 [B/Q(Blc_lB/l + B2B/2)_B2:| B
we can write

A =~ (Mg,BiC 'B{Mg,)" (b+B135, ),
_ _ / _
08> = — |(BY)macormy) (P+Bi3B;).,
58, = 98, + C'B{A =3B, - C7'B] (Mp,B:C'B{Mg,)" (b+B145, ).

Variance matrices can be obtained as

53 I- C'B} (Mg,B:C 'B{Mg,) B _
var 5"% = 1(/ 132 ! Y 2.) By var(d3;) %
08, - [(B2)m(Blcle;)} B,

x (I- B} (Mg,B1C™'B{Mg,)  BiC™",~B(B)), 5.0 5;))
Since Var(é/ﬁ\l) = C~! and using [2, Lemmas A.8.4 and A.8.5]
var ((ﬁ) - [I — C'B} (Mp,B1C 'B,Mg,) " Bl} c!
X {I — B (Mg,B:C'B,Mg,)" Blcfl}
= C! - 2C"'B} (Mp,B:C 'B{Mg,) B;C ™'+ C !B
(Mg,B:C™'B;Mg,)  B,C 'B} (Mg,B,C 'B|Mg,) B,C"!

' _C B} (Mg,B1C 'BMg,)" B,C*
_ _ + _
— C™'B{Mg, (Mgp,B:C 'B/Mg,) Mg,B;C*

-1

X
=C
=C

+
= (MB;MBz CMB’lMgz) ;
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and similarly, when we denote H = B, (B;C~'B} + B;B}) Bs,

ey ’
var (5/32) = {(B;);R(Blcle’l)} BlC_lB/l(B/z);l(Blcle;)
— H B}, (B;C'B} + B,B})  B,C"'B} (B;C'B} + B,B}) ' B,H"
— H B, (B,C'B} +B,B,) "' (BiC 'B} +B,B), — ByB))
x (B;C™'B) + ByB})  B,H™
— H 'HH ' - H 'HHH '
B -1
~ [By(BiCT'B +B:BY) "By -

because the matrix (B1 C'B) + BgB’2) can be expressed as multiplication of
regular matrices (due to a model regularity)

_ c1l,o0 B’
B:C 1B/1+B2B/2:(B1,B2)< 0 ,I) (Bé),

and since we can use common inverse matrices instead of g-inverse matrices

(B;C~'B/ + ByB) ~ and [B; (B,C'B] +BQB;)’BQ}_. 0

Remark 2.1 Since (see [2, Lemmas A.7.24 and A.7.9])

1

(Mg,B1C 'B/Mg,)" = (BiC™'B| + B,B,) ' — (B,C 'B/ + B,B})

_ -1 _
x By [Bg (B;C™'B) + ByB,) " Bg} B, (B;C'B} + B,B})
and

(BY),n(m,c-18) = (B1C7'B1+B>B;) !By [By(B,C™'B} + B2B/2)_1B2]71’

the estimators of §3; and §3, in (1) and (2) can be expressed in equivalent
forms without generalized inverse matrices

58, = 98, - C"'B} [T — TB; (B,TB) 'BiT| (b+B13B,),  (5)
58, = — (ByTBy) ' B4T (b+B1dB, ), (6)

where T = (B;C~'B} + ByB}) .

Now we turn back to the model with quadratic terms and explore the prop-
erties (1)—(4) of the estimators.

Lemma 2.2 If

Y —fy ~, (FoB, + %”(551)7 Y), b+ B1iB; +B2df; + %w (0841,68,) =0,
(7)
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then biases of the estimators (1) and (2) are

_— 1
b= F (ml) ~ 3B, = 5C "B} [Mp,B.1C™'BiMa,] " w (58, 98,)

1 + Ivy—1
+3 [MB;Msz CMB;MBJ F'Y7 k(08,),
by = E (6’@) — 0B,
1

— ! — —
=3 [(Bé)m(Blcleg)] (w (681,68,) —BiCT'F'E 1"0(5,61)) )
where C = F’S~'F.

Proof By [2, Lemmas A.7.24 and A.8.4] and due to Mp,B2 = 0, we can write
— o —1p/ —1p/ + o
E (ml) ~ E (3B, - C"'B} [Mg,BiC'BiMz,]" [b+ B33 )

= —C7'B} [Mg,B,C 'B;Mg,] " b
+[1- ¢ "B} [Mg,B.C'B{Mg,] " Bi| £ (38,)

~C'B} [Mg,B:C"'B/Mg,| " b
+ [I ~ C'B} [Mg,B,C B Mg,]" Bl} c 'zt (F(Sﬁl + %n(ml))
= 08, — C"'B} [Mg,B:C~'BMg,] " (b + B163,)

n % {I ~ C'B [Mp,B,C'B\Mpg,] " Bl] CF'S1k(58,)
= 0, + OB\ M, [Mp,B1CBiMn,] " Mn, (B8, + jo (49,,56)
n % {C*l — C"'B/Msg, [Mg,B,C 'B|Mg,]" MBzBlcfl} F'S1k(58,)

=68, + %C*lB’1 [Mg,B1C™'B\Mg,]" w (8,,08,)
1
2
Then

+
+ |:MB’1M132 CMBQMBz} F/E_IH((S/Bl).

P 1
b, = E (551> - 68, = ;C'B; [Mg,B,C™'B|Mg,]" w(58,,08,)

1 + _
+3 [MB;MBZCMB&MBJ F'S'k(68,).

Similarly by [2, Lemma A.7.20] and due to

[(B/z);(Blcle/l)}/Bg =1
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we obtain

— _ / _
E (552> =F ( |:(B/2)m(B10*1B’1)] <b+ Bl5ﬁl)>
_ Ny _ / B 3
(Blz)m(Blcle;)_ b— |:(B/2)m(BIC*1B’1)} Bi.CT'F'EE(Y — )
_ /
b — {(Bé)m(Blcle;)}

xB,C7'F'x~! (Féﬂl + %n(é,@l))

- B iy
= _(Blz)m(Blcle;)_

/

== -<B/2)7_n(Blc*1B/l)_ (b+B16B;) —
x BiCT'F'27'k(683,)

= [BY s, sy (32552 b e <6ﬂ1,6ﬂ2>)

[(Bé);(slc—lB;)}/

| =

1 — ! _ _
) [(B/z)m(Blcle/l)} B.C'F'E k(38
1 — ! _ _
— 3By + 5 [(BY) miooimy| @ (081,08,) - BICTF'E 1 k(38,)]

and therefore

sz(é/AﬂE) 58,

(B oo my) [@(981,08,) - BICTFS5(38,)] . ©

N~

3 Measures of nonlinearity and areas of linearization

In this section we suppose the observation vector to be normally distributed.
Bias of an estimator of 63, can be split into components, i.e.

by, =F ((5/ﬂ\2) — 0By =boo+ b2,

where

byoeM <var(5ﬁ2)) and by € M <Mvar(5;ﬁ\\2)) '

as can be seen in Fig. 1.

—

Let a symbol Ap.x denote the biggest eigenvalue of the matrix var(gb;). By
Theorem 9.2.1 in [3] it is easy to prove that for

385 ~ N, (0B, + b, var(383,))
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M (var(642))
5562
"""*/_\max gb\z
(]
" |B(362))
by -1
2.7 |bapo
Yooy e
> baa

Figure 1: The components of bias.

the random variable
— — / . +
T = [§ﬁ2 —F <5ﬁ2) + bg,o] (var(éﬁQ) + /\maXMvar(E/Ez))

[Be(@) ]

has a noncentral x? distribution with f = h(var(5/,3\2)) degrees of freedom and
a parameter of noncentrality

— +
0 = bIQ)O (var(éﬁQ) + /\maXMvar(ﬁ)) bo . (8)

A random variable

—\/ — + —
7= (58, -8, ) (vax0B) + dmwcM, = ) (98, - ;)

can be then rewritten in the form

T=T+ bz.1b2:1

)
AI‘I]B.X

because by [2, Lemmas A.7.22 and A.7.2] it holds that

S
- {var(th)] + var(53,)

o +
[var(552) + /\maXMvar(fﬁ)]

)\max

and

p—

—+
b/2,1 [var(éﬂQ)} b271 =0.

This consideration leads us to a modified confidence ellipsoid for the parameter

58,.
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Definition 3.1 A modified confidence ellipsoid for the parameter §3, in the
model (7) is defined as

—\/ — 7+ —
_ e _ 1 _—
o ~{est o) (] o (o)

< X30;1 - a)},

where f = h(var(ﬁi)).

As a certain analogy of the Bates-Wats measure of curvature, a measure of
nonlinearity for a confidence ellipsoid for the parameter §3, can be defined.

Definition 3.2 For a linear model with type II constraints in the form (7), we
define a measure of nonlinearity of confidence ellipsoid for the parameter 63, as

1+
/ 53 L —
b, { {var(c;ﬁz)} R we Mvar(z@)} b2
—h
K/ ! 5B,
s Kl{ [Var((sﬁﬂ} R Mvar(cﬁi\l) } Ko

: §s € RFitkz—a

II _
Cell,6ﬂ2 = sup

9)
where kpax is the biggest eigenvalue of the matrix var(5/,8\1 ) and K is a matrix
of type k1 x (k1 + k2 — q) satisfying M(K1) = M(Mp;mp, )-

It is obvious that

/
b2,1b2,1

P{TSX?(O;la)}P{X?@H Sx?(O;la)}

AI‘I]B,)(
and certainly such Jp > 0 exists which satisfies the equality
P{X?(50)+50§X?(0;1705)}:170576 (10)

for a sufficiently small € > 0. Now we define an area of linearization of the
parameter 03, for this dg.

Definition 3.3 An area of linearization of the parameter 63, for the model (7)
is

Voo

17
Cell,éﬁz

)

1+
e 1
Lsg, = {Klds: ds'K) { [var(&@l)] + MV&I'(J;B\\I)} Kds <

K/max
k1+kz—
ds € RFr T2 q},

where the matrix K; has properties mentioned in Definition 3.2.
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Lemma 3.1 If K1ds € L;g,, then
'P{éﬂg 655,32} >1l—a—e

Proof By the definition of £s55, and CeIlIl,(S,B27 we can write

— 1+
, e
b2 { |:Var(6ﬂ2):| * >\max Mvar(‘%\z)} b2

K/max

— 7+
< Cliisp,08' K] { {Vﬂr(ml)} +

Mvar((ﬁ)} K105 < /5.

Since, with respect to M — by g =0,
var(sg,)

/
b2,1b2,1

Al"I’laX

P{6B, € &, } =P{T < x7(0;1 — )} P{Xfr@) + < x7(0;1— a)}

ZP{X?<5O)+50§><?(O;1—@)}:1_a_€. .

Because the parameter 03, is a function of the parameter 63, we must, in
order to verify of the property 63, ~ Kids € L;g,, construct also a modified
confidence ellipsoid for the parameter 63;.

Definition 3.4 A modified confidence ellipsoid for the parameter 63; in the
model (7) is

N 1+ A
_ —_ —_ 1 e
Ep, = {u eRM: (U - 551) { |:Var(5/61)] + @Mvar(gﬁ)} <u - 5,31)

where f; = h(var(%\l)) and Kmax 1s the biggest eigenvalue of the matrix
var(63; ).

Similarly as for 3,, it is also possible to define a measure of nonlinearity
for 63;.

Definition 3.5 For the linear model (7), we define a measure of nonlinearity
of a confidence ellipsoid for the parameter §3; as

R
/ 53, L 3
b, { [Var((sﬁﬂ} + s Mvar(é/ﬁ\l)} b

1+
§s'K} { |:Var(§/81):| + Hn}ax Mvar(a”[a:l)}Klés

: §s € Rkithz—a

II _
Cell,éﬁl = sup

(11)
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A sufficient condition for linearization regarding the confidence ellipsoid for
the parameter §3, is

Vo
6551 CcC £5ﬂ2 = m > X?cl (0, 1-— Oé), (12)
€lt,00,

(ct. Fig. 2).

Rl

Figure 2: The confidence ellipsoid &5, and the area of linearization Lsg, .

4 Numerical example

Tracer kinetics of liver blood flow can be described by a compartmental model
(Fig. 3) and an ordinary differential equation

dCL(t)
dt

= k1aCa(t) + k1, Cy(t) — ks CL (L), (13)

We obtained the values of tracer concentration Cp(¢;) in liver, C,(¢;) in a
liver artery and C,(¢;) in a portal vein by measuring times t;, i = 1,2,...,n.

To the equation (13) we can add a delay, in the liver artery or in the por-
tal vein or both. So overall, we can obtain three different equations for our
compartmental model (included the one without any delay):

dCp(t
(KMI) ;f ) _ k1aCal(t) + k1pCp(t) — k2CL (1),
dCp(t
(KMII) L< ) = klaCa(t — Ta) + klpcp(t) — k‘QCL(t),
dCp(t
(KMIII) ;f ) _ k1aCo(t — 7a) + k1,Cp(t — 1) — ko CL(2).

For the sake of simplicity, let us consider only the model without any delay,
denoted as (KMI). A vector of observations of tracer concentrations for this
model is in the form

Y = (Cu(tr), ..., Ca(tn-1),Cp(t1),- -, Cpltn_1),Cr(t1),...,Cr(tn)),
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kla

Cr(t) k2 -

Figure 3: Dual-input one-compartmental model of blood flow in liver.

and a statistical model

Y ~ Ngn_g (Iﬂl,UQI) y (14)
where B1 = (i1, fin—1, V1, Vn—1,C1,---,Cn) , With constraints
ST G i kg — kaGy i= 1,2, n— L.
tiv1 — t;

Let fori=1,2,....,n—1

i = MEO) + o, vi= Vl-(o) +ov;, (= Ci(o) +6¢;,

then for

n

/
Z=Y — (u§°>,...ufloll,u§°>,...,u((?l,gf()),...,g@)

we have a model
Z ~ N3,—5 (1681,0°1),

where

(Sﬁl == (5#1, e §un,1,5u1, ey 61/’!7,717 5<1, ey (;Cn)/ .
Then for k1o = k2 + Skia, kip = k0 + k1, ko = k) + k2 and

kla 5k1a
Ba=| kip |, 0B2=| 0k1p |,
ko Oka

the model constraints

1 1
gi (B1, B2) = —kiapss — kipvi + | k2 — G+ Ci+1 =0,
tit1 —t; tit1 —

i=1,2,...,n — 1, can be rewritten in the form
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9i (b1, B2) = — (kﬁ)l) + 5k1a> (Mgo) + 5ui> - (kﬁ),) + 5k1p) (VZ-(O) + 514)
+ <k§0) + kg — tz—&-l%tz) (Ci(o) + 5@') + 7ﬁi+1l— i (Ci(-?-)l + 5Ci+1> =0,

In a matrix form we can write

/ / 3291(51,52) Jﬂl
6 ' ((551 76/32 ) 8(2;)6(31/,52/) <662 )
9(51,52)21)4-(]31,]32)(52:)+§ : ;
/ N 0%gn—1(81,82) 051
(651 062 ) a(5L)a(B’,B2") (562)
where for Ah = ti+1 7151', = 1,...,77,7 1,

1 1 .
N (L S WY

a matrix B is of type (n — 1) X (3n — 2) and it should be divided into three

blocks
B, — [—kﬁ?ln,l, *kg)lnfl,} ,
where
(0) 1 1
kg’ — Aty (O)AtU 0, 0,..., 0, 0
1 1
_ 0, k2 — A_tg’ A_tg’ 0, , 07 O
0, O, 07 07 ’ kém - Atifﬂ Atrlz,—l

*H(O) _ (0 C(O)

1 s Vi 61
(0) (0) (0)

—H2 7, TVo, Go
B, = ) )

0 0 0
7“517)17 *Vy(zf)u 47(121

Fori=1,...,n—1the (3n+ 1) x (3n + 1) matrix

329i (,31, ,32)

9 <§;) 5 (812
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has almost all elements equal to zero except for

52: (B, B2) 1

o (gg) dCRR 2

929: (B, B2) 1

0 <g: ) 0 (161/,52/) 3n,n+i—1 2
9: (B, B2) .

9 (g;) 9 (B B2

3n+1,2n+1—2

and the corresponding symmetric elements.
Calculation of estimators of §3, and 3, is iterative. For initiative iteration
we put

pV =cut), v =ct), M=cut), i=1,....n—1,

and K\ %D kél) are calculated as a solution to a system

la » ™1p
(1)_4(1)
1 1 2
kga) Aty
1 .
B: kip) = : ;
1
kS ¢, —¢M
Atn—l

i.e. from the model constraints for 3, = 0 and 63, = 0.
From (5), (6) we calculate the (k + 1)-th iteration of estimators of 63, and
08,, i.e. in this case

685" = ~ [BYTB,| ' BYT (b + B1Z"),

where T = (B;B/, + BoB)) ™', 2 =Y — 8, and

_ (k)
®' 53,0 Zo(Br™.B21) (61
(5ﬁ1 , 032 ) 2(51)0(B1’,B2") 6ﬁz(k)

bk = B1ﬂl(k) + l
2

(k)
(k)’ )"\ °gn-1(B1",82F) 051
(Jﬁl 1082 ) o(f1)oB B2)) | 68,
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The matrices B1, Bo are constructed with the k-th iteration of the parameters
B1, B2 obtained from

B® = B, Y 468,
B = B+ 68,
Estimators of covariance matrices of the final estimators (5/5\1, 5/,@\2 are cal-
culated from (3), (4), i.e. in this case (C = 0 ~2I)
= = +
V&I‘((Sﬁl) = V&I‘(ﬁl) = 0'2 (1\/_[3/11\/[]32 MB/IMB2> s

o — o —
— —

var(88z) = var(B) = o2 ({B’Q (BiB, + B,B})"! Bz} -1 I) |

S (p) (v5)
2

S Sy

where

and

+
(1\/IB’1MB2 MB{Msz) = (I - B [MBzBlBllMBz]+ Bl) .

For data from the graphic example in [4] (values of tracer concentration in
liver, artery and portal vein measures at 23 times—see Table 1 and Fig. 4), i.e.
forn=23,g=n—1=22,k =3n—2 =067 and ky = 3, we get these results
after 4 iterations:

—~ 0.002431475
B2 = | 0.009413782 |,
0.039506253

o2 = 0.001130171,

var (B ) = var (95

3.238255e — 07 —6.991068e — 07 —2.103772e — 06
= | —6.991068e — 07 3.001722e — 06 1.255561e — 05
—2.103772e — 06 1.255561e — 05 5.826697e — 05

Among the results we were interested only in the vector of kinetics parameters
B2, because they seem to be important for early diagnosis of substantional liver
diseases.

In Fig. 5 there are discrete points of measured tracer concentration in liver
and a curve of the tracer concentration in liver estimated from the model (i.e.
(..., Gy values).
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Now we calculate the measure of nonlinearity Cglll 5By by algorithm mentioned
in [1] (pp. 230-231) with the value of §y from (10) set at ¢ = 0.04. The value of

V3 V1570312

= = 27.77618
Cliisp, 0.04511495

is compared with the value of x35(0;0.95) = 65.17077. From the numerical re-
sults it is obvious that the condition mentioned in (12) is not satisfied, i.e. for
our data set it is not suitable to linearize the original nonlinear model and work
with the estimators of kinetics coefficients obtained from the linearized model,
although these estimators seem to be very accurate. If the estimated parameter
o was three times lower, which might be accomplished by more accurate mea-
surement or by measurement in shorter time intervals, the condition would be
satisfied and linearization would be appropriate.

i ti [s] | Cr(t;) [mmol/l] | Cu(t;) [mmol/l] | Cp(t;) [mmol/l]
1 0.00 0.000 0.000 0.00
2 3.30 0.000 0.000 0.00
3 6.75 0.000 2.350 0.00
4 | 10.00 0.000 4.230 0.07
5 13.25 0.030 4.350 0.19
6 | 16.75 0.111 3.620 0.68
7 20.00 0.156 2.440 1.36
8 23.50 0.126 1.600 1.88
9 26.75 0.204 1.220 2.11
10 | 30.00 0.309 1.220 2.49
11 | 33.50 0.294 1.500 2.30
12 | 36.75 0.360 2.000 2.21
13 | 40.50 0.378 2.230 2.26
14 | 43.50 0.411 2.162 2.21
15 | 47.00 0.489 1.970 2.40
16 | 50.50 0.519 1.790 2.28
17 | 54.00 0.561 1.600 2.35
18 | 57.00 0.516 1.480 2.26
19 | 60.50 0.618 1.580 2.23
20 | 64.00 0.543 1.530 2.16
21 | 67.00 0.561 1.620 2.26
22 | 70.50 0.510 1.430 2.16
23 | 74.00 0.600 1.430 2.07

Table 1: Measured data of tracer concentration.
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Figure 4: Curves of measured tracer concentration in a liver artery C,(t) and
a portal vein C,(t) and points of measured tracer concentration in liver Cy,(¢).
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Figure 5: Measured (points) and estimated (a curve) tracer concentration in

liver.
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5 Conclusions

Many real-life systems are basicaly nonlinear. Particularly in biology and med-
icine we meet nonlinear problems very often. By treating them as linear we
employ a very rough and limited approximation [5]. There are many meth-
ods that solve nonlinear problems, mostly numerical methods, but these usualy
suppose accurate measurements, and they do not take into consideration inac-
curacy and uncertainty inherent in biology and medicine settings (subjective
examination, inter- or intraobjective variability and so on). One way out is to
apply linearization of nonlinear problems, for example the above-mentioned lin-
earization via Taylor series, to use the well-known and well-explored theory of
linear models. We know how to estimate parameters and their variability in the
linearized models [1]. However, we should check whether the type of problem
and measured data allow for treating the nonlinear problem in this way.

The aim of this article was to find a condition which would guarantee for
linear models with type II constraints that the true values of estimated param-
eters are covered by a modified confidence ellipsoid (with probability no less
than 1 — a — € for a preset small € > 0), and to verify in this manner that the
usage of linearization is appropriate. As can be seen in the numerical example,
this condition is not easy to satisfy, although calculated estimators (and their
variances) in the linearized model look very good. When solving a nonlinear
problem by linearization we should proove that the linearization is safe. In
case of linear models with type II constraints a method of such verification was
presented here.
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