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Abstract

The aim of our article is to present a proof of the existence of local
minimizer in the classical optimality problem without constraints under
weaker assumptions in comparisons with common statements of the result.
In addition we will provide rather elementary and self-contained proof of
that result.

Key words: Second-order derivative; C''! function; stable function;
isolated minimizer of order 2.

2000 Mathematics Subject Classification: 49K10, 26B05

1 Introduction

Past all doubt it is very important to be able to find the minimum or maximum
of a function. Recall for example that by J. von Neumann every physical system
tends to have its minimum of internal energy.

*Supported by the Council of the Czech Government MSM 6 198 959 214.
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From the basic course of mathematical analysis we know the second-order
condition for strict local minimum (see [Zo]) given in Theorem 1 below. We will
use the following notation and terminology.

We denote by f’(x;h), i.e.

lash) = i o)~ 1)

)

the first-order directional derivative of f : RV — R at € RY in direction
heRN

If there exists f/'(x) € L(RY,R) (it means f'(z) is an element of the set of
all continuous linear mappings from RY to R) such that f’(z)h = f’(z;h) for
every h € SY¥ = {y € RY;||ly|| = 1}, and the limit in the definition of f'(z)h is
uniform for h € S, then we say that f : RN — R is Fréchet differentiable at
r € RN,

Further,

/ ) I
[ (@ u,0) = lim [l + tu’? Jwiv)

denotes the second-order directional derivative of f at x in direction (u,v) € RY.

We say that f: RY — R is a C? function near € R if it has continuous
second-order partial derivatives on some neighbourhood of .

Analogously, we will say that a function f : RN — R satisfies a p-property
near € RY if that p-property holds on some neighbourhood of z.

Recall that 2 € RY is an isolated minimizer of order 2 for a function f :
RN — R if there are a neighbourhood U of z and A > 0 satisfying f(y) >
f(x) + A|ly — x||? for every y € U. We notice that each isolated minimizer of
order 2 is a strict local minimizer.

Theorem 1 Let f: RY — R be a C? function near x € RN. If f'(z) =0, and
" (x;h,h) >0,
for every h € S, then x is an isolated minimizer of order 2 for f.

Since in some problems of applied mathematics—as for example in varia-
tional inequalities, semi-infinite programming, penalty functions, proximal point
methods, iterated local minimization by decomposition or augmented Lagran-
gian—differentiable functions which are not twice differentiable appear (see e.g.
[HSN, KT, TR, Q1, Q2]), it was studied the following class of functions.

We say that f: RY — Risa Ob! function near x € RY if it is differentiable
on some neighbourhood of = and its derivative f’(-) is Lipschitz there.

It is clear that the class of C'1'! functions includes the class of C? functions.
On the other hand, considering a function f : R — R defined as

f(z) 2/ [t|dt, VzeR,
0
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we have that f'(z) = |z|, for every € R. It means that f/(x) is Lipschitz
function on R, but f is not twice differentiable at 0.

R. Cominetti and R. Correa generalized Theorem 1 by the following way in
1990.

Theorem 2 [CC] Let f : RV — R be a CY! function near x € RYN. If
f'(z) =0, and

foolwih) = liming LW R0 = Fy3h)
° ’ ) y—x,t]0 t

>0,

for every h € SE, then x is an isolated minimizer of order 2 for f.

The second-order condition from Theorem 2 was improved by elimination of
strict convergence in 2004. We used a certain derivative of the Dini type.

Theorem 3 [BP1] Let f : RY — R be a CY! function near v € RN. If
f'(x) =0, and

! . . / .
18 (2 B) = lim inf 20 = F@h)

0,
t10 t

for every h € SY, then x is an isolated minimizer of order 2 for f.

I. Ginchev, A. Guerraggio and M. Rocca presented the generalization of
Theorem 1 in terms of the Peano derivative in 2006.

Theorem 4 [GGR] Let f : RY — R be a CY! function near v € RYN. If
f'(z) =0, and

oy i e L& ER) — fx) — tf (x5 h)
% h) = hr?lénf 2/

>0,

for every h € S, then x is an isolated minimizer of order 2 for f.

It can be easily derived from [TR, Theorem 4] that fy(z;h) > fi5(z;h).
Moreover, since the calculus with fJ(z;h) seems to be more comfortable than
that with f/(x;h), we can say that Theorem 3 lost its sense after Theorem 4.
Example 1 confirms this fact.

Example 1 Let us consider a function

floy = [ R - sinintydr, i @ £ 0,
0, ifx=0.

In [BP2], we showed that f is a C! function, f55(0;1) = 33 —1 < 0, and
%(0;1) = fE(0;—1) = 23 4+ 2(—/5) > 0. Due to Theorem 4 the function f
attains its strict local minimum, but Theorem 3 is not applicable.
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Another result was stated by A. Ben-Tal and J. Zowe in 1985. A function
f : RN — R for which there exist a neighbourhood U of x € RN and K > 0
such that for all y € U there exists the Fréchet derivative f’(y) and

I () = @l < Klly—=l, YyeU,

is called stable at z. We note that if f : RN — R is a C! function near z € RV,
then f is stable at x.

Theorem 5 [BZ] Let f : RN — R be Fréchet differentiable near x € RN and
let f be stable at x. If f'(x) =0 and

"o 1 f(x+th)_f(x>_tf/(x§h)
bz h) = ltlllgl 12/

>0,

for every h € SY, then x is a strict local minimizer 2 for f.

Finally, we note that we generalized both Theorems 4, 5 in terms of so called
{—stable functions as follows.

We say that a function f : RY — R is ¢-stable at © € RY if there exist a
neighbourhood U of z and K > 0 such that

|fi(ysh) — i h)| < K|ly — x|, VyeU,Vhe Sy,

where
flx+th) — f(x)
; .
It is worth to note that the /—stability at x implies the strict differentiability of
the function at the point x.

YA . T .
f(xz;h) = hrﬁ%nf

Theorem 6 [BP2] Let f : RN — R be continuous near x € RY and let f be
L-stable at x. If f'(x) =0, and

P (a;h) >0,
then x is an isolated minimizer of order 2 for f.
The C1! property can be generalized also in the following way.

Definition 1 We say that f : RY — R is {-stable at 2 € RY if there exist a
neighbourhood U of z and K > 0 such that

fi(zz—y) = frlysz— )| S K|z =yl Vy,z€U.

Remark 1 Notice that a function f : RN — R is /-stable at - € RN if there
exist a neighbourhood U of z and K > 0 such that

|f (y +thyh) — ff(y; h)| < Kt,

for every h € SY, y € U and t > 0 satisfying y + th € U.
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Remark 2 Notice that verifying the {-stability we compare f*(-,-) for points
from U only with 2 but in all directions. Conversely, verifying the (-stability
we compare f*(-,-) for every point from U with every point from U but only in
the corresponding direction.

In [BP3], we passed the problem whether we can replace the condition to
be ¢-stable by the condition to be ¢-stable in Theorem 6. In Section 3, we will
answer this question in the affirmative. Before it, in Section 2, we will examine
some properties of /-stable functions.

2  (-stability

At first, we will derive that the g—stability together with continuity implies the
Lipschitzness.

Lemma 1 [BP2, Lemma 4] Let f : RY — R be a continuous function, and let
a,b € RN, Then there exist &,& € (a,b) such that

F(&sb—a) < f(b) = f(a) < f(é23b —a). (1)
Lemma 2 Let f : RY — R be a continuous function near x € RN and let f be

{—stable at x. Then there exists a neighbourhood V of x such that

sup | (y; h)| < oo.
hesy, yev

Proof Suppose on the contrary that there are sequences {y,}5>, C RN,
{hn}pzy C Sﬂ]{ such that y,, — = as n — oo and

lim |f£(yn§ hn)| = oo.
n—oo
Without any loss of generality we can assume that either
lim f(yn, hn) = —00
n—oo
or
lim f4(yn, hn) = +00.
n—oo

We suppose that the first case occurs (the second case can be treated by an
analogous way).

Next we can assume that for certain v > 0 the condition in Definition 1 of
the (-stability is fulfilled on B(z,~), and moreover f is continuous and bounded
on B(x,v). Let 6 > 0 denote a constant such that for each sufficiently large
n € N we have : y,, + 0h,, € B(z,7).

Now, if we combine the /-stability and Lemma 1, for each sufficiently large
n € N we get &, € (Yn, Yn + dhy,) such that the following holds :

FYn +6hn) < fyn) + 01 (€n; i)
= [(yn) + 0L (Ens hn) — [ (yn + Ohs hn) + FE(yn + Shn; hi)
_fz(ym hn) + fz(ym hn)]
< fyn) + 2K6% + 6 (yn: hn).
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Since f is bounded on B(z,7) and f*(y,;hn) — —00, the previous inequality
does not hold for any sufficiently large n € N,which is a contradiction. O

Proposition 1 Let f : RY — R be a continuous function near x € RN and let
f be L-stable at x. Then f is Lipschitz near x.

Proof Due to Lemma 2 there exists a ball B(x,d) on which f is continuous
and

L:= sup  [fy;h)| <o
yEB(2,8).heS,n

Next by Lemma 1, for any pair of points a,b € B(z,d) there exists £ € (a,b) C
B(z, ) such that

[ (b) = F(a)| < [£5(& (b= a)/[|b = al)l[[b— all < L]]b— a. o

Now, we will show some properties of (-stable functions concerning differen-
tiability.

Lemma 3 Let f : RN — R be L-Lipschitz near x € RY. Then
|f(x3ho) — fA(23 k)| < L||hy — hal|, Vhi,hy € RN,
Proof We consider arbitrary hy, hs € RY. For sufficiently small ¢ > 0 it holds

f(z +thy) — flx +thy)

—Ll|lha — hq]]

IN

t
_ flwtthy) = flz)  fle+th) — f(z)
t t
_ f(x—i—thg) —f(&C—f'thl) < L||h2 —h1||.
: <
Hence,
|f* (s ho) — f¥(; ha)| < Lllhg — hal|. O

Proposition 2 Let f : RY — R be a continuous function near x € RV and let
f be L-stable at x. Then for every y sufficiently close to x we have

(1) f is directionally differentiable at y and f'(y;—h) = —f'(y; h) for every
heSY.

(2) the mapping h — f'(y; h) from RN to R is Lipschitz.

Proof Assume that f is continous on some neighborhood U of z and that the
{-stability property holds on U, too. This means, that for some K > 0, we have:

\fizz—y) = [y 2 — o) < Kz — yl%, (2)
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for every z,y € U. Now fix yo € U, hg € S§ and show the existence of the direc-
tional derivative f’(yo;ho). To do this, we will employ the following auxiliary
function g : R — R defined as follows:

g(t) = f(yo + tho), teR.

Now we can express its lower Dini directional derivative in the following form
g‘(t;1) = f%(yo + tho;ho). We have in particular that g“(0;1) = f*(yo; ho)-
Now we will show that the function g is (-stable at zero. So let us consider two
arbitrary points t1,t2 € R such that yo + t;ho € U, @ = 1,2. Then by (2) we
have:

|g£(t1;t1 — ) — gé(t%tl — 2]
= | (yo + t1ho; (t1 — t2)ho) — f*(yo + taho; (t1 — t2)ho)| < Klt1 — t2]?. (3)

Thus g is (-stable at ¢ = 0. Now by the lipschitzness of f near z the function g
must be Lipschitz near ¢ = 0. Hence, from the Rademacher theorem it follows
the existence of a sequence {t,,}22; such that ¢,, | 0, and for every n € N there
exists ¢'(tn) € R. By (3) the sequence {¢'(t,)}52; is Cauchy and consequently
there exists a limit

L= nh_)rglo g'(tn) € L(R,R). (4)

In what follows, we will show that in fact L = f’(yo; ho). This will be true
if we prove that for each sequence {s;}%2, such that s; | 0 it holds

f (o + sxho) — f(vo)
Sk

L— —0 ask — oo.

Now for every k € N there is ny, € N such that ¢,, € (0,s;) and furthermore,
by Lemma 1 and (3) there are £, &, € (0, si) such that

g(sx) — 9(0)

Kltn, — &l < ¢'(tn,) — 9°(&:;1) < g/ (tn) — ”

< gl(tnk> - gz(g;& 1) < K|tnk - fllc|

This immediately implies that

g,(tnk>_g(8k)57;g(0)‘_)0 as k — oo. (5)

Now since for every k € N we have:

f(yo + skho) — f(yo)
Sk

(tn,) - L2200,

‘L— <L — g (tn)| +

by (4), (5) we get the existence of limit

J(yo + skho) — f(x)

L = lim
k—o0 Sk
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whenever {s}72, is a sequence such that s, | 0. Hence the following limit

exists: h
L:limf(y0+5 0)—f(y0)'
s|0 S

The assertion (2) now follows immediately from Proposition 1 and Lemma 3.
O

3 Main result

Theorem 7 Let f : RV — R be continuous near x € RN and let f be (-stable
at . If f'(xz;h) =0 for all h € Sg~, and

“(x;h) >0, VhE Sgw,
then x is an isolated minimizer of order 2 for f.

Proof Without loss of generality we can assume that z =0, and f(0) = 0. In
the proof, we will apply the mathematical induction on the dimension N. First
put N =1 and suppose on the contrary that the assertion does not hold. Then
there exists a sequence {z,}nen such that x, — 0 as n — oo, and

flx,) < %|xn|2, Vn € N. (6)

Suppose, for example, that =, > 0 for every n € N. By the hypothesis of
theorem it follows that there are 6 > 0, a > 0 such that

ft-1)
12

>a >0, Vte(0,9). (7)

By (6) and (7) we have for n € N sufficiently large, that

2
L,

a <

<

)

S|

hence a contradiction. Thus the assertion is true for N = 1.

Now let the assertion holds for N > 1 and we will prove it for N +1. To do
this, let us assume again that & = 0 is not a minimizer of order 2 for f. This
implies the existence of some sequence {x,}nen in RN+ guch that 2, — 0 as
n — oo, and

f(ea) < ~leal?, VR EN. 0

Without loss of generality it can be assumed that for some neighbourhood U(0)
of zero, x, € U(0) for every n € N, and on U(0) the /-stability is valid. By
the compactness of the unit sphere we can assume that for some hy € Sy41,
hp, == xn/||zn]| — ho as n — oo. First suppose that for infinitely many n € N,
x,, are contained in some linear subspace L C RV of dimension & < N. Then,
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according to our induction assumption, & = 0 is an isolated minimizer od order
2 for f which contradicts the property (8). Now let us suppose that this is not
the case. Further let 0 < p < 1 — @ and let v1,...,on41 € Spy+1 N B(ho;p)
are linearly independent vectors generating a convex cone C' with nonempty
interior. Without loss of generality we can assume that z, € intC, for every
n € N. Let n € N be fixed and t,, = ||z, ||. Let F; be the i-th boundary face of
C such that

Fin{x, + s(hn, —ho) : s >0} = {cn}. (9)

Then ¢, /|cn|| € Srn+1 N B(he; p). In view of our induction assumption, there
exist some neighbourhood V' (0) and A > 0 such that:

M2A>O, (10)

for every ¢ € V(0) N 9C, where 9C denotes the boundary of C. Further for
some g > 0, we have:

f(ZLO) > A0, Vie/(0,5) (11)

From (8) and (10) it follows that if n is sufficiently large, then

flen) > f(en) > A 1 > f(xn)7
A N A
where t, := |@| and ||c,|| > tn. The last inequality can be shown as fol-

lows: ¢, = @y + $p(hn — ho), Sn > 0 = ¢ = (tn + Sn)hn — Snho = |len|| =
[(trn 4+ $n)hn — snholl = [|(tn + sn)hn|l — ||Snhol| = (tn + Sn) — $Sn = t. Hence
llen|l > tn. The last argument shows that f(c,) > f(xy) if n is large enough.
Next, Lemma 1 gives n,, € (¢,,x,) such that

fz(nn;xn —cn) < fzn) = f(en) <0. (12)

Now again using Lemma 1, (8), (11), and (12), we have that for some &, €
(tnhn, tnho) and n large enough, it holds:

0 < é < f(tnhO) _f(tnhn) < fz(gmtn(h() _hn))
5 = 2 = 2
< fz(gn;hO_hn>t_f£(77n;h0_hn>' (13)

Claim 1 Ifn € N is large enough, then ||&, — Nl < tn.
Proof We will now express the difference &, — n,,:

En — M = thhy + 01 (tnhO - tnhn) - [Cﬂ + Gg(xn - C”)]
= (Qltn + Sp — 925n)(h0 - hn)v
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where 61,605 € (0,1), s, > 0sothat ¢, = ,+55,(hn,—ho). For a two-dimensional
picture see the Figure 1.

SRN+1

Fig. 1: Two-dimensional picture

Let us consider a triangle with vertices 0, ¢, ho, ¢, and denote its inner angles
by «, 3, v, respectively. It is clear that v < 7/2 and a+ 3+~ = w. This implies:

B:ﬂ—a—'yzg—a. (14)

Now let v;, i =1...,N+1, be one of the vectors generating the cone C' and
let  denotes the angle between vectors hy and v;, respectively. Then we have:

cos = (ho,v;) = (ho,v; — ho + ho) = (ho,v; — ho) + (ho, ho)

2
:1+<h0,vi—ho>Zl—||vi—h0||21—p>1_( __\2f>
V2 P
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Suppose that as in the picture, o denotes the angle between vectors hy and
¢n/llenll- Then also oo < m/4. Indeed, since we can express ¢, /||cy|| as a convex
combination of the pair of vectors v;, vit1, ¢ € {1,...,N} : cn/|lenll = Av; +
(1 — A)viy1, where A € [0, 1], we have

cosa = <h07 c_n> = (ho, \v; + (1 — N)vit1)

[lenll
™

2
= )\<h0,1}i> + (1 — )\)<h0,vi+1> > \/7— = a < Z

Thus, we have proved that for the choice of p € (0,1 —+/2/2), we have the right
estimation for the angle a. Now by (14) it holds: 8 > /4 > «. This implies
the following property of the lengths of sides of the triangle:

tn > llen — tuholl > [[&n — mall-
Thus we proved Claim. O

So we are now able to finish the proof of Theorem 7. If n € N is large
enough, then following (12) and (13), by the {-stability and by Claim, we can
write

A fz(én;ho_hn>_fz(nn;hO_hWJ

0< =<
2 tn
_ l fe(gnafn — M) — fe(nmfn — 1) < l K|&, — UHHQ
1
< ;Kan_nnH :K”hn_h0H7 (15)
where ¢ := 01t, + s, — 028, > 0 (see the proof of the claim). Now since
[[hn — hol| — 0 as n — oo, we get a contradiction. O

4 Final remarks and questions

There exist functions which are (-stable but not /-stable at some point. See e.g.
[BP2, Ex.2]. It is not clear whether there exists a function which is (-stable but
not {—stable at a certain point. Also note, that the C L1 property implies in an
obvious way the ¢-stability and ¢-stability. This means that Theorem 7 covers
the above mentioned theorems 3 and 4 as well as [LK,Theorem 3.4].

Now it seems natural to ask the following questions.

Question 1 Can we distinguish C"! functions near z and {-stable functions
at z; or can be the /-stability at = a characterization of C'**! property near z or
not?

Theorem 7 would be more elegant if one could answer the following question
in the affirmative.

Question 2 Does the the (-stability of f : RY — R at z € RN imply the
continuity of f near z?
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Abstract

A diagrammatic scheme characterizing congruence distributivity of
congruence permutable algebras was introduced by the first author in
2001. It is known under the name Triangular Scheme. It is known that
every congruence distributive algebra satisfies this scheme and an alge-
bra satisfying the Triangular Scheme which is not congruence distributive
was found by E. K. Horvath, G. Czédli and the autor in 2003. On the
other hand, it was an open problem if a variety of algebras satisfying the
Triangular Scheme must be congruence distributive. We get a negative
solution by presenting an example.

Key words: Congruence distributivity; Triangular Scheme, variety
of algebras; Jonsson terms.

2000 Mathematics Subject Classification: 08A30, 08B10

Congruence distributive varieties were characterized by B. Jénsson [7] by
means of the Maltsev condition. For the reader’s convenience, we can repeat
this result:

Proposition 1 A variety V is congruence distributive if and only if there exist
ternary terms to, ..., t, such that to(z,y,2) = x, t,(x,y,2) = z and

*Supported by the Research Project of the Czech Goverment MSM 6198959214.
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(a) for alli=0,...,n it holds t;(z,y,z) = x
(b) fori even, t;(x,x,y) = tiv1(z,z,y)
(C) fO'f‘i Odd; tl(x7y7y> = ti+1(x7y7y>'

These terms tg,...,t, are referred to be Jénsson terms.

Unfortunately, a similar characterization of congruence distributivity for
a single algebra is missing. It motivated us to introduce the following concept
(see [1], [4)).

Let L be a sublattice of an equivalence lattice (known also as a partition
lattice) on a non-void set A. We say that L satisfies the Triangular Scheme if
for each o, 8,7 € L with anN g C v and for z,y,z € A such that (z,y) € 7,
(x,2) € a, (z,y) € B we have (z,y) € 7.

This can be visualized as follows

Y Y
g B anBCy 7 Jé] ¥
x a z T o z
Fig. 1

We say that an algebra A satisfies the Triangular Scheme if the congruence
lattice Con A satisfies this condition. A variety V fulfils the Triangular Scheme
if each A € V has this property.

The following was proved in [1], [4].

Proposition 2 If an algebra is congruence distributive then it satisfies the Tri-
angular Scheme. If an algebra is congruence permutable then it is congruence
distributive if and only if it satisfies the Triangular Scheme.

An example of algebra satisfying the Triangular Scheme but which is not
congruence distributive was found in [5].

Let us note that similar schemes for congruence semidistributivity were in-
volved in [3] and conclusions of the Triangular Scheme for n-permutable algebras
were treated in [2], [3], [6]. For congruence modular algebras and varieties it
was done in [5] where it is explicitely proved that for a variety, the assumption
of congruence permutability of Proposition 2 can be replaced by a weaker one
of congruence modularity. However, there still was an open question if a vari-
ety satisfying the Triangular Scheme is necessarily congruence distributive. To
solve this question, we first characterize the Triangular Scheme for varieties by
a Maltsev condition.

Theorem 1 Let V be a variety of algebras. The following are equivalent:

(1) For each A €V, Con A satisfies the Triangular Scheme;
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(2) there exist ternary terms to, . .., t, such that to(x,y,2) = x, ty(z,y,2) = 2
and

(a) fO’I"?; E€ven, tz($7ya$) = ti+1(x,y7$); ti(x7x7y) = ti+1($7$,y),
(b) fOT’i Odd’ tl(x7y7y) = ti-i-l(xay?y)'

Proof Suppose V satisfies the Triangular Scheme, Fy(z,y, 2) is a free algebra of
V with three free generators and o = 0(z, y), 8 = 0(x, 2) and v = (aNB)VI(y, 2).
Then a N 3 C ~v and, by Triangular Scheme, (z,z) € 7. Hence, there exists
an integer n > 0 and ternary terms tg,...,%, such that

x =to(anNB)t10(y, 2)ta(aN Btz ... 1, = 2.

Applying the standard procedure, we easily derive that to(z,y,2) = «z,
tn(x,y,2) = z and t;(x,y,x) = tip1(x,y,z) and t;(x,x,y) = tiy1(x,x,y) for
i even, and t;(z,y,y) = tir+1(x,y,y) for i odd.

Prove the converse. Let A = (A, F) € V, a,b,c € A, o,3,7 € ConA and
an B C~. Suppose (¢, b) € 7, {a,b) € B and {(a,c) € a. Then

ti(a,b,c)at;(a,b,a) = t;11(a,b,a)at;+1(a,b,c)

(2 (CL, b7 C)Bti(aﬂ a, C) = ti+1 (Cl, a, C)ﬁt’H-l (CL, b7 C)

for i even and
ti(a,b,c)yt;(a,b,b) = tiy1(a,b,b)vtir1(a, b, c)
for i odd. Altogether, we conclude
a =to(a,b,c)(an B)ti(a,b,c)vta(a,b,c)(anP)...th(a,bc) =c

thus
{a,c) € (anpP)oyo(anf)oyo...Cyoyo...oy=1.

This together with (b, c) € « yields (a,b) € . Hence, A and also V satisfies the
Triangular Scheme. O

Remark 1 When comparing our terms of Theorem 2 with Jonsson terms, the
difference is that we do not ask ¢;(z,y, ) = t;11(z,y, z) for ¢ odd. It motivates
us to suppose that this variety need not be necessarily congruence distribu-
tive. However, if n < 3 then ¢y(z,y,x) = x and t3(z,y,x) = = yield that also
ti(x,y,z) = x and to(z,y,2) = z. To find an example of a variety which is
not congruence distributive but still satisfying the Triangular Scheme, we must
suppose that n > 4. We are ready to construct such an example:

Example 1 Consider a variety V of type (2,1, 1) whose operations are denoted
by A and f, g and satisfying the identities

xAx=z, xANy=yAz, xzAYAz)=(@Ay) Az
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(i.e. the A-reducts of its members are semilattices) and
f(fx) ==
zNhg(g(x) Agly)) =
A glg(y)) == A F(f(x) A f(y).

Hence it follows also
zAg(g(z)) = .

We can take n = 6 and establish the following terms:
tO(xa Y, Z) =z
ti(z,y,2) = x A g(g(y) Ag(2))
ta(z,y,2) =z Aglg(y)) A f(f (@) A f(z2))

ts(z,y,2) =z A g(g(y)) A F(F(y) A f(2))
ta(x,y,2) =x AyAz

t5(x,y,z) = y/\Z

to(z,y,2) = 2.

Then for ¢ even we have
=20

to(z, ,y) =z =2 Aglg(x) Ag(y)) = t1(z, 2, y)

to(z,y,2) =z =2 Aglgly) Ng(x)) = t1(z,y, )
1= 2:

ta(z,z,y) =z A glg(x)) A F(f(@) A fy) = ts(z, 2, y)
ta(z,y,2) =2 Ag(g(y)) A f(f(z) =2 Ag(9(y) =
=z Aglgw) A f(f(y) A f() = ts(z,y, x)

7 =4:

t4($,$,y) :x/\y:t5($,$,y)
t4($7y7x) =TNY = t5($7y7$)-

For i odd we have
=1

ti(x,y,y) =2 Aglg(y)) =z Aglgw) A fF(f(x) A fy) = talz,y, )
1 =3:
ts(z,y,y) =2 Aglgy) N f(f(y) =2 Ay Aglg(y) =z ANy = ta(z,y,9)

=05
ts(x,y,y) =y ANy =y =te(z,y,y).
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We have shown that our variety V satisfies the Triangular Scheme. Consider
now a four element A-semilattice as drawn in Fig. 2 where f and g

1
a b
0
Fig. 2
are determined by the table

v [ 1@ [g@

0 a 1

a 0 1

b 1 a

1 b a

It is an easy exercise to check that A = ({0,a,b,1}; A, f,g) € V. Consider
the partitions:

a={0,a}
B = {O,(Z}, {bv 1}
~=1{0,b},{a, 1}.

Then apparently Con A = {w, o, 3,7, A x A} as shown in Fig. 3 thus A is not
congruence distributive.

Ax A

Fig. 3
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Abstract

By a nearlattice is meant a join-semilattice having the property that
every principal filter is a lattice with respect to the semilattice order. We
introduce the concept of (relative) annihilator of a nearlattice and char-
acterize some properties like distributivity, modularity or O-distributivity
of nearlattices by means of certain properties of annihilators.

Key words: Nearlattice; semilattice; ideal; congruence; distributiv-
ity; modularity; 0-distributivity; annihilator.

2000 Mathematics Subject Classification: 06A12, 06D99, 06C99

1 Introduction

Algebraic structures being join-semilattices with respect to the induced order
relation appear frequently in algebraic logic. For example, implication alge-
bras, introduced by J. C. Abbott [1], describe algebraic properties of the logical
connective implication in the classical propositional logic. Implication alge-
bras have a very nice structure: with respect to the induced order, they are
join-semilattices, principal filters of which are Boolean algebras. Analogously,
for various logics of quantum mechanics the corresponding algebraic structures
have a semilattice structure with principal filters being special lattices.

*Supported by the Research Project of the Czech Goverment MSM 6198959214.
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This fact motivated us to describe V-semilattices where every principal filter
is a lattice. They are called nearlattices (see e.g. [3, 5, 6, 11, 14, 15, 16, 17]).
More precisely, we studied the following structures.

Definition 1 A semilattice N' = (N;V), where for each a € N the principal
filter [a) = {z € N;a < z} is a lattice with respect to the induced order < of
N, is called a nearlattice.

It has been shown [4, 11] that nearlattices can be considered as algebras with
one ternary operation. Moreover, nearlattices considered as algebras of type (3)
form an equational class: indeed, if z,y,z € N for a nearlattice NV, the element
(xV z)A(yV z) is correctly defined since both z V z,y V z € [z) and [2) is a
lattice, and the following holds:

Proposition 1 ([4]) Let N = (N;V) be a nearlattice. Define a ternary oper-
ation by m(x,y,z) = (xV z)A(yV z) on N. Then m(x,y,z) is an everywhere
defined operation and the following identities are satisfied:

(P1) m(z,y,z) = x;

(P2) m(z,z,y) = m(y,y, z);

(P3) m(m(z,z,y),m(z,2,y),2) = m(x,z,m(y,y, 2));
(P4) m(z,y,p) = m(y,z,p);

(P5) m(m(z,y,p), z,p) = m(z,m(y, z,p), p);

(P6) m(z,m(y,y,z),p) = m(z,z,p);

(P7) m(m(x,z,p),m(z,z,p),m(y,x,p)) = m(x,x,p);
(P8) m(m(x,z,z),m(y,y,2),z) =m(x,y, 2).

Conversely, let N' = (N;m) be an algebra of type (3) satisfying (P1)-(P7). If we
define © V y = m(z,x,y), then (N;V) is a join-semilattice and for each p € N,
([p); <) is a lattice, where for x,y € [p) their infimum is x Ay = m(x,y,p).
Hence (N;V) is a nearlattice. If, moreover, N = (N;m) satisfies also (P8),
then the correspondence between mearlattices and algebras (N;m) satisfying
(P1)—(P8) is one-to-one.

Thus nearlattices similarly as lattices have two faces and we shall alternate in
our investigations between them depending which one will be more convenient.

The following notions of distributivity for nearlattices have been introduced
in [4]:

Definition 2 Let /' = (N;m) be an algebra of type (3). We call N distributive
if it satisfies the identity

(D1) m(z, m(y,y, z),p) = m(m(z,y,p), m(z,y,p), m(z, z,p)).

If \V satisfies the identity

(D2) m(z, z,m(y, z,p)) = m(m(z, z,y), m(z, z, 2),p),

it is called dually distributive.
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It is expected that both notions are related in the case of nearlattices. Indeed,
one can prove the following statement:

Proposition 2 ([4]) Let N = (N;m) be an algebra of type (3) satisfying
(P1)—(PT7). Then the following conditions are equivalent:

(1) N is distributive;

(2) N is dually distributive;

(3) in the associated semilattice, every principal filter is a distributive lattice.

Due to the previous description of distributivity for nearlattices, we are able
to get very simple arguments to prove that in a distributive nearlattice N, every
ideal of AV is a congruence class.

2 Ideals and congruence classes on distributive
nearlattices

The concept of an ideal in a distributive nearlattice was defined in [10]:

Definition 3 A subset ) # I C N of a nearlattice N' = (N;m) is called an
ideal if

(11) m(z,z,y) € I for all z,y € I;

(12) m(x,y,p) € I for all x € I and y,p € N with p < z.

Note that [ is an ideal of A if and only if it is a downset closed under
suprema with respect to the induced order of .

Lemma 1 A subset ) # I C N of a nearlattice N' = (N;V) is an ideal if and
only if it satisfies the following two conditions

(il) z,ye I = zVyel;
(i2) zel,a<z = acl.

Proof It is clear. O

Example 1 Let N = ({z,zVy,y,p,q,1};V) be a nearlattice whose diagram is
depicted in Fig. 1. The set I = {z,z V y,y} is clearly an ideal on N.

1

zVy

Fig. 1
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By a congruence on a nearlattice N' = (N;m) we mean an equivalence
relation © on N such that for all 21, 22,91, Y2, 21, 22 € N we have that (z1,22) €
O, (y1,92) € O, (21,22) € © imply

<m(w1, Y1, Z1)7 m(:c% Y2, Z2>> S O.

This concept can be translated for the alternative description of a nearlattice
as follows:

Lemma 2 Let N' = (N;V) be a nearlattice. Then © is a congruence on N
if and only if it is an equivalence relation on N which satisfies the following
implication (x):

(x1,22), (Y1,y2) € © = (1 Vy1,22 Vy2) € O, and (x1 A y1,22 A ya) € O,
whenever r1 Ay, x2 Ay are defined.

Proof (=): Let © be a congruence on N. Let (x1,z2) € © and (y1,y2) € O.
Then, by definition of congruence on N, (m(z1,z1,91), m(z2,T2,92)) € O, i.e.
(x1 V y1,22 V y2) € ©. Now, we observe the following property of © :

(P) If x <y, (x,y) € © and z A z exists, then (x A z,y A 2z) € O.
Indeed, we have (m(x,z,x A 2),m(y,z,z A z)) € O, where
m(z,z,zANz)=(@V(@A2)A(zV(xAz)=axAz
and
my,z,x Az) =V (@A) A(zV(zAz)=yAz,

and hence (z A z,y A 2) € O.

Now, assume that (z1,22), (y1,y2) € ©, and a1 A y1,22 A ya exists. Then
(1,21 V 22) € © and since x1 A y; exists, we have (x1 Ay, (x1 V22) Ay1) €O
by (P). Analogously, (y1,y1 V y2) € © entails

<({,E1 V LL‘Q) Ny, (LL'l \Y {EQ) N (yl V y2>> € 0.

Therefore
<J?1 Ny, (581 \Y $2) A (yl \/y2)> € 0.

Similarly we can show that (z2 A y2, (x1 V 22) A (y1 V y2)) € ©. Consequently,
due to transitivity of © we obtain (x1 Ay1, T2 Ays) € O.

(<) : Let © be an equivalence relation on N satisfying (). Let (x1,x2), (y1,¥2),
(21,22) € ©. Then (x1 V 21,22 V 22), (11 V 21,42 V 22) € O, and hence also

<(£C1 V Zl) A (yl V 21), ($2 V 22) A (yQ V Z2)> S @,
ie. (m(z1,y1,21), m(x2, Y2, 22)) € O, thus O is a congruence on N. O

We can show that for distributive nearlattices, the ideals are related to con-
gruences in the same way as it is for lattices (see e.g. [9]).
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Theorem 1 Let N = (N;V) be a distributive nearlattice. Then each ideal I of
N is a congruence class of ©; € ConN, defined by

(x,y) € ©r iff there exists ¢ € I such that xVec=yV ec.

Proof Of course, O is reflexive and symmetric. Suppose (a,b) € O; and
(b,c) € ©r. ThenaVz =>bVzand bVy = cVy for some z,y € I. Since I
is an ideal, we have xt Vy € I. ThusaVaVy=bVazVy =cVaxVy, whence
(a,c) € Oy, i.e. Oy is an equivalence on N.

Let {(a,b) € ©; and ¢ € N. Then there exists € I such that aVz =bV
and thus aVeVa =bVeVz, hence (aVe,bVc) € ©p. Using transitivity of
O, we easily obtain that ©; is compatible with the operation V.

Now, let (a,b) € Oy, {(¢,d) € ©; and let a A ¢, b A d are defined. Then
aVz=>bVzxand cVy=dVy for some z,y € I. Applying distributivity of N,
we have

(avz)A(eVy)=(aAe)V(zxAe)V(aAy)V(xAy)=(aNc)V z,
where z = (x A (cVy))V (yA (aVz)) € I. Analogously,
bVvz)AdVy)=bAd)V(@eAdVbAY)V(zAy)=((BAd)V z,

which gives (a A¢,bAd) € Oy, i.e. Oy is compatible with a partial operation A.
Applying Lemma 2, we have shown that ©; is a congruence on N.

Further, suppose a,b € I. By (i1), aVb € I and since aV (aVb) = bV (a VD),
we have (a,b) € ©;. Conversely, let a € I and (a,c) € ©;. Then there exists
x € I such that avVz=cVz. But aVa € I, whence cVz € 1. Since c < cVz,
by (i2) we have ¢ € I, which yields I = [ale,, i.e. [ is a class of ©;. O

Corollary 1 Each ideal of a nearlattice N' = (N;V) is a class of at least one
congruence if and only if N is distributive.

Proof If NV is distributive and I is its ideal then, by Theorem 1, I is a class of
the congruence Oj.

Conversely, let N be not distributive. Then, by Proposition 2, there exists
a principal filter [b) which is not a distributive lattice, i.e. it contains N5 or M3
(see Fig. 2).

Fig. 2
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In both cases, one can easily prove that (] = I(z) = {a € N;a < z} is an
ideal on nearlattice A/ which is not a class of any congruence © on . Indeed,
let (x] be a class of congruence © on A. Since u,z € (z] we have (u,z) € ©
(see Fig. 2). So (uV z,zVz) € O, ie. (z,v) € O. Further, (z Ay,vAy) € ©
because z Ay and v A y exists in [u). Hence (u,y) € ©, which yields y € (], a
contradiction. O

3 Annihilators on nearlattices

The aim of this section is to show that annihilators can be used for a character-
ization of distributivity or modularity of nearlattices in the way similar to that
for lattices, see e.g. [7, 12, 13]. However, the concept of a relative annihilator
must be defined in a slightly different way from that for lattices [2, 8, 12].

Definition 4 Let N' = (IV; V) be a nearlattice and a,b,z,z € N. By a relative
annihilator of a with respect to b we mean the set {a,b) = {z € N;z < x where
a Az exists and a A z < b}.

Remark 1 It means that our relative annihilator in a nearlattice is in fact a
downset of a relative annihilator as defined in [7, 12, 13]. The reason is that
e.g. for (q,y) of the nearlattice from Example 1 we have (z V y) A ¢ < y thus
xVy € {q,y) but < xVy and x A q is not defined. Hence, we must extend the
original concept into a downset.

Theorem 2 Let NV = (N;V) be a nearlattice. The following conditions are
equivalent:

(i) N is distributive;
(ii) (a,b) is an ideal of N for all a,b € N;
(iii) {(a,b) is an ideal of N for each b < a.

Proof (i)=(ii): Let N be distributive and a,b € N. Suppose z € (a,b) and
y < z. Then obviously y € (a,b). If z,y € (a,b) then z < 27 witha Az <b
and y < xo with a A g < b (for some z1,29 € N). Thus 2 Vy < 1 V zq. It is
evident that all considered meets exist and due to distributivity of AV,

(x1Vaa)ANa=(z1 Aa)V (2 Aa) <b.

Hence z1 V x2 € {a,b) and thus also z Vy € (a,b), i.e. (a,b) is an ideal of N.
(if)=-(iii) is trivial. Prove (iii)=>(i). Let @ € N and z,y,z € [a). Then
yAz,z Az exist and (y Az)V (2 Ax) < z. Hence, by (iii), (z,(y Az)V (z Ax))
is an ideal I of . Since z Ay < (y Ax) V (2 Az), we have y € I. Analogously,
xANz<(yAz)V(zAz),thus 2 € I and hence alsoyVz € I,ie. (yVz)Ax <
(y ANx)V (2 Ax). We have shown that [a) is a distributive lattice thus the
nearlattice AV is distributive. O
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Example 2 A nearlattice A depicted in Fig. 3 is not distributive and hence the
relative annihilator (a,b) = {p, q,b, z,y} is not an ideal of A" because z, b € (a, b)
but 1=2Vb¢ (a,b).

1
z Y
b
p q
Fig. 3

We say that a nearlattice N' = (IV;V) is modular if each its principal filter
is a modular lattice with respect to the induced order <.
The following result is a generalization of that from [8] for nearlattices:

Theorem 3 Let NV = (N;V) be a nearlattice. The following conditions are
equivalent:

(i) N is modular;
(ii) x Vy € (a,b) for each b < a and all x € (b], y € (a,b).

Proof (i)=(ii): Let y € (a,b) for b < a and = € (b, i.e. x < b < a, thus
x,b,a,xVy € [x) and, due to modularity of the lattice [z),

anN(zVy)=(aAy)Va<b

whence x Vy € (a, b).

(ii)=(i): Let z,y, z € [a) for some a € N with x < z. Then zAy exists in [a) and
zV(zAy) < zand zAz =z < xV(2Ay), therefore x € (z,2V (2 Ay)). Further,
Ay <aV(zAy) thusy € (z,2V(2Ay)). By (ii) we have zVy € (2,2 V (2 Ay)),
ie. (xVy)Az<zV(yAz) and hence [a) as well as N is modular. O

Example 3 One can easily see that the nearlattice A in Fig. 3 is not modular.
For b < a and for p € (b], y € (a,b) we have 1l =pVy ¢ (a,b).

Let N = (N;V) be a nearlattice and ) # A C N. A is called a sublattice
of N if it is a lattice with respect to the induced order < of N and V and A
coincide with the corresponding operations of \V.

A sublattice M of a nearlattice A is called mazimal if M is not a proper
sublattice of another sublattice of A/

From now on, we will suppose that every maximal sublattice M., of a near-
lattice N has a least element 0,.
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We define a nearlattice (N;V) to be 0-distributive if for all z,y,z € M,, if
x Ay, x A z are defined and

zAy=0,=xAz then zA(yVz)=0,.

Definition 5 Let N be a nearlattice such that each of its maximal sublattices
M, has a least element 0,. For a € N, define (a), = {y € M,;a Ay =04}, the
so-called annihilator of a.

Remark 2 It is an easy observation that if a nearlattice A/ has a least element
0 (and hence it is a lattice M;) then we have (a); = (a,0) for each a € N.
Moreover, in every nearlattice N” where each maximal sublattice M, has a least
element 0, we have (a), = (a,0,) N M, for each a € M,.

Theorem 4 Let N be a nearlattice such that each of its mazimal sublattices
M., has a least element 0. The following conditions are equivalent:

(i) every M, is O-distributive;

(ii) (a) is an ideal in M, for each a € N whenever (a) # 0.
Proof (i)=-(ii): Let z,y,z € M, and assume z A z = 0,, y A z = 0,. Due to
O-distributivity of My, also (z V y) A z = 0, and hence = V y € (z).,. Of course,
ift € ()5 and u <t for v € M, then z Au < zAt =0, whence u € (z),. Thus
(2) is an ideal of M.,.

(ii)=(i): Let a,b,c € My and a Ac=0,, bAc=0,. Then a,b € (¢), and,

by (ii), also a Vb € (¢)5, i.e. (a V b) A c =0, thus M, is O-distributive. O

Example 4 (a) Consider the nearlattice N’ = (IV;V) depicted in Fig. 4.
1

01 02
Fig. 4

Clearly, M; = {01,a,b,¢,1} and My = {02,¢,1} are the only maximal sublat-
tices of N. We have aAb=bAc =01, but bA(aVc) =bA1=1>b# 01, s0 M is
not O-distributive, i.e. A/ is not 0-distributive. Let us note that for z € {a, b, c},
the set {x); is not an ideal in M;. On the contrary, Ms is 0-distributive and for
each its element y € Ms, the set (y)2 is an ideal in Ms.

(b) It is easy to check that for each a € N of the nearlattice A/ from Exam-
ple 2 (see Fig. 3), if (a)y # 0 then it is an ideal in M, (y = 1,2 and 0; = p,
02 = ¢). Hence N is 0O-distributive.
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Abstract

In this paper there are discussed the three-component distributions of
affine space An+1. Functions { M7}, which are introduced in the neigh-
borhood of the second order, determine the normal of the first kind of
‘H-distribution in every center of H-distribution.

There are discussed too normals {Z7} and quasi-tensor of the sec-
ond order {S§°}. In the same way bunches of the projective normals of
the first kind of the M-distributions were determined in the differential
neighborhood of the second and third order.

Key words: Equipping distributions; linear distribution; affine space.
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1 Introduction

The given paper applies to differential geometry of a multi-dimensional affine
space A, 4+1. The three-component distributions of an affine space are discussed.
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Functions { M} are introduced in the neighborhood of the second order. They
determine the normal of the first kind of a H-distribution in every center of
a H-distribution. The normal {M?} is a generalization of Miheylesku normal
of the first kind for a hyperplane distribution of an affine space. The field of
the normals {Z?} was constructed by an inner invariant method in the third
differential neighborhood of the forming element of the H-distribution. The
object {Z} determines the projective normal — analog of Fubini normal for
the H-distribution in every center of the forming element of the H-distribution.
The quasi-tensor of the second order {57} determines the projective normal of
the first kind of the H-distribution. Projective normals of the first kind { M},
{Z7}, {57} determine bunches of the projective normals of the first kind of the
‘H-distribution in the differential neighborhood of the second and third orders.
In the same way bunches of the projective normals of the first kind of the M-
distribution were determined in the differential neighborhood of the second and
third orders. We use results, which we have got in [2, 3].

2 Definition of the three-component distribution

Let us consider an (n + 1)-dimensional affine space A, 11, which is taken to a
movable frame R = {4, éz}. Differential equations of an infinitesimal transfer-
ence of the frame R look as follows: dA = w?éz, déz = w?é;g, where w?, wt

are invariant forms of an affine group, which satisfy equations of the structure:
dw? = W AL, dw’ :wzj/\w";.

Structural forms of a current point X = A + xzZéz of a space A, look as

follows:
AXT = dat + X0k + Wt

The combination of the current point X and point of the frame A leads to

the following equation:
AXT =7,

An immobility condition of the point A is written down as follows: w? = 0.

Let the frame chosen by this way be called the frame R. Let II, is an -
dimensional plane in A, be given by the following way: I, = [A, L,], where
L, = ¢, + Agéﬁ. Let m-dimensional plane II,, be set by the following way:
I,, = [A, M,], where M, = &, + M%&s. A hyperplane I, is a set II,, = [A,T,],
where T, = &, + H e, 1.

Definition 1 The (n+1)-dimensional manifolds in spaces of notion { AAZ, w?},
{AME WY, {AHPTY w?} which are determined by differential equations

DAS = N, AME = MwF, A= BRGS0

are called distributions of the first kind accordingly of: r-dimensional linear
elements (A-distribution), m-dimensional linear elements (M -distribution) and
hyperplanes (H -distribution).
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Equations of the system (1) to each point A (center of distribution) are the
set according to planes II,., I1,,, IL,.

Let consider that manifolds (1) are distributions of tangent elements: center
A belongs to planes I1,.,IL,,,,I1,,. We demand, that in some area of the space
Ay 41 for any center A the following condition take place: A € 11, C I1,,, C I1,,.

Definition 2 The three of distributions of the affine space A, 1, consisting of
basic distribution of the first kind r-dimensional linear elements IT, = A (A-
distribution), equipping distribution of the first kind of m-dimensional linear
elements II,,, = M (M -distribution) and equipping distribution of the first kind
of hyperplane elements I, = H (r < m < n) (H-distribution) with relation
of an incidence of their corresponding elements in a common center A of the
following view: A € A C M C H are called H-distribution.

Let us make the following canonization of the frame R: we will place vectors
ép in the plane II,., vectors €; — in plane II,,, and vectors &, — in plane II,,. Such
frame will be called the frame of the null order R°. This definition leads to the
following equations:

Al=0, MZ=0, H!M'=0.
In the frame R° the H-distribution is defined by the differential equations:
w;‘ = Ag,cwlc7 wi = MGwh, Wit = Z,‘glwlc.

According to N. Ostianu lemma it is possible partial the zero-order frame
RO canonization, where MZ}ZH =0, H ;}; I = 0. We will call it frame of the first
order R'.

In the chosen frame R! the manifold H is determined by the following system
of differential equations:

U4 _ AT K n+1 n+1l, 4

U-)p = ApK:w s w; = Miﬁ w,
o a K n+1 __ n+1, a D __ AP <
wi' = Mjw™,  wy=HT WY, Wbk =AW

3 Tensor of inholonomicity of H-distribution

It’s easy to show, that geometry of three-component distributions can be used
for studying geometry of regular and degenerate hyperzones, zones, hyperzone
distributions, surfaces of full and not full range, tangent equipped surfaces in
affine spaces. For example, we will suppose, that the H-distribution is holo-
nomic, that is the basic distribution A is holonomic. System of differential
equations wl = Agwg , which is associated with basic A-distribution, is quite
integrable if and only if, when the tensor of the first order

a _ 1,4 @
Tpqg = §(qu —A%)

turns into zero.



38 Marina F. GREBENYUK, Josef MIKES

Tensor {rgq} will be called tensor of the inholonomicity of the H-distribution.
The basic A-distribution determines (n — r + 1)-parametric assemblage of r-
dimensional surfaces V,. (planes A are rounded by r-dimensional surfaces of
(n — r 4+ 1)-parametric assemblage).

In the time of displacement of center A along a fixed surface V., differential
equations, which determine the H-distribution relatively the frame R

wi = Agwq, AA% = (qu + AL AW,

poiig
AMY = (M + MGADw?,  AHZT = (HL + HI ' AD)w?

are differential equations of r-dimensional zone V() of the order m [7, §]

equipped by a field of hyperplanes H. A geometrical object { H?*'} (object H)

is the fundamental equipping object of a zone V/.(,,).

Following G. F. Laptev [5], the zone V,(,,,), on which the field of the funda-
mental equipping object H is set, we will call an equipped zone V,.(,,) and we
will disignate as V., (H).

Let note, that relatively of the frame R°, which is adapted the fields of
the planes A, M, H, differential equations of the manifold V,.(,,)(H) have more
simple form:

wi =0, wi=Alw! AL =A}, (2)
wf‘ = Mflwq, (3)
wit = HI W, (4)

where equations (2), (3) are analogous to equations of the zone V.(,,), which
are discussed in the work of M.M. Pohila [7]. Equations (4) characterize the
equipment of the zone V,.(,,) by the field of hyperzones H.

Thus, a transformation of a tensor {r% } to zero is the condition, where the
space A1 desintegrates to (n—r+1)-parametric assemblage of equipped zones
Vi(m)(H). So plane A(A) in its center A is the tangent plane of the surface V.
(V;- is basic surface of equipped zone V,.(,,,)(H)), plane (M (A)) is the tangent m-
plane of the basic surface in the center A. The hyperplane H(A) is the equipping
plane of the zone V,.(,,,)(H). At that time we suppose, that the condition of the
incidence of planes A, M, H is executed .

On the other hand, equations (2), (4) determine in the frame R the hy-
perplane H, [9], and equations (3) characterize an equipment of the hyperzone
H, by field of planes M. This field of planes M is determined by the field
of the geometrical object {M%} — field of the fundamental equipping object of
the hyperzone H,.. We will disignate the hyperzone H,, which is equipped by
the field of planes M, as H,.(M). Thus, the theory of the three-component
‘H-distribution is a generalization of theories of the regular hyperzone H, and
the zone V,.(,,)(H) of the affine space.
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4 Tensor of inholonomicity of equipping distributions

Let consider the system of differential equations
wh = Mgw", (5)
which is associated with the M-distribution. This system is fully integrable
if and only if, when the tensor of inholonomicity {r%} of the equipping M-
distribution )
Tab = 5( ab — M)
equals to zero.

At 7% = 0 the system (5) determines (n — m + 1)-parametric assemblage of
the m-dimensional surfaces V,, — m-dimensional integral manifolds. One and
only one such manifold passes across each point of the area of such manifolds
(planes M are rounded by m-dimensional surfaces V,,, of (n —m+ 1)-parametric
assemblage).

In the time of displacement of the center A along the fixed surface V;,, equa-
tions, that determine the H-distribution, define the tangent r-equipped surface
Vin(ry [4], which is equipped by the field of tangent hyperplanes H. Actually,
from system, which consists from differential equations (5) and equations, which
determines the H-distribution, we can pick out a subsystem

wh = Mgw, AME =MGw®, AN =AW’ M, =0

This subsystem determines the tangent r-equipped surface V;, » [4]. In this
case the geometrical object { H**1} (object H) is the fundamental equipping
object of the tangent r-equipped surface V;, . Such tangent r-equipped surfaces
Vin,r, which are equipped by the field of tangent hyperplanes , we will disignate
as Vi, -(H). Thus, if the tensor of the inholonomicity {r%} of the equipping
M-distribution equals to zero, so the space A, 11 disintegrates to (n —m + 1)-
parametric assemblage of manifolds look as follows V;,, - (H).

On the other hand, the H-distribution for which 7% = 0 can be interpreted
like the hyperzone H,,, which is equipped by the field of tangent planes A.
Hence, geometry of the H-distribution of the affine space, naturally, is richer
than geometry of tangent r-equipped surfaces and geometry of hyperzones H,,
of the affine space, because it consists of a constructions, which don’t have
any sense for the latter. Also, geometry of the H-distribution can be used for
studying of degenerated hyperzones [6] and surfaces [1].

The system of differential equations

wn—i—l — H‘I’I—L—"-le, (6)

which is associated with the equipping distribution of hyperplanes H (H-distri-
bution), is fully integrable if and only if, when the tensor of the first order

1
= S(HI  HE)

turns into zero.
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On the condition, that the tensor of the inholonomicity {r"'} of the equip-
ping H-distribution equals to zero, the system (6) determines one-parametric
assemblage of hypersurfaces V,, (planes H are rounded by hypersurfaces V,, of
one-parametric assemblage ).

In the time of a displacement of the center A along the fixed surface V,, equa-
tions, which determine the H-distribution, represent equations of the hypersur-
face, which is equipped by fields of geometrical objects {A%} and {M} (fields
of planes A and M, where A C M). Hence, the theory of the three-component
‘H-distribution is also the generalization of the theory of hypersurfaces of the
affine space.

5 Normals of the equipping distributions

Quasi-tensors were constructed in the second differential neighborhood:

1 , 1 y 1 ;
BP — _ Pap Bi——_ = B ___ = A _JFpP
2t T m—rt+2 T m—rt2
1 .
B = _m(HVO‘B,Y + Apy HY*B” + My H' B'),

p _ Rp,,n+1 P _ pp, K
VBP — BPw 7] +w,, 1 = Bew™,
o , .
VB' — Biw!' +wh, = Bpw®,  VB* - B*w!'f] +w,, = BRw".

The geometrical object {B?} determines the normal of the first kind of the
‘H-distribution by an inner invariant method. The normal B coincides with
the Blaschke normal in case of the hyperplane distribution. Affine normals of
the first kind B,,_4+1, Brn—m+1 of the A-distribution and of the M-distribution
accordingly are determined in the same way.

Quasi-tensors were constructed in the differential neighborhood of the second
order:

1 : 1 . m-—r—2 .
P=— APd = MUy, ——— A MP
7 r—+2 Yoo Y m—r-+2 7J+m—r—|—2 Pk L
1 n—m—2 .
a—__ - (H8 — (A HYP + M HY YY),
i n—m—|—2( ’m+n—m+2( P 7 My )

n+1 V4 _ p K
VAP —YPwply +wyyg = mew”,

VA = yenfi b wna =k’ VAT =MWl e = et
Fields of the geometrical objects {7*}, {77} determine fields of the normals
of the first kind of the equipping M -distribution, of the equipping H-distribution
accordingly.
The quasi-tensor {M7}:

1
M= (L7 +97), TMT = MOWE] 4wl = M,
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determines the normal of the first kind of the H-distribution in the differential
neighborhood of the second order, which is invariant relatively of the projective
group of the transformations.

The normal {M?} is the Mihajlesku normal of the first kind of the hyper-
plane distribution of the affine space.

The field of the affine normal of the first kind of the H-distribution is deter-
mined by the object {BT} in the differential neighborhood of the third order:

B"=HB, VB — BTwZﬁ + Wl = Bk
The quasi-tensor {Z7} of the third order:
2°=DB°+h°, VZ° - Z°wWiTl + Wi, = ZEWF,

determines the projective normal—analog of the Fubiny’s normal for the
H-distribution in each center of the forming element of the H-distribution.
The object {£%} determines the projective normal of the first kind of the
M-distribution.
The object {S%}, where
1

1
S — —§(Hpn+1 + n—_|_2pp)f[f’f’7 VS — S‘Tws_—:__} + w?z-‘rl = S,%w;@

determines the projective normal of the first kind of the M-distribution.

Theorem 1 The projective normals of the first kind M, Z, S determine bunches
of the projective normals of the first kind of the H-distribution:
a) in the differential neighborhood of the second order

M(E) = M7 — E(MT — S°);
b) in the differential neighborhood of the third order
PUE) =27 —E(2° - M%), Z9(E)=27 —£(2° - 89),
where £ — absolute invariant.
These normals determine bunches of the projective normals of the first kind
of the equipping M-distribution:
a) in the differential neighborhood of the second order
M*(E) = M' — E(M* — §9).

b) in the differential neighborhood of the third order {®%(€)}, {M*(€)}.
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Abstract

The linear regression model, where the mean value parameters are
divided into stable and nonstable part in each of both epochs of mea-
surement, is considered in this paper. Then, equivalent formulas of the
best linear unbiased estimators of this parameters in both epochs using
partitioned matrix inverse are derived.

Key words: Twoepoch regression model; best linear unbiased esti-
mators of the first order parameters.
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1 Motivation

Many real problems, convenient for linear statistical modelling, typically from
the field of geodesy, are investigated in more than one epoch to obtain better
estimations of the unknown mean value parameters (see [5], [6], [7] and also [3],
[4]). From the principle of concrete situation we suppose that some mean value
(first order) parameters does not change their values during epochs (i.e. stable
parameters) contrary to so called nonstable parameters. There are also many
other problems, convenient for linear modelling, where the role of stable and
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nonstable parameters is not exactly given. Dividing the first order parameter to
the stable and nonstable part we achieve better fit of the corresponding linear
model to the concrete situation. As an example we choose the problem from [1],
p- 90. A dependence of petrol consumption in litres to the rate in kilometers
per hour by a certain car marque was investigated. The quadratical trend was
chosen as the most convenient to describe the dependence. Let us have a new
car and an older car. Then it is clear that the petrol consumption will be
generally greater by the old car but the quadratical dependence to the rate by
both cars will stay approximately unchanged. If we adopt this situation as an
example of twoepoch measurement (the most occured in simpler problems), we
can select the linear and quadratical term parameters to be stable and absolute
term parameter to be nonstable first order parameters. Estimation of the stable
and nonstable parameters using both epochs together give us better information
about the dependence and increasing consumption than estimations in single
epochs separately.

Let us formalize the performed considerations. The results of the measure-
ment could be described as

Y1 = p123, + fowri +y1 e, i=1,...,m
in the first epoch and

Yo; = 123, + Powai + Y2 + €2, i=1,...,n9
in the second epoch of measurement. Let us consider the n; + no dimensional

observation vector Y = (Y}, Y%)" after the second epoch of the measurent. The
model described above could be generally rewritten in the form

B
(W)= (X% w) (2 )+ (2) g
2

The (design) matrices X;,Xo, W1, Wy are known; 8 € R” is a vector of the
useful stable parameters, the same in both epochs; (v}, %) € R51%52 is a vector
of nonstable parameters in the first and the second epoch of measurement.

With respect to formerly mentioned, let us consider the linear model (1),
called the twoepoch model with the stable and nonstable parameters. We sup-
pose that

1. E(Yl) = Xl,B +W171, E(Yg) = XQ,B +W2’727
VB € R", Vv, € R% Vv, € R*2;

Yl _ 0'221 0 2 . .
2. var [<Y2 )} = ( 0 o235, ) o“ > 0 is unknown parameter;

3. the matrix 3; is not a function of the vector (3',~%)’ for i = 1,2.

0'221 0
0 0'222

If the matrix



Estimation of the first order parameters in the twoepoch linear model

is positive definite (p.d.) and rank

T[(Xl W; 0

X, 0 WQ)} =714+ s1+ sz <ni+no,

the model is said to be regular (see [5], p. 13).
The mentioned problem produces

2 2
T T11 Ta1 T21
Xp=| 1| Xe=| i
2 2
xlnl xlnl x2n2 $2n2
ni1—times no—times
—— —,
W, =(1,...,1) . Wa=(1,...,1) =1,,,

1) =1,
/8 = (ﬂlvBQ)/v Y1 =71 Y2 = 72

45

In the case of positive definitness of the matrices X1, 35 is the model evidently

regular.

2 Notation and auxiliary statements

Let us summarize the notation, used throughout the paper:

RrR™ the space of all n-dimensional real vectors;

u, A the real column vector, the real matrix;

A’ r(A) the transpose, the rank of the matrix A;

M(A), Ker(A) the range, the null space of the matrix A;

Pa the orthogonal projector onto M(A) (in Euclidean
sense);

My =1-P, the orthogonal projector onto M- (A) = Ker(A’);

I, the k£ x k identity matrix;

O0p.n the m x n null matrix;

1, =(1,...,1) € R¥;

Fon random variable with F' distribution with m and n
degrees of freedom;

Fon(l—a) (1 — a)-quantile of this distribution.

Lemma 1 Inverse of partitioned p.d. matriz

A BD Q11 Q12 Qi3
B'Co is equal to Q21 Q22 Q23 |,
D' 0 E Q31 Q32 Qss
where (Q21 = (Qi2)’, Q31 = (Q13)’, Q32 = (Q23)")
Q1 -Q;BC™! —-Qu,DE!
—-C'B'Qy,; C'+C'B'Q;;BC! ~QDE!

-E'D'Qu —-E7'D'Qu, E-'+E'D'Q;,DE™!
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with
Q:; = (A -BC™'B'-DE'D")™!

(Version I); equivalently

Qi1 = (A-DE'D)"' + (A -DE'D)"'BQxB'(A - DE'D’)"!,
Q12 = —(A -DE'D')"'BQas,

Qi3 = —QuuDE™ !,

Q. = [C-B'(A -DE'D)"'B]

Q23 = —QuDE™!,

Qss = E'+E'D'Q;DE™,

(Version II) and equivalently

Qi = (A-BC'B) '+ (A-BC'B)"'DQs;D'(A -BC'B),
Q12 = —QBC™!,

Qi3 = —(A-BC'B’)"'DQss,

Qx =C'+C'B'Q;BC,

Q23 = —~C'B'Qus,

Qss = [E-D'(A-BC'B’)"'D] ',

(Version III).

Proof The statement can be proved directly using [3, Theorem 1 and Remark
1-3], with proper Rohde formula (see [2, Theorem 8.5.11, p. 99]). O

It can be easily shown that there exist five versions of such inverse alltogether
but only above mentioned are convenient for our later purposes.

Lemma 2 Let us consider regular linear model
(Y, X68,0%V), § eR*, 62 >0 (2)

where Y is n-dimenstonal normally distributed observation vector, X n X k
design matriz (r(X) = k < n) and X is known p.d. variance matriz of the type
n x n. Then the best linear unbiased estimator (BLUE) of the vector § equals

6= (X'2'X)"IX'®s" Y (3)
with the variance matriz

var(8) = o2(X'S 1 X)L, (4)
Unbiased and invariant estimator of o2 is

o2 = (Y — X3)S"Y(Y — X8)/(n — k). (5)



Estimation of the first order parameters in the twoepoch linear model 47

Let null hypothesis about parameter § is
Hy:Hé+h =0, (6)
where H is ¢ X k matriz with r(H) = q < k, and alternative hypothesis
H,:Hé+h=#0. (7)
Then, in premise of validity of Hy, the random variable F

o (HO+ h)'[H(sz—lAzc)—lﬂ']—l(Hé +h) ®)

18 Fy i distributed.

Proof see [5, p. 13, Theorem 1.1.1 and p. 54, Theorem 1.8.9]. O

3 Best linear unbiased estimators

Let the twoepoch linear regression model (1) be given. This model arises by
sequential realizations of the linear partial regression models,

Yl :(Xl,Wl) (’i) +51,Var(Y1):0221 (9)

and

Y, = (Xy, W) <7ﬁ ) + &9, var(Yy) = 022y, (10)

2
representing the model of the measurement within the first and second epoch,
respectively. Let us remark that the parameter o2 is supposed to be the same
in both epochs. Althougt this condition could be too restricting in some cases
we adopt it to make the computations easily. Moreover there are many sit-
uations, mainly in simpler problems, where this condition is acceptable. The
further derived formulas are more complicated that in general case but they
show the structure of the twoepoch model what is useful in many applications.
In addition, thanks to Lemma 1 the formulas in the twoepoch model will be
derived in a friendly methodical way. The next theorem can be used to verify
the stableness of the first order parameters.

Theorem 1 The BLUE of the parameters 3, v, and v, in the single first and
second epoch (models (9) and (10)) are fori=1,2

B(i) _ (X;E;lMa}:le‘)_1X22;1M§‘}:1Yi’

7.0 = (Wizr W) wiE (v - x87),

(2
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equivalently
Y = (XXX (Y - WA D),

. -1 -1
70 = (Wi My, W) T WIET MY Y,
—1
where Ei_lMa}i =3 -2 IW(WIE W) Wi s

Proof see [5, p. 369, Theorem 9.1.2]. O

Theorem 2 In the regular twoepoch linear model (1), the BLUE of the param-
eters 3,71,y in both epochs equals

o~

1 -1
B = (XiZ My, X1+ X558, My, Xs) ™!
_1 —1
X (XIS My, Y+ X550 M2 Yo),
1= (WiZ['W) T 'WisTH (Y - X4 8),
Y2 = (W3 'Wo) "W S5 (Ya — Xof8),

(Version I); equivalently

~

B = (X=X, + X5%, My, X,) ™!
XD Y1 — WiAy) + X535 ' M32 V),

T = [WiST'W, - WISTIX (X 371X + X585 M2, Xo) ™1 X S0 W)~
x[WiESThY, - WS X (X2, + ngglM%;ng)—l
(X4 BTIY + X535 M Vo),

T2 = (W535 ' Wo) W5 (Y — X2B),

(Version II); equivalently

B = (X|Z{'ME X + X555 X,) !
X [X4 I Y X585 (Vs — Wos)l,

Y= (WiSTW) T 'WiSTH (Y, - XuB),

s = [WLET "W, — W’222‘1X2(X’121‘1M§V1:1X1 + X5E5 1 X)X S W)
K [WE5Y, — WS Xo (X555 X, + X[ 27 "M Xy) ™!
(X427 MyL Yo+ X555 1Y),

(Version III).
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Proof Lemma 2 is ready to help us in proving this theorem. Here
_ X; W; 0 _ ¥ 0 _ AN
X_<X2 0 W2>72_<0 22)76_(/37’71772)7

XiZ7X) + X021 X, X ETTW, X3 T WY
X'27X = WwWiE X, WiZ'W, 0 . (11)
W,E5 X, 0 W,LE5 "W,

so that

Using Lemma 1, Versions I-1II, and obvious relations

B = Qll(X’liil‘lYl + X/QEQ_IYQ) + Q12WI121_1Y1 + Q13W/222_1Y2,
7= QXS + X5251Y0) 4+ QWi ST Y 4 Qus WL Yy,
s = Qi (X Z7MY ) + X5251Y0) + QWi ETHY ) + QusWhHES MY,

we get the results—Versions I-1II (in this order). O

Let us remark that functional dependence of above derived estimators to the
other estimator(s) coheres with the functional dependence of diagonal blocks of
inverse matrices in Lemma 1 to their other diagonal block(s). So we obtained
such estimators of each of the parameters 3, v, v, that are not a function of any
other parameter’s estimator. For instance, in Version I the estimator 3 is not a
function of 7, s, in Version II «, is not a function of 3,, and analogously in
Version III. This result is important mainly from the theoretic point of view and
as an effective tool for checking of numerical results. In the practice, Version I
seems to be the most convenient for computing the estimators.

Example 1 Let us test the hypothesis Hy : 7v; = 7, in the regular model
(1) with X1 = X2 = X, Wl = W2 = W and 21 = 22 = X and without
evaluating the corresponding estimators of the first order parameters. We will
follow Lemma 2. Here H = (0,1, —I), so the F statistics (8) equals

(71 —72)(Q22 — Qa3 — Q32 + Qs3) ' (77 — 72)

o2

)

where Qgg, Q23, Q32, Q33 are given by inverse of (11) using Lemma 1. Then
71 — 75 using Version I from Theorem 1 for 4] and 75 is of the form

(WE'W) "WYY, - Y,).
The same term 47 — 45 with 47 from Version II and 75 from Version III is
WE'W - WS IX(X'S'ME, X + X2 'X)"IX's" W]~ !
xW'STI - X(X'S™'M}, X + X'S7'X) 7 IX'PY (Y - Y).

Moreover s1 = so = s and n; = ny = N, so we reject Hy on the level «, if
F > Fs,QN—T—Qs(l - OZ).

Acknowledgement Author would like to thank to Mr. Martin Petera for help
in preparation of this paper.
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Abstract

The linear regression model in which the vector of the first order pa-
rameter is divided into two parts: to the vector of the useful parameters
and to the vector of the nuisance parameters is considered. The type I
constraints are given on the useful parameters. We examine eliminating
transformations which eliminate the nuisance parameters without loss of
information on the useful parameters.

Key words: Regular linear regression model; nuisance parameters;
BLUE; constraints.
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Introduction, notations

Transformations for nuisance parameters in linear regression models with nui-
sance parameters are studied for instance in [3], [4], [6]. This paper deals with
similar problems in models to which type I constraints are added.

The following notation will be used throughout the paper:

o1
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R" the space of all n-dimensional real vectors;

Up, Amn the real column p-dimensional vector, the real m x n
matrix;

A r(A) the transpose, the rank of the matrix A;

A (A), Ker(A) the range, the null space of the matrix A;

A~ a generalized inverse of a matrix A (satisfying AA~A = A);

AT the Moore—Penrose generalized inverse of a matrix A
(satisfying AATA = A ATAAT = AT (AAT) = AAT,
(A*A) = ATA);

Pa the orthogonal projector in the Euclidean norm onto . (A);

Ma =1—P4 the orthogonal projector in the Euclidean norm onto . (A);

I the k x k identity matrix;

Om.n the m x n null matrix;

o the null vector.

If .#(A) C #(U), U p.s.d., then the symbol P} denotes the projector pro-
jecting vectors in . (U) onto .# (A) along .# (UAL). A general representation

of all such projectors P§ is given by A(A’'UA)"A’U~ + B(I — UU™), where B
is arbitrary, (see [7], (2.14)). My =1—PY .

Let N, is p.d. (p.s.d.) matrix and A,,, an arbitrary matrix, then the
symbol A;(N) denotes the matrix satisfying AA;(N)A = A and NA;(N)A =
(NAL )
N-seminorm is minimal]. In general ALvy =N+ A’A)"A AN+ AAT)" A,
If the condition .Z(A") C .#(N) is fulfilled, then A . = NTA’(ANTA’)~, (see
[2], pp. 14-15).

AY. ] AL (nyY 1s any solution of the consistent system Ax =y whose

(N)

Assertion 1 (see [3], Lemma 10.1.35) Let X be any n X k matriz and ¥ an
n X n p.s.d. matriz.
(i) If ¥ is p.d., then

(MxEMy)t =271 - B IX(X'S7IX)"X'S~ = 2-IMY .
(i1) If ¥ is not p.d. however #(X) C A (X), then
(MxEIMx)T =S - ZHX(X'S™X)"X'Tt.
(ii) In general case
(MxEMx)t = (B +XX)FT = (Z 4+ XX) XX (Z + XX)"X] =X (Z + XX)T.
(iv)
(MxSMx)t = Mx(MxEMx)t = (MxEMx)tMy = Mx(MxSMy ) TMy.

Assertion 2 Let D = (g} ?) be symmetric and positive semidefinite matriz.

If #(B") C .#(C—B'ATB), then

o _ (A B [ AT+ AtB(C - B/ATB)TB/A*, —~ATB(C — B'A*B)*
“\p,Cc) = —(C— B'ATB)TB/A*, (C— B'/ATB)*
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If #(B) C #(A—BCtB'), then

o+ _ (AB T (A —BC+B/)*, —(A—BCTB/)TBC*
—\B,c) T\ -CrB(A—BC*B/)*, Ct+CFB/(A—BCB/)*BCt /-

Proof Assertions can be proved directly. As D is p.s.d. matrix, there exists
block matrix (%) such that

( Q”, E) N @ (K = (fdlf’, éﬁ/f> = M(B) = MIK') C M) = .MN),

analogously .#(B’) C .#(C). It implies that AAtYB = B, BPATA =B’, CCtB’ =
B/, BCTC = B. These matrices don’t depend on the choice of g-inverses. We
can easily prove, that relations DD™D = D, DYDD" = D% are valid for both
formulas. Matrices D™D, DD" are symmetric, if conditions .#(B’) C .#(C —
B’ATB) and .#(B) C .#(A — BC*B') are satisfied. It is to be remarked that
these conditions are valid if #(D) = r(A) + r(C). O

Let us consider following linear model with nuisance parameters

Y ~ [(X,9) <g) ,Xv], 2y known matrix, (1)
where Y = (Y1,...,Y,)" is a random observation vector; § € RF is a vector of

the useful parameters; x € R! is a vector of the nuisance parameters; Xn,k is a
design matrix belonging to the vector (; S, ; is a design matrix belonging to
the vector k.

We suppose that

1. E(Y)=XB+Sk, V3 € RF, Yk € R,

2. var(Y) =%y =20 Vi, 9= (V1,...,9,) € 9 C RP, 9 is supposed to
be with nonempty topological interior.

In this paper we consider that the given matrices Vy,...,V, are p.s.d. and that
the variance components ¥1,...,9, are positive (mixed linear model, see [1],
Chapter 4).

3. Xy is not a function of the vector (3, )"

If matrix ¥y is positive definite and r(X,S) = k + 1 < n, the model is said
to be regular, (see [3], p.13).

Parametric function f//3 is unbiasedly estimable in model (1) iff f € .# (X'Mg),
see [6], Remark 2.

There are situations in the practice that auxiliary information on the vector
of useful regression coefficients 3 is known, it means that the parametric space
for 3 is not R* but its subset only,

B € {ue R*:b+Bu=o}, (2)

where B is a ¢ x k known matrix. Since no assumption on the 7(B) is considered,
it must be assumed that a given ¢-dimensional vector b satisfies b € .#(B). This
constraints on the useful parameters will be called type I constraints.
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Lemma 1 The class of unbiasedly estimable functions of the useful parameters
in model (1) with constraints (2) is created by all functions h'3 possesing

he .#(X'Ms,B).
Proof Function h’3+a, h € R¥, a € R is in model (1) with constraints (2)
unbiasedly estimable iff there exists statistic g'Y + ¢, g € R", ¢ € R such that
E@Y +c)=g[XB+Sk]+c=hp+a, VB, Vr
S (@X-h)B+c—a=0ng'S=0, V3
& (UMgX -h)34+c—a=0, V3, uc R"
& there exists vector k € R? such that k'B = u'MgX —h" Ak'b=c—a.

Because ¢ can be chosen arbitrarily, the necessary and sufficient condition for
unbiasedly estimable function is

UMgX —KB=h" & h=XMgu—Bk < he.#(XMg,B). O

Remark 1 The BLUE (best linear unbiased estimator) of the vector function
MgX/3 in the singular model (1) with constraints (2) is
IRy [Zo+XMpg X'+58']T [Zo+XMpg X'+88']T —
MsX3 = MSP(Xﬁl\/[B/,SI)B Y — MSM(XﬁMB,’S;3 XB'(BB')"b.

It is proved in [1], 2.10.2. and enables us to get BLUE of the unbiasedly es-
timable functions h’'3,h € .#(X'Mg) in singular model (1) with constraints (2).

In the regular model (1) with constraints (2) the BLUE of the parameter
is given by

B=[I—C'B/(BC"'B))"'B]g* — C"'B/(BC"'B')~'b,

where
C= X'(MngMS)+X,

and where
B* = [X' (MgZgMg)TX] 71X (MsgZyMg)TY,

(estimator in the regular model (1) without constraints).
The variance matrix of the estimator /3 in regular model (1) with constraints
(2) is given by
V&I‘(B) = (MB/CMB/)+.

These assertions are proved in [5], Theorem 1, Theorem 2.

In the literature there are investigated properties of estimators of the pa-
rameters 3, x in model (1) under constraints (2), see for example [1], [5]. In
cases when we are interested on useful parameters only it is possible to simplify
model (1) by the propriate eliminating transformation, see [3], [4], [6].

In this paper we join both of the procedures mentioned. Firstly we use elim-
inating transformation and then we add constraints to the transformed model.
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2 Type I constraints in the transformed model

Our task will be to eliminate the matrix S belonging to the vector of nuisance
parameters, i.e. we consider the following class of eliminating matrices

T={T:TS =0},

where T is matrix of the proper dimension, say of the type r x n.
That leads us to linear models

TY ~ [TX3, TSy T (3)

If we now add constraints (2) to the model (3), we get model

TY X TYyT, O
(%)~ 1(5)7("e"5)] @
Lemma 2 Linear function f'3 + a,f € R¥,a € R is unbiasedly estimable in
model (4), iff
fe.#(XT,B.
Proof The assertion can be proved in the same way as in Lemma 1. O

In the following text we consider only transformation matrices T with the

property
AMXT) =t (X'Mg),

it means that transformations do not cause a loss of information on the param-
eter f3.

Theorem 1 For the BLUE of the function of the parameter 3 in the model (4)
holds

TXB = PY gy XM K0T py TSt XM XOTT gy (BBY) b,

Proof According to Theorem 3.1.3. in [3]

L —

(%)s=(%) [(X/T/’B”;(”ﬁa“s)y (%)
() Joemen{ (757 9) + (W) eemen} (B)]
o (%57 (B ) (%)

By the help of the Rohde’s formula for g-inverse of the p.s.d. partitioned matrix
(see [3], Theorem 10.1.40) we can write

(1) [i2]

T[Sy + XX]T, TXB'\ ~
BX/T’, BB’
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where
zﬁ + XMp X)T']~,
219 + XMp X)) T~ TXB'(BB)~
= “BX'T'[T(Zy + XMp X)T']~
(BB')"BX'T'[T(Zy + XMp X)T'|~TXB'(BB') .

Then (we use Moore-Penrose g-inverse matrix for the sake of simplicity)

X'T,B) 11 12 TX
21 22

= Mp X'T(T[Sg + XMpX]T) " TXMp: + Pp/]™,

>\
(%)=
TX 11/ 11/ /
= ( ){[MB/XT(T[2g+XMB/ T)"TXMp/ " + P }(X'T',B)
11 12 TY
21 22
After some calculations we get

(TX) f= (P%;?MB’X Ty TS XM X T (BB b) |

thus

B —b
In the course of the proof following assertion has been used
AB=0 A BA'=0 = (A+B)t = A" 1 B*. 0
Theorem 2 The covariance matriz of the estimator TX3 in model (4) is

var[TX3] = TX{[Mp X'T/(T[Zy + XMpX'|T')"TXMp/|T — Mp }X'T".

Proof -
var[TX3] =
= PU XM X (g T TXM s X T/ TXM g X T (P XM X0y

= TXMp: (Mp X' T'[T(Sg + XMp X )T TXMgz/) " Mp X'T’
X [T(Sg + XMpX)T']HT(Sy + XMpX)T[T(Sg + XMp X )T+
x TXMp: (Mp X' T/[T(Sg + XM X )T X T'Mp) " Mp X' T’
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— TXMp (M X'T'[T(Zy + XMB>/X')T’]+TXMB/)Jr Mp X'T’
X [T(Zy + XMp X T [T TXMp M X' T/ [T(Zy + XMp X)) T'|*

x TXMp: (M X'T'[T(Zy + XMB>/X')T’]+TXMB/)Jr Mp X'T’
=TXMp (MpX'T'[T(Zy + XMB/X’)T’]JFTXMB/)Jr Mp X'T" — TXMp X'T’
=TX { (M XT'[T(Zy + XMB/X’)T’]J’TXMB/)Jr — Mg } X'T.

In the course of the proof we have used Assertion 1, (ii) and following statement
AMB') C #A) & BATA=B,
for matrices A = T(Xy + XMp X' )T’ and B = Mp X'T". O
Theorem 3 Let the transformed model (4) where ¥y = Zle % Vi, V; p.s.d.,
% > 0,Vi=1,...,p, (mized linear model) be under consideration. Let ¥¢ =

Y109V, where 90 = (99,...,99) is as near to the actual value ¥* of the

parameter as possible. The linear function g'¥,9 € 9 can be estimated by
MINQUE (minimum norm quadratic unbiased estimator) iff

ge M[S , +], (5)
(NI(T);()(TE%.T ' %)M(TBX)>
where the (i, j)-th element of the matriz S + 18
(s )
( B ) ’ ( B )
+}ig =
TE T/, 0
( M)
= Tr[(Mrxar, TS0T Mrxar, )T TV, T (Mrx ar, TS0 T Mrxar, ) TTV; T,
7’7 ] = 17 Y 4
If the condition (5) is satisfied, then the 9°-MINQUE is
P /
— TY
» ZTV,T'Z; —ZTV,;T'ZTXB'(BB')~ TY
—(BB) " BX'T'Z'TV,T'Z’; (BB')"BX'T'ZTV,;T'Z'TXB'(BB)~ —b )’

where Z = [Mrxar, TS0 T'Mrx s, |7, and where the vector X = (Ai,...,\p)
is a solution of the equation

T=gT', 0
0O )M

tA=g.
(TBX))
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Proof We use following statement (see [4], p. 101) valid for the linear model
Y ~ [X3,5y] where 3 € RF, Sy = S0 9Vi, 0 = (0h,....0,) € 0 C RP,
¥, >0,Vi=1,...,p, Vi,...,V, p.s.d. matrices (mixed linear model):

a) Let g = >0 99V,. The function g'd = Y7 | ¢:9;, ¥ € ¥, can be
unbiasedly quadratically and invariantly estimated [i.e. the estimator has the
form Y'AY, where A, ,, is symmetric matrix, the estimator is invariant with
respect to the change of the vector ] if and only if g € .#(S(arysonx)+)s
where

{Statxson)+ Fij = Tr[(MxEoMx ) TV (Mx oMy ) V5],

ii=1,...,p.
b) If the function g'tJ satisfies the condition from a), then the ¥°-MINQUE
of g’v is given as

P
gl = Z)\iY/(MXEOMX)+Vi(MXEOMX)+Y7
i=1
where the vector A = (Aq1,...,),) is a solution of the system of equations
S(szoMX)+/\ =8

We use this statement for the model (4) by following substitutions

TY X TE T, 0 _ leﬂ?TViT’,O
= (5) 2= (%) == (T80 0) - (™).
Thus

{S TSoT! +}i’j
(e (587 )

B

o (7578 e (7679)

o (7578w (67 9)}

ab
bb|/’

Let us denote

(757 (2]

where (see Assertion 2)

[T(Zo + XMp X T+

—[T(So + XMp X )T|* TXB'(BB')*,
—(BB')TBX'T'[T(Z0 + XMp X)) T/,

= (BB')* + (BB')"BX'T/[T(Z + XMp X)T']t TXB'(BB') ™.
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By Assertion 1,(ii) (the Moore—Penrose matrices are used because of unique-
ness of matrix expressions)

e (7T e - (j T )
—(:) (2o (BHRE) (20}
o ([ ) - (B )

— (’ EE ) <TX>{PB/ + MB/XT [T(EO +XMB’X/)T/]+TXMB/}+
oern (I ) - (L ) - (3 ).
[ba). [bb] ) \[ba} [bb] )\ [t} [1V]

where by notation
U= [T(EO + XMB/X/)T/]—l—,

= UTX(Mp X' T'UTXMp )" X'T'U,
= —UTX(Mp X' T'UTXMp )" X' T'UTXB'(BB)* =111,
= (BB)TBX'T'UTX(Mp X' T'UTXMp/ )t X' T'UTXB'(BB')* + (BB)*.

After some calculations using notation

Z = (Mrxa, TE0T' Mrxar,, )™,

[M@;) ( TEJ)T/’,%W(T;)r

_ Z, —ZTXB/'(BB') _(EF
o —(BB’)*BX/T’Z’, (BB’)+BX’T’ZTXB’(BB’)‘Ir “\F.,G/)"
Thus

we get

© (M(TBX) (T %)M(TBXQ i

B E, F\ /TV,T, O\ (E F\ /TV,T, 0\] _ [
_Tr[(F/7G>< o, o)(P,c)( S O)]—Tr[ETvlTETVJT]

= Tr[(Mrx s, TS0 T’ Mrx s, )T TV T (Mox g, TS0 T'Mex g, ) T TV, T,

iji=1,...,p.
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If
ge//l(S<

+);
M(Tg)(”%.ﬂ %)M(TBX))

then under the model (4)
o z”:x ™'y TS, O\ |7 (TViT, 0
BT 2 ) MO\ 0, 0) () 0, O
ST/, O Ty
. [M(TBX) < 0, o) M(TBX)] <—b>

(Y "(ETV,TE, ETV,T'F\ (TY\ < (TY '
_Z; \=p) \FTV,TE, FTV,T'F ) \ =p _Z; “\ —b

y TV, T'Z, —ZTV,;T'ZTXB'(BB)* TY
—(BB)*BX'T'Z'TV,T'Z', (BB)*BX'T'Z' TV, T'ZTXB'(BB')* —b)’
where Z = (Mrxar,, TS0 T'Mrxar,, )t =

Theorem 4 Function giTY is the best unbiased estimator of its mean value in

the model (4) iff
g1 € A M (15,11 -TX(X'T'TX+BB")~ X'T|. TSy T'TX (X' T'TX +BB')~ B

Proof Function g’ (IE), g = (gl), g, € R", g, € R, is in the model (4) the
2
best unbiased estimator of its mean value iff

oo () (] -»

where 79 [(IYb)} is arbitrary unbiased estimator of the null function g, (5, 9) = 0,
(see [4], p. 84). Any unbiased estimator of this function is of the form

v [Cﬁﬂ - f’@)’ F= (L) fet(Miy).

E[fiTY +f5(—=b)] = f1TXB+f4(—b) = (f1TX+f4,B)3 =0, V3,

as

<~ ( &,f’g)(TBX> = 0/7 & fe %(M(TBX)) .

Let u= (E;), ui € R", us € R?, be arbitrary. Then the covariance

cor (8(15) ey (1)) = (7673 ) e
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_ o (TE6T, 0 (1= TXX'T'TX +B'B) X'T', —TX(XT'TX+B'B) B\
- 0, O —B(X'T'TX+B'B)"X'T, Il,—B(XTTX+B'B)"B

@ ,)<T279T’(I,. — TX(X'T'TX+B'B)"X'T), ~TEyTTXXT'TX + B’B)‘B’) )
IR o, o

=0.
& g (T T [l —TX(X'T'TX+B'B) " X'T'], - TSy T'TX(X'T'TX+B'B) " B’) = 0.
Thus g| TY is the best unbiased estimator of its mean value iff

g1 € A (s, 11, - TX(X'T'TX+B'B)- X'T"), TS, T'TX (X' T'TX +B'B)-B)|- O

Remark 2 If we change the ordering of the procedures described at the begin-
ning of this section, we get the same model. Indeed by joining linear model (1)
with constraints (2), we can write

Y X, S I} 3,0
b)) T |\B,0)\x)\0O,0)]|"
. . T, 0
The transformation by the matrix o 1) such that TS = O, leeds to the
model (4).

3 Examples of the transformation matrices

The general solution of the matrix eguation TS = O is of the form
T=A(l-S57),

where A is an arbitrary matrix of the corresponding type, S~ is some version of
generalized inverse of the matrix S.

If we choose S~ = (S”WS)~S'W, where W is an arbitrary p.s.d. matrix such
that

M(S') = .4 (S'WS), (6)

then T = AMY , where MY is given uniquely.

First we confine us to the transformation matrix

a) T=MY,
i.e. we consider transformed linear model

MZY ~ MY X3, MY (ME ). (7)

Thus model with the type I constraints is following

(- ()
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It can be proved (see [6], chapter 3) that
M (Ms) = A4 (M5')"),

thus
M(X'Mg,B') =.#(X' (MY B,

i.e. the classes of unbiasedly estimable functions g’ in model (1) with con-
straints (2) and in model (8) are identical.
According to Theorem 1 and Theorem 2

MY X5 = P XM SOOI MLy 1 X8 (BBY)b] — MY XB/(BB) b
4 +
= MY XMp [MB,X’(M?’)’ (MgV(z+XMB,x')(MgV)/) MgVXMB,] Mg

+
XX (MY (MY (5 + XMp X)) (MY )') M [Y+XB'(BB')"b] — MY XB'(BB') b,

var[M% Xg] =
w 1 W w noawa W * LW
= MEX{[Mp X (ME) (MY + XM X (MY ) ) MEXMp| — Mp X (ME).
Remark 3 If the matrix ¥ + XMp: X' is regular or if
M(S) C M(S+XMpX),

it can be proved that (see [6], Lemma 1)

+

(ME) [ME (S +XMpX)ME) | MY = Ms (S + XM X)Ms] "
Then
MY X3 = MY X (Mg X' [Mg(E + XMp X )Mg]TXMp:) * X [Ms(S+XMp X )Mg]*
x (Y 4+ XB'(BB')~b) — MY XB'(BB')"b.

var[MYX3] = MY X { (M X Mg (5 + XMp X ) Mg T XM, ) = Mjg} X' (MY,
When we choose transformation matrix

b) T= MngzMx) 7
we get the model with type I constraints with the same design matrix belonging
to the vector 3,

M(SszMxﬁY N <x>6 MgNIxZJVIX)+E(M(SMxZJVIX)+)/,O
—b B/ 0, o/’
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because it is .
MGEMTS — o

s MG =

According to assumption (6) it should be
M(S) = #(S'MxEMx]TS).

It is valid if the model (1) is regular (see [3], page 189).
In this model

+ +
)/(\6 B P[J\/[éﬂlx)jlwx) E(MéMX SMy) )’+XMB/X’]+ M(]V[XZ]V[X)+Y
— " XMpg/ S

+ +
M(SMXEMX) E(1\/[(SMX>:MX) Y AX M X'

~My XB'(BB') b,

var[Xj] =
= X{ [Mp X' (MZPHEOT QBT XMy X ) XM | T M }X'

If we suppose, that
MXY) C (X [MsgEMg]TX), (9)

we can use transformation matrix
+
¢ T-= ngszwls)
that leads to the model

(5 )~ e (x5

because under assumption (9) it is

Pg(MsEMs)+X — X, P%VISEMS)+S -0,

PRI 3 (PSS = X (X [Ms M X) X'
)/@ _ P[;cl\(/f);[MSZMS]*X)*X’+XMB,X’]*PgéwszMsﬁY
_ME?J(V});’,[MSEMS]*X)’X’+XMB/X']+XB/(BB/)—b

— {XMB, [MB/X’ (XX (MgEMg) XX + XM X') ¥ XMB/} Mp X — XMB,x’}

x (MgEMg)T[Y + XB'(BB')"b] — XB'(BB')"b.

var[X3] = x{ [MB/X’ (XX (MgEMg)TX] X + XM g X') ™ XMB,} T Mg }x’.
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Remark 4 In the practice we have to decide, whether to use transformation
or not. We should compute variance matrices of the estimators in the original
model and in the transformed model and decide according to the accuracy of
the estimates. We can use following formulas:

a) if the model (1) is regular, then under condition (2) without transforma-
tion (see Remark 1)

var(X3) = XMp X' (MgEyMg)tXMp ] tX,

b) in the singular model (1) with constraints (2) without transformation (see
Remark 1)

CH plSe+X Mg X'+88T [So+XMg X'+887T)’
var[Xf] = P(XﬁMB/,Sf 29 (P(XﬁMB/,Sf ) )

¢) in the transformed singular model (4) (see Theorem 2)

var[TXB] = TX{[MpX'T (T[S + XMp X T") " TXMp/ |t — Mg }X'T’.
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Abstract

This paper extends some known results on the boundedness of solu-
tions and the existence of periodic solutions of certain vector equations to
matrix equations.
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edness.
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1 Introduction

Let M denote the space of all real n x n matrices, R"™ the real n-dimensional
Euclidean space and R the real line —oco < t < co. We shall be concerned here
with certain properties of solutions of differential equations of the form

X +AX + BX + H(X) = P(t, X, X, X) (1.1)

where X : R — M is the unknown, A, B € M are constants, H : M — M
and P: R x M x M x M — M. The specific properties we shall be interested
in are the ultimate boundedness of all solutions and the existence of periodic
solutions when P is periodic in ¢.

65



66 M. O. OMEIKE

In [8], Tejumola establishes conditions under which all solutions of the matrix
differential equation,

X+ AX + H(X)=P(t, X, X), (1.2)

are stable, bounded and periodic (depending on the choice of P). These results
are extended to the equation (1.1).

For the special case in which (1.1) is an n-vector equation (so that X : R —
R™ H:R” - R"” and P: R xR" x R” x R” — R") a number of boundedness,
stability and existence of periodic solutions results have been established by
Ezeilo and Tejumola [4], Afuwape [1] , Meng [5] and others for a number of
various vector third order differential equations. The conditions obtained in each
of these previous investigations are generalizations of the well-known Routh—
Hurwitz conditions

a>0, ¢>0, ab—c>0 (1.3)

for the stability of the trivial solution of the linear differential equation
T 4ai+bi+cx=0 (1.4)

with constant coefficients. Our present investigations are akin to those of Teju-
mola [8], Meng [5], Afuwape [1] and we shall provide extensions of their results
to matrix differential equations of the form (1.1).

2 Notations and definitions

Some standard matrix notation will be used. For any X € M, X7 and Tij,

i,7=1,2,...,n denote the transpose and the elements of X respectively while
(x45)(yi;) will sometimes denote the product matrix XY of the matrices X,Y €
M. X; = (za,Ti2,. .., Tin) and X7 = (214,29, ..., 2n;) stand for the i-th row

and j-th column of X respectively and X = (X1, Xo,...,X,,) is the n? column
vector consisting of the n rows of X.
We shall denote by JH (X) the n? x n? generalised Jacobian matrix associ-

ated with the function H : M — M and evaluated at X : that is, JH(X) is the

. . . . . A(H.,Hs,...,Hy) .
matrix associated with the Jacobian determinant X X X Corresponding

to the constant matrix A € M we define an n? x n? matrix A consisting of n?
diagonal n x n matrix(a;;I,)(I, being the unit n x n matrix) and such that
(ai;I,) belongs to the i-th n row and j-th n column (that is, counting n at a
time) of A. In the special case n = 2, A is the 4 x 4 matrix

<a1112 ai2ls )
agnly azl>
Next we introduce an inner product (.,.) and a norm || - || on M as follows.

For arbitrary X,Y € M, (X,Y) = trace XY 7. It is easy to check that (X,Y) =
(Y, X) and that || X —Y|? = (X — Y, X —Y) defines a norm of M. Indeed,
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[ X|| = | X|,2 where |-|,2 denotes the usual Euclidean norm in R"* and X € R™’
is as defined above.

Lastly the symbol §, with or without subscripts, denote finite positive con-
stants whose magnitudes depend only on A, B, H and P. Any §, with a sub-
script, retains a fixed identity throughout while the unnumbered ones are not
necessarily the same each time they occur.

3 Statement of results

It will be assumed throughout the sequel that H € C’'(M) and that P € C(R x
M x M xM). Further, H and P satisfy conditions for the existence of solutions
of (1.1) for any set of preassigned initial conditions.

Theorem 1 Let H(0) = 0 and suppose that

(i) the Jacobian matriz JH(X) of H(X) is symmetric and furthermore that
the eigenvalues \i(JH(X)) of JH(X), (i = 1,2,...,n?) satisfy for X €
M,

0<dop <N(JH(X)) < Ap (3.1)
where 6, Ay, are finite constants;

(i) the matrices ALB,JI{(X) are associative and commute pairwise. The
eigenvalues \;(A) of A and \i(B) of B (i = 1,2,...,n?) satisfy

0 <da < Ai(4) <A (3-2)

0<d < MN(B) <Ay (3.3)

where 64, 0p, Ag, Ay are finite constants. Furthermore,

A, < k6,0, (3.4)
uhere (1-0B)6  a(l—p)
. a(l — b ol — a
= min { 5u(a + D02 25, + 20)° } (3:5)

a>0,0< @ <1 are some constants,
(iii) P satisfies

1P(t, X, Y, Z)[| < o + o1 (I X[ + [IV]] + 1 Z1)) (3.6)

for all arbitrary X,Y,Z € M, where 69 > 0, 61 > 0 are constants and 61 is
sufficiently small.
Then every solution X (t) of (1.1) satisfies

IX@I < A IX@N <A X)) < A (3.7)

for allt sufficiently large, where A1 is a constant the magnitude of which depends
only on &y, 01, A, B, H and P.
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This result provides an extension of a result of Afuwape [1], and Meng [5]
for an n-vector.

Theorem 2 Suppose, further to the conditions of Theorem 1, that P satisfies
P(t,X,Y,Z) = P(t +w,X,Y, Z) uniformly for oll X,Y,Z € M. Then (1.1)
admits of at least one periodic solution with period w.

4 Some preliminaries
The following results will be basic to the proofs of Theorems 1 and 2.

Lemma 1 [8] Let H(0) = 0 and assume that the matrices A and JH(X) are
symmetric and commute for all X € M. Then

(H(X),AX) = /0 1 XTAJH (0 X)Xdo.

Lemma 2 [1] Let D be a real symmetric £ x £ matriz, then for any X € R* we
have
dall X[ < (DX, X) < Ag|| X%,

where 64, Agq are the least and greatest eigenvalues of D, respectively.

Lemma 3 [1] Let Q, D be any two real ¢ X £ commuting symmetric matrices.
Then

(i) the eigenvalues \;(QD) (i =1,2,...,£) of the product matriz QD are all
real and satisfy

max A (Q)A(D) > M(QD) > min A\ (Q)Me(D);

1<g,k<L T 715,k

(ii) the eigenvalues \;(Q + D) (i = 1,2,...,¢) of the sum of matrices Q and
D are real and satisfy

{glfgiz (@) + max, )\k(D)} > Xi(Q+D) = {1211]12@ A(Q) + lglglglé )\k(D)} .
Proof of Theorem 1 Let us for convenience, replace Eq.(1.1) by the equivalent
system form

X =Y,
Y = Z,
7 = —AZ -BY - H(X)+ P(t,X,Y,Z).

(4.1)

Our main tool in the proof is the scalar Lyapunov function

VMxMxM-—R
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adapted from [5] and defined for any function X,Y,Z € M by

2V = {(B(1 — B)BX, BX) + (2aA"'BY,Y) + (BBY,Y)
+ (A Z, Z) +(a(Z + AY),Y + A1 Z)
(Z+AY + (1 - B)BX,Z + AY + (1 - B)BX)} (4.2)

where a > 0, 0 < 3 < 1 are some constants. For each term of this function it is
clear that

B(L=B)&|IX|I* < (B(1-P)BX, BX) = 5(1-8) Y |BX'[;, < B(1—B)As|| X,
i=1 (4.3a)

20A;16||Y[]? < (20A7IBYY) = 2a2 AT BY"|2 < 206, A ||Y]|?. (4.3D)

=1
In a similar manner,
Bo[Y | < (BBYY) = ﬁznj [BY'[; < BA|Y|?, (4.3¢)
=1
oA Z|1? < (@A™ Z,Z) < a6 Y| Z))?, (4.3d)
0<A{Z+AY),Y + A7 Z) <v(|Y[* +112]1%), (4.3¢)

and
0<(Z+AY +(1—-p)BX,Z+ AY + (1 — B)BX)

=D 12+ AY' + (1= B)BXY < (1207 + Y7 + X1, (4.31)

=1

for some positive constants v, u. The estimates above are valid since
n n
Z|X1|Z:Z|X¢|i: | X2, for any X € M.
i=1 i=1

Combining these estimates (4.3a—4.3f) in (4.2) we obtain that
(X2 + Y12 +12117) <2V < s(IXI2 + 1Y I2 + 12117, (4.4)
52 = min{B(1 — B)dy; 2aA; 8y, + Boy; AT}
and
63 = max{B(1 — B)Ap + p; 206, 1Ay + BA, + v+ p; a8t + v+ pl.

From (4.4), we have that V(X,Y,Z) — oo as || X2 + ||[Y]]? + || Z]|* — oc.
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To prove our result, it suffices to prove that there exists a constant A; > 1
such that

X2+ 1Y)+ 1Z]° < Ay, for t > T(Xo, Yo, Zo), (4.5)
for any solution (X,Y, Z) for (4.1), (Xo = X(0), Yo =Y (0), Zo = Z(0)).
Let (X,Y,Z) be any solution of (4.1), then the total derivative of V' with
respect to t along this solution path is

V=-U—-U—-Us+U, (4.6)

where

S
[
=
@

+ (BABY,Y) <%Z Z>

w ‘

5
Il
/\ o~
[
Q

#9)
>—|— aBY)Y) + (A+al)Y, H(X))
1)+ (5
+

2
1-—
Us = 4 + +{(I +2aA™YHZ H(X))
Us = (1= B8)BX + (A+al)Y + (I +20A"1)Z, P(t,X,Y, Z)).
To arrive at (4.5), we first prove the following;:

Lemma 4 Subject to a conveniently chosen value for k in (8.5), we have for
al XY, Z
Ujz0, (j=23).

Proof For strictly positive constants k1, ko conveniently chosen later, we have

(ol + A)Y, H(X)) = Hk1 (af + VY + 2717 (ol + A)Y? H(X)H2

— (k2 (al + A)Y,Y) — 47 % ((al + A)H(X), H(X)) (4.7a)
and
(I+20A™MYZ,H(X)) =
= [k (1 + 20471 Z 4 27207 (14 20471) 2 H(X)H2
— (k31 +20A™NZ,Z) — (47 k(I + 20A" ) H(X), H(X)), (4.7b)
thus,

Us = |[ky (ol + A)Y2Y 4+ 27 k7 Had + A)Y2H(X)|?
(471 = B)BX — 47"k (ol + A)H(X), H(X)) + ((aB — ki(al + A)Y,Y)
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and

Us = |[ko(I +20A™Y)Y2Z 4 27 k(I + 20A~H)Y2H(X))|?
+{(1 B4 'BX — 47k 2(I + 20A" ) H(X), H(X))

+ <[%I — K +2047Y)] 2, 7).

By Lemmas 1,2 and 3, we obtain

Us > {/ / X7 [1;3 - é (ai+[1 JH(UX)} JH(ro X)X drdo
+y 7 {aB — k2 (ad + A) x} : (4.84)

and

Us > {/ /XT[—B—ﬁ(aHzaA Y

+z7 [51 — k(T + 204! }

JH } JH(ro X)Xdrdo
} (4.8b)

Furthermore, by using Lemmas 2 and 3, we obtain

r > {0 | 2500 = gt 88 IX17 + [ad — k(o + )] Y17}

4k?
(4.8¢)
and

1- 1 a
Us > {5h [ 4656 4k2(1+2a5 )Ah] X112 + b - k51 +2a§;1)} ||Z|2},

(4.8d)
Thus, using (3.1), (3.2), (3.3) we obtain, for all X,Y € M,
U2 Z 0 (49&)
if kf < ;4% with
E2(1—B)06 _ a(l—B3)62
Ap <2 < b 4.10
"= T aT A T (et AL (4.10a)
and for all X, Z in M,
Us >0 (4.9b)
lf k% S % Wlth
201 _ _A\52
A < 120 =Boudy all = B)00, (4.100)

T (a4l T 2(2a+4 64)?

Combining all the inequalities in (4.9) and (4.10), we have inequalities (3.4) with
(3.5) satisfied. Thus, for all X,Y,Z € M, Uy > 0 and Us > 0. This completes
the proof of Lemma 4. O
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Finally, we are left with estimates for U; and Uy. From (4.6), we clearly
have

1-8 Y 7= -
Uy = ?ﬁ/ XT'BJH(0X)X do + YT ABY + %ZTZ
0

1—

>
-2

1) «
3o0nl|X 1% + B0aG [V I* + SN ZIP = aa(IXIP + IVI* + (1 2]7) - (4.11)
where 5
04 = min {—béh(l — [3); BY40p; g} .
2 2
Since P(t, X,Y, Z) satisfies (3.6), by Schwarz’s inequality, we obtain
Usl < {1 = B)AIX | + (a+ A Y ]| + (1 + 2207 DI Z[} P(t, X, Y, Z)]|
S (1 XN + YN + 121D (6o + or (IX [+ [[Y[| + [ Z1])]

30185 (I|X 117 + 1Y 1% + 1Z]]%) + 3126085 (1X|1* + [1Y]]* + ||Z|2)1£27 |
4.12

IN

IN

where
J5 = max{(1 — £)Ap; (o + An); (1 + 208, 1)}

Combining inequalities (4.9), (4.11) and (4.12) in (4.6), we obtain
V< =256(IXI7 + Y12+ 1211 + 67 (IX 1P+ 1Y 12+ 12152, (4.13)

where 1
56 = 5(54 — 35155) and 57 = 31/25055.

Thus, with 6 < 3‘155_154, we have that dg > 0.
If we choose

(X1 + (Y12 + 1 Z]*)"? = 65 = 26785,
inequality (4.13) implies that
V< =d6(I X112+ Y117 +11Z]%). (4.14)
Then there exists dg such that
V<—1if [IX|P+ Y]+ (1Z)° = 65

The remainder of the proof of Theorem 1 may now be obtained by use of
the estimates (4.4) and (4.14) and an obvious adaptation of the Yoshizawa type
reasoning employed in [5].

Proof of Theorem 2 The proof of this theorem follows as in the proof of
[5, Theorem 3].
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Abstract

The paper deals with the singular nonlinear problem

where f € Car((0,T) x D), D = (0,00) x R. We prove the existence of a
solution to this problem which is positive on (0,7] under the assumption
that the function f(¢,z,y) is nonnegative and can have time singularities
at t =0, t =T and space singularity at x = 0. The proof is based on the
Schauder fixed point theorem and on the method of a priori estimates.
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time singularities; phase singularity.
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1 Introduction

We will study a singular boundary value problem with nonlinear boundary

conditions
u’(t) + f(t,u(t), v (t) =0 for ae. t €[0,T], (1)
U(O) =0, u/(T> = ’L/J(U(T)), (2)
where [0,7] C R, D = (0,00) x R, f satisfies the Carathéodory conditions on
(0,T) x D. The function f(t,xz,y) is allowed to have time singularities at t = 0,
t = T and space singularity at = 0, the function v is continuous on [0, 00).
For a given interval [a,b] C R assume that L![a,b] denotes the set of all

measurable functions defined a.e. on [a,b] which are Lebesgue integrable on
[a, b], equipped with the norm

b
|ulls = / lu(t)|dt for each u € L'[a,b];

C°[a,b] (or Ct[a,b]) denotes the set of all functions which are continuous (or
have continuous first derivatives) on [a,b], with the norm ||u||oo = max{|u(t)]
t € [a,b]} (or |ullcrjay = llulloo + [[t/]lsc); AC![a,b] denotes the set of all
functions which have absolutely continuous first derivatives on [a,b]. We say
that f : [a,b] x D — R, D C R? satisfies the Carathéodory conditions on
[a,b] x D if f has the following properties: (i) for each (z,y) € D the function
f(-, 2, y) is measurable on [a, b]; (ii) for almost each ¢ € [a, b] the function f(¢,-,-)
is continuous on D; (iii) for each compact set K C D there exists a function
my € L'a,b] such that |f(t,z,y)| < mg(t) for a.e. t € [a,b] and all (z,y) € K.
For the set of functions satisfying the Carathéodory conditions on [a,b] x D we
write Car([a,b] x D). By f € Car((0,T) x D) we mean that f € Car([a,b] x D)
for each [a,b] C (0,T) and f & Car([0,T] x D).

Singular problems have been studied by many authors (see [1]-[6] and ref-
erences therein). For instance a similar problem is considered in [3], where
the right-hand side function is continuous and it is allowed to change its sign.
Moreover, the singularity of f is possible in space variable x. In this work,
we consider the function f, which is non—negative and can have both time and
space singularities. Here, we found effective necessary conditions for solvability
of the problem (1), (2). The arguments are based on the ideas of the paper [5],
where the non—linear singular problem with mixed boundary conditions

u” + f(t,u,u’) =0, u'(0)=0, uw(T)=0
is investigated.

Definition 1 Let f € Car((0,T) x D), where D = (0,00) x R. We say that
f has a time singularity at ¢ = 0 and/or at ¢t = T, if there exists (z1,y1) € D
and/or (x2,y2) € D such that

€ T
/ |f(t,x1,91)|dt = 00 and/or / [f(t, 2, y2)| dt = 0
0

T—e
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for each sufficiently small € > 0. The point ¢ = 0 and/or ¢t = T will be called
a singular point of f.
We say that f has a space singularity at x = 0 if

limsup |f(t,z,y)| = co for a.e. t € [0,T] and for some y € R.
r—0+

Here, we will treat with following definition of the solution of the prob-
lem (1), (2).

Definition 2 By a solution of the problem (1), (2) we understand a function
u € AC[0, T satisfying the differential equation (1) and the boundary condi-
tions (2).

2 Regular problem, lower and upper function

In order to prove the main result we need the existence theorem for regular
boundary value problems. Let us consider a problem

u’ + h(t,u,u’) =0, g1(u(0),4/(0)) =0, go(u(T),u'(T)) =0, (3)
where h € Car([0,T] x R?), g1, g2 : R? — R are continuous functions.

Definition 3 A function u € AC'[0,T] which satisfies the differential equation
in (3) a. e. in [0, T and fulfils the boundary conditions in (3) is called a solution
of the problem (3).

In the existence theorem the concept of upper and lower function will be needed.

Definition 4 A function 0 € AC[0, T s called a lower function of the problem
(3) if
o’ (t)+ h(t,o(t),d'(t)) >0  forae. te|0,T)

and
91(0(0),0'(0)) >0, g2(o(T),0'(T)) > 0.

If these inequalities are reversed, the function o is called an upper function
of the problem (3).

For 01,09 € AC[0,T] such that o1 < 02 on [0,T] we can define a function
v:[0,T] x R — R by

~(t, ) = max{o1(t), min{z,02(t)}} foreacht e [0,T], z €R. 4)

Now, we introduce the following result [7, Lemma 2]. It is fundamental in the
proof of Lemma 6.

Lemma 5 For u € C*[0,T] the two following properties hold:

a) S (t,u(t)) ewists for a. e. t € [0,T].
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b) If uy, € CH0,T) and upy — u in C*[0,T], then

%'y(t,um(t)) — %'y(t,u(t)) for a.e. t €10,T].

Lemma 6 Let h € Car([0,T] x R?), g1, g2 : R? — R be continuous functions
and o1, oo be lower and upper function of the problem (3), respectively, such
that

o1(t) < oa(t) for each t € [0,T].

Further, assume that there exists p € L*[0,T)] such that
Ih(t, z, y)| < @(t)

for a.e. t € [0,T], each x € [01(t),02(t)] and each y € R, g1 is nondecreasing in
the second variable and go is nonincreasing in the second variable. Then there
exists a solution u of the problem (3) such that

o1 <u<oy on|0,T]. (5)
Proof Let us define functionals A, B : C'[0,7] — R by
A(u) = 7(0,u(0) + g1(u(0), 4 (0))),
B(u) = (T, u(T) + g2(u(T), /' (T)))

for each v € C'[0,T]. Lemma 5 allows us to define for each v € C'[0,T] a
function h,, : [0,T] — R such that

hu(t) = h(t,v(t, u(t)), %y(t,u(t))) for a.e. t € [0, 7.
Obviously, there exists h € L'[0,T] such that

|hu(t)] < h(t) for a.e. t € [0,T] and each u € C*[0,T].
Consider an auxiliary problem

w’(t) = —hy(t) a.e. t € [0,T],

Napaaays

uw(T) = B(u
Let us define a mapping F : C1[0,T] — C*[0,T] by

T —
(Fu)(t) = — /0 Gt $)hu(s) ds + %A(u) + %B(u)

for each u € C'[0,T] and t € [0, T], where

t(s=T) <t< o<
G(t,s) = R for0<t<s<T,
S(tT;T) for0<s<t<T.
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We can check that each fixed point of the operator F is a solution of the problem
(6). Using the Schauder fixed point theorem we will prove that there exists a
fixed point u of the operator F satisfying the inequalities (5) and such that u
is a solution of the problem (3).

It is easy to see that

IFulloo < TNR]lx + 2(lo1]loc + llozlloo)

and 5
[(Fu) oo < IRl + = 7 (lonlloo +llozlloo),

i. e. that there exist K > 0 and Q = {u € C[0,T] : |[ullc1jo,r] < K}, such that
F(Q) C Q. It suffices to prove that the set

F' ={(Fu) :u e}

is relatively compact in C°[0,T]. Obviously, for each € > 0 there exists § > 0
such that for each u €  and s1, s2 € [0,T], [s2 — s1| < J, relations

|(Fu) (s2) — (Fu)’ sl|—|/ ds|<|/ 5)ds| < e

are valid. Now, applying Arzela—Ascoli theorem we get that F(Q) is relatively
compact in C1[0,7T]. Thus, there exists a fixed point u of the operator F' and
u € AC0,T]. We will prove that relations (5) are satisfied. From boundary
conditions in (6) it follows that

01(0) <u(0) <02(0) and o1(T) <u(T) < o2(T).

Assume that there exists 7 € (0,T) such that u(7) < o1(7r). Then there exist
€€ (0,T) and 6 > 0 such that

(u=01)(§) = min (uv—01)(t) <0

and
0> (u—o01)(t) > (u—01)(&) foreachte (£E+9). (7)

Obviously, (v — 01)'(§) = 0 and u(t) < o1(t) for each t € (§,£ +0). According
to the definition of h,,, we have

(u—01)(t) < A [=hu(s) + (s, 01(s),01(s))] ds = 0,

for each t € (§,£+6), which contradicts (7). Similarly, we can prove that u < oy
on [0,T]. From (5) it follows that u satisfies the differential equation in (3). It
suffices to prove that u satisfies boundary conditions in (3), i. e. according to
(5) and definition of ~, to prove inequalities

1(0) < (0) + g1(u(0),w'(0)) < 2(0) (8)
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and
01(T) < u(T) + ga(u(T),(T) < o2(T).

Let the first inequality in (8) be not satisfied. Then according to (5) we have
uw(0) = 01(0), 0> g1(01(0),%/(0)) and u'(0) > o}(0).

Using the monotonicity of g1 we have 0 > g1(01(0), 07(0)), which contradicts
the definition of a lower function. The remaining inequalities can be proven in
a similar way. O

3 Main result
Now, we are ready to prove the existence theorem for singular problem (1), (2).

Theorem 7 Assume that f € Car((0,T) x D), where T >0, D = (0,00) x R,
with possible time singularities at t = 0 and/or t = T and a space singularity
at x = 0. Further assume that there exist € € (0,1), v € (0,T), ¢ € (v,00) and
€0 € (0,00) such that

flt,ct,e) =0 for a.e. t €[0,T], (9)

0< f(t,x,y) forae t€l0,T], each x € (0,ct], y € [terf%inT]z/J(t)m]7 (10)
e< f(t,x,y) forae te€[T —vT], eachz € (0,ct], y € (—eo,v], (11)
0=1(0), (T)<c (12)

hold. Then there exists a solution u of the problem (1), (2) such that
0<u(t)<ct (13)

for each t € (0,T].

Proof STEP 1. Let k € N, k > 3/T. We define

c/k for x < c/k,
ap(t,z) =4 for ¢/k < x <ct,
ct  for x > ct,

for each t € [1/k, T — 1/k], z € R,

minge(o,cr) Y(t) for y < mingep oy (1),

Bly) =1y for min;eo .y ¥ (t) <y <e,
c for y > ¢,
and
for y < v,
Wy) =4 =t frv<y<e,

0 for y > ¢,
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for each y € R and

0 for t € 0,1/k),
fk(t7$7y): f(t7ak(t7x>7ﬁ(y>> for t € [1/k7T_1/k]7
v(y) for t € (T —1/k, T,

for each z, y € R. Obviously, fx € Car([0,T] x R?) and

fe(t,z,y) >0 fora.e. t € [0,T] and each z,y € R. (14)
Let us define regular problem

u + fe(t,u,u') =0, u(0) =0, ' (T) = (u(T)). (15)

From relations (9), (12) and (14) it follows that o1(t) = 0 and o2(t) = ct for
t € [0,T] are lower and upper functions of problems (15), respectively. From
Lemma 6 we get a solution wy of the problem (15) (where we put h = fg,

g1(z,y) = —x, g2(z,y) = Y(x) — y) such that
0<wu(t)<ect te][0,T)]. (16)

Obviously, it is valid

u(0) >0 and w(0)= lim 0

<ec.
t—0+ ¢

From (14) it follows that wj, is nonincreasing on [0,7]. These facts, (15) and
(16) imply

min 0(s) £ (1)) = (7)< 1) < w3 0) < ¢

for every ¢ € [0,T].

STEP 2. (A priori estimates) Consider a sequence {u} from STEP 1. We
will prove the relation

likrggéf ug(T) > 0. (17)
Let (17) be not valid, i.e. liminfj_ o ur(T) = 0. From the continuity of ¢ and
(12) it follows that for each arbitrarily small €; > 0 (61 < ¢ and €3 < v) there
exists > 0 (we can choose it such that § < €1) such that for every z € R the
implication
0<z<d = |Y()|<e

holds. Then there exists [ € N such that
0<w(T)<d<e and |u(T)| = (w(T))| <er. (18)

particularly, —ep < —e1 < uj(T") < uj(¢) for each ¢t € [0,T] and uj(T) < €1 < v.
Then there exists t; € (0,7) such that —ey < uj(t) < v for every t € (¢;,T).
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There are two possibilities. If {; < T — v, then integrating the differential
equation from (15) we get

T
(D) =) = [ uf(s)ds

T T
= —/t fi(s,ui(s),up(s))ds < —/t eds=—e(T —1t) (19)

for every t € [T — v, T). If t; > T — v and uj(t) > v for every t € [T — v,t;),
then (19) is valid for each t € [¢;,T]. Since v > €(T —t) for t € [T — v, t;), it
follows that uj(t) > ¢(T —t) for each t € [T — v,t;). In both cases we have the
inequality

up(t) > —e1 +e(T —t)

for t € [T — v, T]. Integrating this relation over the interval [T — v, T] we get

ev?
w(T) —w(T —v) > —ev+ >

and according to (16) and (18) (and since u;(T — v) > 0) we have

2
. < 61(V + 1).

2
Taking €; sufficiently small we get a contradiction. Hence (17) is valid. Accord-
ing to the concavity of uy and (17), there exists w > 0 such that

up(t) > wt for every t € [0,T], a.e. k € N. (20)

STEP 3. (Convergence of the sequence {uy}) Let u; be a solution of the
problem (15) for each k € N, k > 3/T and [a,b] C (0,T) be a compact interval.
Then (20) implies that there exists kg € N such that for every t € [a,b] and
k> ko

ki < uk(t) < ct.

0
There exists ¢ € L'[a, b] such that

[ fre(t, ur (8), up, (1)) < @(t) for a.e. t € [a,b]

From Arzela—Ascoli theorem and diagonalization principle it follows that there
exists u € C°[0, T such that «’ is continuous on (0, T') and a subsequence {uy, }
such that

Up, — u  uniformly on [0, T,
uy, — u' locally uniformly on (0,7), uy, (T) — ¥ (u(T))

ng

(21)

and u(0) = 0. Without any loss of generality we assume that {ny} = {k}.
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STEP 4. (Convergence of the approximate problems) Let us take ¢ € (0,7
such that f(,-,-) is continuous on (0,00) x R. Then there exists a compact
interval J* C (0,7) and k* € N such that £ € J* and for each k > kg

1 1
_T_Z

c *
uk(§)>k_*’ J* C - |

Then fi(€, ur(€), uf(€)) = f(€,un(€), uj(€)). We get assertion
kh—{l;o Fr(t,up(t),ul(t)) = f(t,u(t),u/'(t)) forae. te (0,T). (22)

Let t € (0,7). Then there exists a compact interval [a,b] C (0,T) and ¢ €
L'[a,b] such that ¢ € [a,b], T/2 € [a,b] and

| fr(s,ur(s),ur(s))| < ¢(s) for a.e. s € [a,b]. (23)
Obviously,

(3) i) = [ o) o) .

In view of this fact, (21), (22), (23) and Lebesgue dominated convergence the-
orem we have

W(5) -t - /_ F(s,u(s), w/(5)) ds.

Obviously, this inequality is valid for every ¢t € (0,7). It means that v’ is
continuous on each compact subinterval of the interval (0,7) and

u’(t) + f(t,u(t),u'(t)) =0 for ae. t e (0,T).
For k > 3/T we have

T
/0 Jr(s,ur(s), up(s)) ds = up,(0) — up(T) = u)(0) —(ug(T)) < c— min_ 1)(s)

s€[0,cT]

From this fact, (14) and Fatou Lemma it follows that f(-,u(-),u/(-)) € L'[0,T]
and obviously u € AC[0,T]. It remains to prove the last boundary condition
in (2). For k> 3/T and ¢t € (0,T) we have

T
i (t) — i (T)] < / (s, u(s), ()] ds

T
+/t [fr(s, ur(s), ui(s)) — f(s,u(s),u'(s))] ds.

This inequality and (21) imply that for every e > 0 there exists § > 0 such that
for every ¢t € (T' — 0, T) there exists ko = ko(¢,t) € N such that

' (8) = (u(T))| < Ju'(t) = g, ()] + |ug, (£) = ugy (T)] + |ug, (T) = ¥ (u(T))] < e
Thus, v/ (T") = limy_,7— v'(t) = ¢¥(u(T)). This completes the proof. O
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Example 8 Let o, 8 € (0,00). Then, by Theorem 7 the problem
W+ (P 2+ D)1= (W)?) =0, w(0)=0, u'(1)=—(u(1))?
has a solution u € AC'[0, 1] such that

0<wu(t) <t foreachte (0,1].
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Abstract

In this article we construct proper Bol-loops of order 3 - 2" using a
generalisation of the semidirect product of groups defined by Birkenmeier
and Xiao. Moreover we classify the obtained loops up to isomorphism.
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1 Introduction

Burn proofs in [3] that the smallest proper Bol-loops are of order 8. But they can
not be constructed as a semidirect product defined in [1]. The smallest proper
Bol-loops which can be constructed using a semidirect product as defined in
this article have order 12. Up to isomorphism these loops can be realised as
semidirect product of the cyclic group of order 3 and the elementary abelian
groups of order 4. There are no proper Bol-loops of order 9, 10 or 11. It seems
that order 12 plays an interesting role in the theory of loops since the smallest
proper Moufang-loop has also order 12 (cf. [5]).

A loop is a set L with a binary operation -, a neutral element 1 and unique
solutions of the equations z-a = b and a-x = b. The loop L is a left Bol-loop if
((x-y)z)y = z((y - 2)y) for all z,y, z € L holds. Analogously one defines a right
Bol-loop by the identity z(y(z - 2)) = (z(y - 2))z.

In this paper we consider a special case of the semidirect product of loops
defined by Birkenmeier and Xiao in [2]. Starting with groups N and Q we
obtain a loop L on N x @ = {(a,p): a € N, p € Q}. The multiplication x*
of L is defined as (a,p) * (b,q) = (a®@ o b¥®) p e q), where o and e are the
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multiplications of N and Q. The mapping ®(p) respectively ¥(p) from N into N
is determined by a mapping ® respectively ¥ from @ into the set of mappings
from N into N. According to [2] we know that (L,x) is a loop with neutral
element (1,1) if ®(p) and ¥(p) are bijective, 12®) = 1¥() = 1 holds for all
p € @Q and ®(1) = ¥(1) = idy. The constructed loops are associative if and
only if the mappings ¥, ®, ®(p) and ¥(p) are homomorphisms and ®(p) and
U(q) commute for all p,q € Q.

Although the semidirect product treated by us here is a special case of the
semidirect products defined in [1], [2] and [9] the construction presented here
yields in general loops with no further identities. For example the 15 non-
associative loops L = C3 x C3 of order 9, which are the smallest possible exam-
ples, are not even power associative and only three of them are commutative.

2 Bol-loops of order 3 - 2"
We now construct loops of the form L = C35 x (C2)™. These loops are all
power-associative and under certain conditions Bol-loops.

Remark 1 The only two mappings of Cs into C's which are one-to-one and keep
the neutral element 1 fixed, are the identity and the inversion. Both mappings
are automorphisms of C3 and commute with each other.

Lemma 1 All loops L = C3 x (C2)™ are power-associative.

Proof The restriction of ® and ¥ to a subloop which is generated by a single
element is a homomorphism. Therefore L is power-associative by the preceeding
Remark. O

Proposition 1 A semidirect product L = C3 x (C2)™ is a left respectively right
Bol-loop if and only if ® respectively VU is a homomorphism.

Proof Because of Remark 1 the left Bol-identity yields:

¥ (q) T (p)
(a®(arr) (b<1><pr> GREDN ) papr)

T(p)\ (1)
— ((a‘b(qp) (b@(p)a‘l’(q)) p) c‘p(pqp)7pqpr> (1)

If L is a left Bol-loop equation (1) implies for a = ¢ = 1 that ® is a homo-

morphism.
If ® is a homomorphism we obtain for the first component of (1):

U (p)

oo (52" — () (o)) "

which is valid for all a,b € Cs and all p,q,r € (C2)". Therefore L is a left
Bol-loop.
The proof for right Bol-loops is analogous. O
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To classify the constructed loops up to isomorphism we now determine the
order of the non-trivial elements in the loops.

Lemma 2 Let L = C3 x (C3)™ be a loop, a € C3\ {1} and p € (C2)™ \ {1}.
Then the order of (a,p) is 2 if and only if ®(p) # VU(p) and 6 if and only if
D(p) = ¥(p)-

Proof If ®(p) # ¥(p) then (a,p)(a,p) = (1,1) holds because of ®(p), ¥(p) €
{id,inv}. If ®(p) = ¥(p) then the first component of (a,p)” is a power of a or
a~'. The second component alternates between 1 and p. Therefore the order of
(a,p) is the least common multiple of 2 and 3.

Conversely if (a,p)(a,p) = (1,1) then ®(p) # ¥(p) because of ®(p), ¥(p) €
{id,inv}. Assume the order of (a,p) to be 6 and ®(p) # ¥(p). This is a
contradiction to the first part of the proof. O

Proposition 2 (C3 x (C2)?) Two proper loops of the form C3 x (Ca)? are iso-
morphic if and only if both loops have the same number of elements with order 6.
A loop L = C3 x (C2)? is a Bol-loop if and only if it has exactly zero or two
elements of order 6.

Proof Lemma 2 implies that a loop is a Bol-loop if and only if it has exactly
zero or two elements of order 6.

Let L, and Lo be loops with the same number of elements with order 6.
Then it can be shown that

; {(a,p)H(a,p) if 1 (p) = Bo(p)
") (a,p) — (a7t p)  if Bi(p) # Da(p)

is an isomorphism between L; and Ly. The elements (a,p) with order 6 are
assumed to have the same second component p € (C3)? because loops can be
transferred in this form by obvious (anti-)isomorphisms. By Lemma 2 this
implies that ®;(p) = ¥1(p) is equivalent to P2(p) = ¥a(p).

Only the first component has to be analysed to check if ¢ is an isomorphism.
The validity of the equation

tpa@™ DB ) = (1(a) ™ (1 () (3)

is shown by case analysis.

Since ®1(p) in L; can be different from ®5(p) in Lo there are four cases.
The mapping V¥ is not considered in the following because it is determined by
the order of the elements and the choice of ®.

First the cases where ®;(p) and ®y(p) are unequal for all p or equal for
exactly two elements p,q € Vj: These loops can be trivially antiisomorphic by
symmetry of ® and ¥. Otherwise they are not (anti-)isomorphic because out
of every other pair of loops, which satisfies the preconditions, one and only one
loop is a Bol-loop. Therefore in this cases it is not necessary to prove the validity
of equation (3).



88 Daniel WAGNER, Stefan WOPPERER

If there is exactly one element r € Vj for which ®1(r) = ®2(r), then there are
three possibilities, namely ®1(pq) = P2(pq), 1(p) = P2(p) or P1(q) = Pa(q).
In all three cases equation (3) holds for all combinations of ®1(q), ¥1(p), ®2(q),
Us(p) € {id, inv}.

In the last case, which is @1 (p) = ®2(p), P1(q) = P2(q) and P1(pg) = P2(pg),
the validity of equation (3) is obvious. O

Corollary 1 There are 32 Bol-loops of the form C3x(C3)? which are distributed
in two classes of isomorphism.

Theorem 1 (C3 x (C3)™) Two proper Bol-loops of the form C3 x (C2)™ are
isomorphic if and only if they have the same number of elements with order 6.

Proof If L; and Lo are proper Bol-loops of the form C3 x (C3)™ then ® or ¥ is
a homomorphism by Proposition 1. Without loss of gererality we assume both
loops to be left Bol-loops. If the loops have the same number of elements with
order 6 then the mapping ¢ as in the proof of Proposition 2 can be shown to be
an isomorphism from L; onto Ly: Any two elements @ = (a,p) and b = (b, q) of
C3 x (Co)™ generate a subloop of C3 x (Cy)™ isomorphic to C3 x (C2)2. Therefore
¢ is an isomorphism by the proof of Proposition 2. O

Corollary 2 For n > 3 the proper Bol-loops of the form Cs5 x (Co)"™ are dis-
tributed in 2™ — 1 classes of isomorphism.
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