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Abstract

Almost-periodic solutions in various metrics (Stepanov, Weyl, Besi-
covitch) of higher-order differential equations with a nonlinear Lipschitz-
continuous restoring term are investigated. The main emphasis is focused
on a Lipschitz constant which is the same as for uniformly almost-periodic
solutions treated in [Al] and much better than those from our investiga-
tions for differential systems in [A2], [A3], [AB], [ABL], [AK]. The upper
estimates of € for e-almost-periods of solutions and their derivatives are
also deduced under various restrictions imposed on the constant coeffi-
cients of the linear differential operator on the left-hand side of the given
equation. Besides the existence, uniqueness and localization of almost-
periodic solutions and their derivatives are established.

Key words: Almost-periodic solutions; various metrics; higher-or-
der differential equation; nonlinear restoring term; existence and
uniqueness criteria.

2000 Mathematics Subject Classification: 34C27, 34C15, 42A75

*Supported by the Council of Czech Government (MSM 6198959214).



8 J. ANDRES, A. M. BERSANI, L. RADOVA

1 Introduction

We shall consider the differential equation

y ™+ ajy" ) = f(y) +p(t), (1)
j=1
where a; € R, j = 1,...,n, are real constants such that the real parts of the

roots of the characteristic polynomial associated with the linear operator on the
left-hand side of (1), namely

A" a A, ()
j=1

are at least nonzero, i.e. ReA; # 0, j = 1,...,n. It is well-known that the
related Routh-Hurwitz conditions are necessary and sufficient for Re \; < 0,
j =1,...,n, ie. in order polynomial (2) to be stable. In this case, all coeffi-
cients a; € R in (1) must be positive, i.e. a; > 0, 7 =1,...,n. One can also find
necessary and sufficient conditions in order all roots of (2) to be negative, but for
characteristic polynomials of a higher degree these conditions are rather cum-
bersome (see e.g. [AG, Chapter I11.5]). Assume, furthermore, that the restoring
term f € Lip(R,R) is a bounded Lipschitz-continuous function with constant
L < l|ay|, and that the forcing term p € L{ .(R,R) is an essentially bounded,
locally Lebesgue integrable function which will be successively supposed to be
almost-periodic (a.p.) in the sense of Stepanov, Weyl or Besicovitch.

The main aim of the present paper is to extend appropriately sufficient con-
ditions for the existence of uniformly almost-periodic solutions and their deriva-
tives, obtained for (1) in [A1] (cf. also [AG, Chapter II1.10]), provided the forcing
term p is almost-periodic in a more general sense (Stepanov, Weyl, Besicovitch).
Although the existence criteria for such a.p. solutions and their derivatives can
be deduced from our earlier results for differential systems, namely for Stepanov
a.p. solutions in [AB], for Weyl a.p. solutions in [A2], [A3], and for Besicovitch
a.p. solutions in [ABL] (cf. also [AG, Chapter III.10]), the upper estimates for
Lipschitz constant L related to f would be very rough (cf. e.g. [AK]). Another
purpose therefore consists in obtaining much sharper inequality for L, namely
L < |ay|. Since this is possible only if the roots of (2) are at least nonzero real
(otherwise, the desired estimates for L would explicitly depend on them), we
shall still assume that the coefficients a;, j = 1,...,n, yield nonzero real roots.

Higher-order differential equations of the type (1), where n > 2, have not
been treated w.r.t. the existence of a.p. solutions so often (see e.g. [Kh], [KBK],
[L]). The investigations of the other authors of more general than uniformly
a.p. solutions were also quite rare (see e.g. [BFSD1]-[BFSD3], [BFH], [DHS],
[DM], [H], [Ku], [LZ], [P], [ZL]). As far as we know, apart from our mentioned
papers [A2], [A3], [AB], [ABL] and [LZ], [P], [R], [ZL], almost-periodic solutions
in the generalized sense of (1), where n > 2, have not yet been studied with the
indicated respect.
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The paper is organized as follows. After some preliminaries, the main exis-
tence results are formulated. Roughly speaking, as much as we impose on the
coefficients a;, j = 1,...,n, on the left-hand side of (1), as good estimates of
¢ for e-almost-periods of a.p. solutions and their derivatives we obtain. More-
over, more transparent estimates of (entirely bounded) a.p. solutions allow us
to replace global boundedness assumption on f by restrictions localized only
on certain domains. This will be done, besides another, in concluding remarks,
jointly with extending our results to differential inclusions, on the basis of se-
lection theorems in [HP] and [D1]-[D3], [DS].

2 Some preliminaries
At first, we recall various types of almost-periodicity.

Definition 1 Let us introduce the following (pseudo-) metrics:
(Stepanov)

a-+l1
1
Ds(f.9) =swp [ 150 = g(olat
(Weyl)
a+l
Dy (f.9) = lim sup 7 / 7(0) ~ g(t)|dt = lim Ds;,(f.9)
l—oo qeR —oe
(Besicovitch)
1 T
Di(f,9) = tmswp 7 [ 176 = g(0) at,
-r

where f,g : R — R are measurable functions. Denoting by D¢g any of the
above (pseudo-) metrics, by the metric space (G, D¢ ), we understand the related
quotient space in the sense that we identify such elements fi, fo, for which
DG(flva) =0.

Definition 2 A function f € L} .(R,R) is said to be G-almost-periodic
(G-a.p.) if

Ve >03k>0VaeR 3T € [a,a+k]: Da(f(t+71), f(t)) <e.
The above 7 is called an e-almost-period in the respective sense.
Instead of Dg,-a.p. or Dy-a.p. or Dp-a.p. function, we shall write Si-a.p.
or W-a.p. or B-a.p., respectively.

The following definition uses curiously the Stepanov metric for the almost-
periodicity in the sense of H. Weyl.
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Definition 3 A function f € L}, (R,R) is said to be equi- Weyl-almost-periodic
(equi-W-a.p.) if
Ve >0 3k, lp(e) >0Va e R IT € [a,a+ k] :
Dg,(f(t+7),f(t) <&, VIZ=lo(e).
Remark 1 It is well-known (see e.g. [ABG], [L], [LZ]) that, without any loss
of generality, we can take [y > 1 in Definition 3.
Definition 4 A function f: R — R is called uniformly G-continuous if

Ve>035=6(c) > 0:|h| <6 = Da(f(t+h), f(t)) <e.

If, in particular, the above implication holds for a continuous function f with
D¢ replaced by the sup-norm, then we simply speak about uniform continuity

of f.

In the following sections, the existence of almost-periodic solutions and their
derivatives in various metrics will be proved by three different techniques for
differential equation (1).

Hence, consider the differential equation (1), i.e.
n .
y ™+ ay" I = fy) +p(t),
j=1

where a; €R, j=1,...n, f € Lip(R,R) and p € L] (R, R).
Assume, furthermore, that
(i) all roots A;, j = 1,...n, of the characteristic polynomial (2), i.e. of

A"+ En: aj A",
j=1

are nonzero and real;
(ii) f is bounded and Lipschitz on R, i.e. there exists L > 0 such that

[f(x) = fy)l < Llz —yl, Yo,y eR;

(iii) p is an essentially bounded G-a.p. function, where G' means either S or
W or B or equi-W case;
(iv) there exists a positive constant Dy s.t.

supess |p(t)| + sup | f(y)| < Do.
teR yeR

In the entire text, by a solution y(-) of (1), we shall mean the one in the
sense of Carathéodory, i.e. such that 3"~ (.) is locally absolutely continuous.

The following lemma guarantees the existence of a unique bounded solution
of (1), including its suitable representation for our application, and the same
for its derivatives.
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Lemma 1 Assume that all roots of the characteristic polynomial (2) are nonzero
and real (i.e. (i)). Under the assumption (i), and (i) with L < |a,|, equation
(1) has exactly one (Carathéodory) entirely bounded solution y(-) given by the
formula

t t1 tn-1

y(t) = // . ./ekﬂf-‘r(kz—Al)tl-‘r...-‘r(kn—An_1)tn_1—kntn [f(y(tn))+p(tn)] dt, .. .dtl,
A1 Az Ap

where Aj =4o00-X;, j=1,...,n.
Denoting the right-hand side of the preceding formula by [1,...,n], the k-th
derivatives (k= 1,...,n— 1) of solution y(-) satisfy

d*([L,...,n]) -
y® () = — g =k+1,...,n]+ Z)\Cl[cl,k—i—l,...,n]
c1=1
k
+ Z Aoy Aepler,ca, b+ 1,0 0]+ ...
cy,cp=1
cy<cy
k P k
+ Z (H)\CL> [Cly ~~7Cpak+]-a"'7n]+ +<H>\Z> [1a an]a
Clyeensy cp=1 =1 =1
c1<...<cp
where

t te tn—1

[C““’n]:/ / / et st A tet ot (n—An1)tno1—Antn

ReAivn An < [Fy(tn)) + p(tn)] dbn . .. dtery dt..

Proof The complete proof can be found in [AG]. The existence of a bounded
solution is verified at page 554 (cf. also pp. 329-330). The representation formula
is given at p. 321 (Lemma 5.45) and the formula for the k-th derivative is derived
at pp. 324-325 (Lemma 5.61). The uniqueness is proved at p. 556. O

Remark 2 The solution y(-) in Lemma 1 satisfies

Dy
sup [y(t)] < —
teR a

nl

(see [AG, p. 323]) and its k-th derivative (k = 1,...,n — 1) can be estimated by
2Dy 1-
a) sup |y (¢)| < |—|0 H |aj|, when the characteristic polynomial has only
teR Qp| =
j=1
real nonzero roots (see [AG, Lemma 5.63 at pp. 325-326]);
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28D
b) sup |y(k) )] < |a—0’ provided each of the shifted polynomials
teR n—k

n—p
)\"_p+Zaj/\”_p_j, p=0,...,n—1,
j=1

admits real nonzero roots (see [AG, Lemma 5.70 at p. 327]);

ZkaDQ
D
are negative (see [AG, Lemma 5.67 at p. 326]).

The meaning of constant Dy can be seen in (iv).

Moreover, the estimates for the k-th derivatives are independent of the per-
mutation of the roots (see [AG, p. 326]).

c) suﬂfg ly® (1) < , whenever all roots of the characteristic polynomial
te

Remark 3 Observe that, under the assumptions (i), (iv), a bounded solution
of (1) with its derivatives, up to the (n — 1)-th order, are uniformly continuous,
and subsequently also uniformly G-continuous.

Remark 4 The existence and representation parts of Lemma 1 are true if only
the real parts of roots of (2) are assumed to be nonzero (cf. [AG, Chapter IIL5]).
On the other hand, the related estimates for solutions y(-) and their derivatives
y(k) (1), k=1,...,n—1, do not depend explicitly on the coeflicients aj, but only
on the real parts of the roots of (2) (cf. again [AG, Chapter IIL.5]).

3 Existence of a.p. solutions: case of nonzero real roots

The following main theorem is stated under the most general assumptions, when
comparing with other main results of this paper.

Theorem 1 Let the above conditions (i)-(iv) be satisfied. If L < |ay|, then
equation (1) admits a unique bounded G-a.p. solution with bounded G-a.p.
derivatives, up to the (n — 1)-th order.

Moreover, the e-almost-period of p(-) implies the ﬁ e-almost-period of

An
28 A1 A
‘an‘_L

of the solution in the G-(pseudo-)metric, for k= 1,...,n— 1, where \1,..., A\n
are the roots of the characteristic polynomial A" + E;.Lzl aj)\"’j .

the solution y(-) and the e-almost-period of the k-th derivative y*(-)

Proof It follows from Lemma 1 that equation (1) admits a unique bounded
solution of the form as above. Using the appropriate representation of this
solution, one can obtain by means of (ii):

ly(t +7) —y(t)| <

t t1
/ / / A+ O =MD = Mt [| £yt + 7)) — F(y(tn)]
Ay

A1 A

<
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+ |p(tn + 7—) _p(tn)H dtn dtnfl . . ~dt1

t ty tn_1
// / At —=AD)ti+ A A —=An—1)tn—1—Antn (L|y(t _|_7-)_y( )|
Ay As

+ |p(tn + 7—) - p(tn)| ) dtn dtnfl <. ~dt1

where the last equality can be obtained by virtue of successive substitutions
sj=elilti-17t) for j=n,n—1...,2 and s; = eM{~1),

Now, we shall prove the G-almost-periodicity of solution y(-), when applying
assumption (iii). To employ all of the considered (pseudo-) metrics, we will need
the following estimate (for a < b, a,b € R):

b
/wa+ﬂ—MMﬁ§
b 1 1 n nl
<;//.../L‘y(—zﬂ+t+7)—y(—zﬂ+t)‘
EORRYY 2N 27N

+‘p(—zn—%+t+7)—p(— ﬁ—f—?f) dsp ...dsy dsy dt

j=1 Aj j=1 )\j
. 1 1 b "y "
:_/...//‘y(—Z%JrHT)—y(—Z%H)‘dtdsn...dsl
|an|0 0 a =1 =t
. 1 1 b " "
nsj
0 0 a g=1 " j=1

Using the Stepanov metric, we get (a :=u, b:=u+ 1):

u+1

wp/|mrma—mw|wg
ueR
u



14 J. ANDRES, A. M. BERSANI, L. RADOVA

1 1 utl
L " lns; " lns;
S—sup/.../ — — 4t ) —y(— —J—i-t‘dtdsn...ds
0 0 u = =
1 1 utl "y "y
—i——sup/ / p(— Zﬁ+t+7')—p(—zﬁ+t)‘dtdsn...dsl
lan| uer — ) — A
0 0 u J J
u+1 1 1
L €
< —— sup ly(t+7)—y®)| dt++— [ ... | dsp ... ds1
|an|u€]R an|
u 0 0
Hence,
u+1
€
sup t+7)—yt)|dt < ——— =¢€.
sup [ Iyt +7) —y(0)|at <

u
Thus, under the assumption |a,| > L, the &-almost period of solution y(-)

corresponds to an e-almost period of function p(-) (in the sense of Stepanov).
For the equi-Weyl case, we get (a :=u, b:=u+1):

u+l
sup ~ /|yt+r ()] dt <
uE]Rl
I 1 11u+l n | n |
ns
< - - L4+t —2 dtdsy ...d
a7 e e e S o]
0 0 i=1 J=1
1 For & |
ns; ns;
— = — — +1 —p(— —_— dtds, ...ds
e [ 7 3 N, ey )‘ et
0 0 u J=1 i=1

1
<—sup /|y t+71)—y(t)|dt + c / /dsn...dsl,
|an|u€lRl |0

which implies

u+l1

sup - /Iyt+T )IdKL:a vl > 1.
ue]Rl |n|—L

By the above estimate, we can also obtain the following inequalities for the
W -almost-periodicity:
1 u+l
lim {sup 7 / ly(t +7) —y(t)|dt

=00 | 4eR
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1 1
1 / /1
4+ — limsup [ ... [ =
|an| lﬂoouelRO l

=1
u+l 1 1
L . 1 €
<+— limsup- [ |y(t+7)—y@)|dt+— [ ... [ dsn...ds.
|an| 1—00 yeRr | an|
u 0 0
Thus,
u+l
i ~1/|(t+) O dt| <« ———¢
Pooluer 1) T e

holds for the W-almost-periodicity of y(-).

The proof for B-almost-periodicity is again based on the application of the
inequality derived above. Hence, (a :

=-T,b:=T):
T
1
limsup — [ |y(t+7) —y(t)|dt <
T—o00 2r
-T
1 1 1 T n 1
ns
< 2 — . SNy
s [ [ [0 5 2 e
0 0~ J=1
—y(- ﬁﬂ)’dtdsn ds,
—\;
j=1
1 1 1 1 T n 1
ns;
— i — ... Ny
T linf’lipﬂ/ //’p( 2, Tt
0 0 -7 J=1
n 1n8j
—p(—Z——H)‘dtdsn dsy
a N
T 1 1
g
1 t t)| dt ds, ...d
< msup o [ fy(t ) = u(0) +|an|/ [ s
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Repeating the procedure as in the preceding cases, one arrives at

T

1 €
li — t H|dt < ——— =2
imsup oo ly(t+7) —y(@)] =L °
=T

We could see that the almost-periodicity of solution y(-) was verified in all
given (pseudo-)metrics, whenever L < |a,|. Moreover, to e-almost period of
p(+), there corresponds the ra = -almost period of solution y(-) (in the related
pseudo-metric).

To prove the G-almost-periodicity of the derivatives y(k)(~), we use the for-
mula from Lemma 1. Hence, applying (ii) and making successive substitutions
as in the preceding part of the proof, we get

ly™ (¢ +7) =y ()] <

t Tk tn—1

< / o eMr1ttArrz = Ak )t A —An—1)tn—1=Antn

Agt1 Agt2 An

X [|f(y(tn +7)) = fly(tn))| + |p(tn +7) _p(tn)” dty ... dtgyr

k t ot tn—1
+ § )\j/ / o / e)\1t+(>\27>\1)t1+~~~+(>\n7>\n71)tn717)\ntn
=LA A An

x [[f(y(tn + 7)) = flyta)] + [p(tn +7) — p(ta)| ] dtn ... dE;

t t; U tn—1
Y // / / Aty = At eot Cn=An 1) tn—1=Antn
3 1
77<7 Aj Mg

X [ f(y(tn + 7)) = Fytn))| + [p(tn +7) — p(tn)| ] dty . . . dt; dt;| +

t t1 tn—1
H)‘ // / At (Ao = A1)t (An—An— 1)t 1—Antn
A1 Ao

< [[f(y(tn + 7)) = flyta)| + [p(tn + 7) = p(ta)|] dty ... dts

trt1 tn—1

/ / / Akg1ttAeg2=Apt1)tep1+ A+ —=An—1)tn—1—Antn

Akt1 Ai42
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X [Lly(tn +7) = y(tn)| + Ip(tn +7) = p(tn)| ] dtn . . . dtgsa

tn—1

/ / / A1t+ Aa— )‘1)t1+ +(>‘n7>\n l)tn 1—Antn

Aj Ngtr

X [Lly(tn +7) —y(tn)| + |p(tn + 7) — p(ta)|] dtn .. - dt;

t ot 7 tn—1
5>

)\ )\ // / / Ai t+()‘ 7>‘ )t +.. +(>‘n*>\n l)tn 1— >\ntn
i,j=1

i<j Aj Mg

X [L|y(tn + 7—) - y(tn)| + |p(tn + T) _p(tn)l ] dtn .. ~dtj dti +

k t t tn—1
)\' >‘1t+(>‘27>‘1)t1+~~~+(>\n*>\n71)tn—1*>\ntn
j e e
/ A1 Ao Ap

X [Lly(tn +7) = y(ta)| + |p(tn + 7) = p(tn)[ ] dtn ... dty

11 1
1 n Ins; n Ins;
:ni///l/‘y(—z /\—j—i—t-i—T)—y(—‘Z /\—j—i-t)‘
H (_)‘i) 0 0 0 j=k+1 j=k+1
i=k+1
" Ins Ins;
+‘p(—z L+t —p(= Y =L+ t)|dsn ... dspi2 dsii
j=k+1 j=k+1
) 11 1 | ,
ns ns
.. | Liy(——= — kA
+— Z///‘y( v Lt4)
H (_/\z) =175 0 0 j=k+1
i=k+1
In s; ~ Ins;
oSS > By
j=k+1
(s 3 DS 4y (- 3 S dsy . dspir d
p ; N p X Sn Sk+1 GS;
j=k+1 77 k1 I
) 11 1 " "
ns ns
L _ J _ _ J
cor e T s S
H (_Az) 00 0 j=1 j=1
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dsy, ...dss dsy.

" Ins " Ins
’ DI R LIRS OB w )

j=1 " j=1 "

Thus, for arbitrary a < b, the following inequality holds:

b
/|y< (t+7) —y® (b)) dt <

b 1 1
1 - lnsj - Ins;
Sni//.../L‘y(—Z ) — (- > 1)
IT Nla o o

s j=kt1 I j=k+1 "7
1=k+1
" Ins; " Ins;
—|—‘p(— /\—?+t+7)—p(— > /\—?+t)‘dsn...dsk+1dt
j=kt1 j=k+1 7V
| b1l 1 : "
ns;
b Z////L‘y( L Z—A Lt
[T Nil=1g 6% 0 j=k+
1=k+1

1n31 - Ins;
Lyl oy ey
j=k+1 J

Ins; <= 1 Ins; <= 1
+‘p(_ r;\s _Z %—HH— 7)—p(— n% — ﬁ +1t)|dsy . ..dsg1 ds; dt
i J

j=k+1 j=k+1
1 k 1 1 1 b 1 n 1
ns ns
Liy(——= — L4t
3 [/ //‘y( N T2y T
[T [Nil=1g 0 a J=k+1
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Ins; " Ins
S-S Y By

)\,
=kt Y

1ns7 - Ins; Ins; " Ins;
+‘ —Z—+t+) P —42 )
j=k+1 j j=k+1 J
x dtdsy ... dsgy1ds;

n

) 1 1 b " s I
+...+— / // ‘ Y I 4+ +7) /\j ‘
Ailo %
+1

H ° j=1 Jj=1
i=k
"\ Ins; "~ In
—|—p(—ZT +t+7) A— t)|dtds, ...ds;.
j=1 " =1 Y

Now, the G-almost-periodicity of derivatives 3*)(-) will be verified for single
cases separately. Applying (iii) and employing to the correspondence between
the e-almost-period of p(-) and the ——-almost-period of solution y(-) (in the
given pseudo-metric), one obtains e g. in the Stepanov case (taking a := u,
b:=u+1):

j=k+1 Y j=k+1
p L1 1 utl : o | "
+Z//~-~//L‘y(— REONST B )y (- 2N —nsj+t)‘
=1 )\'L i=k+1 )\J A? 1 Aj
00 0 u J j
Ins; 1 Ins; 1
+‘p(— I;S - I;Sj +t+71)—p(= I;S - =5 +t)‘
t Jj=k+1 J ? j=k+1 J
X dtdsy ...dsgy1 ds;
1 1 utl " 5
ns; ns
Ly(— —J 4 —y(— 71 ¢
+ +/ / ‘y(z/\j++T) y(ZAJ+)‘
0 0 u J=1 j=1



20 J. ANDRES, A. M. BERSANI, L. RADOVA

- 1 { el +6+<k)[ el —l—%—l—(k)[ el +E]
ﬁ il lan| — L 1/ llan| =L 2) |lan|— L

i=k+1
k
L n
(Y e lax] ¢ S (*
k) |lan] — L . , J
(lan| = L)+ II [Xi] 5=0
=kt 1
_ 2Fa,| e
(lan| = L) TI [Nl
i=k+1

Following the similar way as above, we can prove quite analogously the equi-
W-almost-periodicity of derivatives (taking a := u, b := u +1).

To verify the Weyl-almost-periodicity or the Besicovitch-almost-periodicity
of derivatives y*)(-), we use the above integral estimate. Integrands contain
the Weyl-a.p. or Besicovitch-a.p. function p(-) and entirely bounded, W-a.p. or
B-a.p. solution y(+), respectively. Thus, we can verify by the similar manner as
above the Weyl-almost-periodicity (putting a := u, b := u + 1) as well as the

Besicovitch-almost-periodicity (a := =T, b = T') of derivatives.

After all, to e-almost-period of function p(-), there corresponds the %E—
almost-period of k-th derivative (k =1,...,n — 1) of solution y(-), in the given
(pseudo-)metric, provided L < |ay]. O

4 Existence of a.p. solutions: shifted polynomials
approach

It is not very convenient that the almost-periods of the derivatives of a G-a.p.
solution depended on the roots of the characteristic polynomial (2). The shifted
polynomials approach will allow us to avoid this handicap.

Theorem 2 Let the above conditions (i)—(iv) be satisfied. Assume, further-
more, that a; # 0, for j = 1,...,n — 1, and that all shifted polynomials
AP 4 Z;:lp aj\" P p=0,...,n—1, hafze real nonzero rootsf. If la,| > L,
then equation (1) admits a unique bounded G-a.p. solution with G-a.p. deriva-
tives, up to the (n — 1)-th order.

_ 2Manl e-almost-pe-
lan—k|(lan]—L)

riod of the k-th derivative of the solution in the G-(pseudo-)metric, for k =
0,...,n—1.

Moreover, the e-almost-period of p(-) implies the

Proof The existence of a unique bounded solution y(-) of (1) follows from
Lemma 1. Its G-almost-periodicity can be proved exactly in the same way as
in the proof of Theorem 1. So, it remains to prove the G-almost-periodicity of
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derivatives 3(®)(.). Putting y(t) into f and substituting ¢ = ¢/, one can write

(1) in the form

n—1
"D £ 3" a0 Y = f(y(t) — any(t) + p(2),

Jj=1

with exactly one bounded solution (again, according to Lemma 1).

Applying

the same procedure as at the beginning of the proof of Theorem 1, we can write

the following inequality:
[6(t+7) — o(t)] <

1 1
‘lns, —
/ / +|an|‘ Z j+t+7 Z
|>\n 1| |>\1|0 / =
n—1

Ins, — In
+‘p(—z,\—]+t+7’)—p(—z —_— t)‘dsnl...dsl,
j=1 Aj j=1 Aj
where /): eR, j=1,....,n—1, are nonzero roots of the corresponding char-

acteristic polynomial )\” ) + ZJ 1 aJ)\” 1=J, Thus, for arbitrary a < b, the

following estimate holds

b

b
/|y'(t+7‘) ()] dt = / St +7) — 3(t)| dt <

b 1 1
L+ |ay] // /‘ lnsj
<—<———=— y(— +t+ )
Pl Pl LS Z A

a J:1 j
n—1 ns.
R ey L] )‘dsnl sy dt
j=1 J
X b1 1 1y
ns
//.../‘M_ZA—uHT)
[An—1] |/\1|a 4 , j=1 A
n—1 ns.
_ p(_ — 4 t)‘ dsp_1 ...dsy dt
j=1 J
b1 1
L+la — Ins SLE
-L Inl//m/‘y(_ —L gt 7)—y(= Y =L +t)|dsns
An—1] , J J=1 N iz N

. dSl dt

. d51 dt.
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To prove the G-almost- periodicity of y'(), denote by 7 the e-almost period
of p and, subsequently, the ———-almost period of y (in the G (pseudo-)metric).

Concretely, for the S-almost-periodicity of y'(-), we apply the preceding
inequality with ¢ = u, b = v + 1 and the fact that 7 is the Stepanov e-almost
period of p as well as the Stepanov m—almos‘c period of y. Therefore,

ut1 utl 1 1 1y
sup/|y'(t+7)—y'(t)|dt< +|"| / /‘y &—i—t—kﬂ
u€R |an 1| uelR 1 )\j
u u 0 0 J=
-1 .
—y(—z —2L +t)|dsp ... dsydt + ——
i=1 )\J |an—1|
L+ |ay| . € e 2|an,| .
|an—1] lan| =L * |an-1| |an—1](Jan| = L)

Repeating the procedure with the equi-Weyl pseudo-metric, we obtain for
a =u, b =wu+1, where [ > ly, and for the equi-Weyl e-almost period of p
denoted by 7 (which is the ﬁ—almost period of solution y) that

u+l

1
sup © / W/ (t+7) -y (8)] dt <
uweER l
L h |
+ |an
o Ltlen // /‘y n5j+t+7')
|an 1| uE]Rl
0
n_lln&
—y(—ZA—j—Ft)‘dsn_l Jdsydt + ——
=1 )\j |an 1|
L+ |ay| € " € 2|an|
lan—1| lan] =L lan-1| |an—1|(lan| = L)

This inequality holds for VI > [y, where [y is connected with p.
The W-almost-periodicity of y'(-) will be proved in the same way. Denoting
by 7 the Weyl e-almost period of p, one can derive:

u+l
lim sup - /|y (t+7)—y'(t)]dt <
l—=+o0 uE]R

utl 1 1
L n |
< — —|—|a | lim sup ~ // /‘y ns]—l—t—i—T)
|an—1| =400 yeR { ; ;

u
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L+ |ay| 5 " € 2|an|
lana| lan| =L " ana|  fan-al(lan] - L)

Finally, let us concentrate on the Besicovitch case. Thanks to the above
integral estimate, we can verify the B-almost periodicity of the derivative y'(+):

+T
1
limsup — [ |y (t+7) =y (¢)|dt <
T—+4o00 2T
@] +T 1 1 1
L+ |a, 1 // /‘ nsj
< ———— limsup — +t4+T
|a’n71| T—+oco 2T 9= . )
-T 0 0
o, € 2|ay|
—y(— A_J—i—t)‘dsnl...dsldt—k < - €.
E N (il = Tanil (]~ L)

Hence, to e-almost-period of p, there corresponds the % e-almost-

period of ¢/, in the G-(pseudo-)metric.
Putting 1) = ¢, we arrive at the equation

YD ¢ X_j ap "I = f(y(t) — any(t) — an—1y'(t) + p(1).

j=1

In view of Lemma 1, this equation has exactly one entirely bounded solu-
tion. Proceeding by the similar way as above and denoting the roots of the

corresponding characteristic polynomial by :\\j, j=1,...,n— 2, one gets the
estimate
1 1 I
ns
e+ ) =60 < =—— [ [t |y EE 44 )
|/\n 2| )\ |0 0 j=1 /\j
— “2ns; “2ns
Z - ’+|an Y (=Y =2 +t+7)—y(= ) =L +1)
j=1 A J=1 Aj =1 Aj
“1ln = ns;
+p—Z gt —p(= S = 4 t) | dsn s ... dsy,
j=1 )\ Jj=1 >‘j

which leads (for a < b) to

b
/ (4 ) — o (1) dt = / Wt +7) — ()| dt
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L+ |ay,] Fl / “ns lns
|a T ///‘y(— Tj+t+T)—y(—ZTJ+t)‘
A S =1 A =1 A

b 1 1 n—2 n—2
1 Ins; ns;
+ﬁ//"'/‘p(_z2—j+t+7-)_p(_22—]+t)‘d8n2"'d81dt'
A S J=1 Aj j=1

Aj

Proceeding by the same way as in the case of y'(+), we can analyze all kinds of
(pseudo-)metrics separately. The G-almost-periodicity of ¢’/ (-) can be verified by
means of the e-almost-period of p (denoted by 7, as usual), which coincides with

the ﬁ—almost period of solution y and the % e-almost-period of

y', in the G-(pseudo-)metric. Repeating the procedure as above, we get that
the mentioned almost-period 7 coincides with the % e-almost-period
_ lan—2[(Jan]—L)
of y”, in the G-(pseudo-)metric. B
By the same manner, we can verify the G-almost-periodicity of higher-order
derivatives y*). The essential estimate takes now the form

b
/ ¥ (¢ + ) — ¥ (1)) dt <

b1 1 . _—
L+ |a Ins, Ins,;
s_nkljl//.../’m_zX—um)_y(_zX_ut)’dsn_k...dsldt
H |/\j| a 0 0 Jj=1 7 j=1 \J

n—~k
Ins:
_y(l)(_zﬁ_g_t)’dsn_k...dsldt)
j=1 J
1 b 1 1 nikl nfkl
ns.: ns;
v o e B - B
) 2 o j=1 \J Jj=1 71

X dSp_} .. .dsy dt,

for a < b, where Xj € R denote the nonzero roots of the related shifted polyno-
mial (j =1,...,n—k).
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Studying all cases separately, we obtain the G-almost-periodicity of y*).
Moreover, the relationship between G-almost-periods of p and of derivatives
y*) can be described as follows: to e-almost-period of p, there corresponds

the m_il‘c(‘%s—almosbperiod of y¥) in the G-(pseudo-)metric, for k =
0,...,n —1, provided L < |a,|, and |a;| # 0, for j = 0,...,n. This completes

the proof. O

5 Existence of a.p. solutions: case of negative roots

Another way how to come to almost-periods of the derivatives not depending
on the roots of the characteristic polynomial A" + Z?:l ajA"J is to assume
that all roots are negative. This implies that all coefficients a;, j = 1,...,n,
must be positive.

Theorem 3 Let the above conditions (i)—(iv) be satisfied. Assume additionally
that all roots of the characteristic polynomial (2) are negative. If L < ay,, then
there exists a unique bounded G-a.p. solution y(-) of equation (1) with G-a.p.
derivatives, up to the (n — 1)-th order.

Moreover, the e-almost-period of p(-) implies the o 2"ay e-almost-period

k-/)(an*L)
of the k-th derivative y*)(-) of the solution y(-), in the G-(pseudo-)metric, for
k=0,...,n—1, where ag := 1.

Proof According to Lemma 1, equation (1) admits exactly one bounded solu-
tion. Its representation formula can be now written in the form:

tn—1

/ / / At —=A)ti+ A A —=An—1)tn—1—Antn

—oo—o0 X [f(y(tn)) + p(tn)] dty ... dty

Analogously as in the proof of Theorem 1, we can prove the G-almost-
periodicity of solution y(-).

Proceeding by the same way as in the proof of Theorem 1, we can check the
G-almost-periodicity of derivatives y(k)(-), k=1,...,n— 1. More precisely, we
2R (D) A

an—L
period of k-th derivative of solution y(-), k = 1,...,n — 1, in the G-sense. Due
to the independence of the preceding term under the permutation of roots (see
[AG, p. 326]), one has () choices of A;,, ..., \;, for n roots of the characteristic

polynomial (2). Let us sum up the following (}) inequalities:

can specify that the e-almost-period of p(-) implies the e-almost-

u+1

suﬁ / |y(k) (t+71)— y(k) ()] dt <
ue

2F(—1)F Ny, N,
anp — L

&,

u

for the S-metric,
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u+l1

1 2P(=1)F Ny o N
sup — / ly®) (t +7) =y (#) dt < (D", Uk
u€R l an — L

g,

in the equi-Weyl case (for all [ > Iy, where [y is connected with p),

u+1

1 2k (—1)F N, .\
tim supy [ e+ ) -y o) < HEL A

€
an — L ’

l—+o00 wER l

for the Weyl pseudo-metric, and

2F(—1)F N, N,
anp — L

T
1
lim sup — / ly® (¢ +7) —y® (1) dt < €,
Y

T—+o00 2T

in the Besicovitch case.

Divide these sums by (Z) Now, application of the Vieta formula

n

k
S D[N = an

i1,.eyi=1
i1<...<ip

leads to the desired simplification: every e-almost-period of p(-) implies the

Qkak

DD e-almost-period of y*)(-), in the G-sense. a
K )l@n—

6 Concluding remarks

First of all, one can readily check that all main theorems remain valid if, instead
of the boundedness of f, only the existence of a positive constant Dy > 0 is
assumed such that (cf. Remark 2)

max |f(y)| + supess |p(t)| < Dy.
IyliDo/Ian\| @)l teR Ip()]

The same is true for the Lipschitzianity of f: it is enough that
|f(z) = f(y)| < L]z -y

holds, with 0 < L < |ay|, only for |z| < %, ly| < %_
Therefore, considering the pendulum-type equation

y" +ay’ + bsiny = p(t), (3)

where a,b are nonzero constants such that a® > 4|b| and p € L], (R,R) is G-
a.p., and following the arguments in [A1] (cf. [AG, pp. 556-557]), we can easily
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deduce that eguation (3) admits at least two G-a.p. solutions y1(-) and yo(-)
with G-a.p. derivatives such that

T ™

sup  |yi(t)| < = and sup  y2(t) — 7| < =,
t€(—o00,00) 2 t€(—o00,00) 2

provided only
supess |p(t)| < |b].
te(—o0,00)
Furthermore, since multivalued Lipschitz-continuous function with nonempty,
convex and compact values ¢ : R — 28\ {0}, i.e.

dm (p(2),0(y)) < Lz —yl,

where dg stands for the Hausdorff metric and L € R is a constant, possesses
a single-valued Lipschitz continuous selection f C ¢ with constant Lg such
that Lo := L(12v/3/5+ 1) (see e.g. [HP, pp. 101-103]), and since Stepanov or
equi-Weyl a.p. multivalued function with nonempty, convex and compact values
P:R — 2%\ {0} possesses a single-valued Stepanov or equi-Weyl a.p. selection
p C P, respectively (see [D1], [D2], [DS] resp. [D3]), the existence parts (without
uniqueness) of all main theorems can be extended to the differential inclusions

n
y ™M+ ay € p(y) + P(),
i

provided a positive constant Dy > 0 exists such that

max |¢(y)| + supess |P(t)| < Do,
IyISDo/ImL\' )l teR PO

 is Lipschitz-continuous, for |y| < %, with a constant L such that

L < |an|/(12v/3/5 + 1),

and P is either Stepanov or equi-Weyl almost-periodic in a multivalued sense
(for the related definitions and more details, see e.g. [AG, Chapter II1.10 and
Appendix A.1]).

Finally, all G-a.p. solutions y(-) and their derivatives, up to the order (n—1),
are in fact (see Remark 3) G-normal (a.p. in the sense of Bochner), i.e. the
families {y*)(t + h) | h € R}, h = 0,1,...,n — 1, are G-precompact, because
these solutions and their derivatives are bounded and uniformly continuous; for
more details, see [AG, Chapter II1.10] and [ABG]. Stepanov a.p. solutions are
even uniformly almost-periodic.

Some further remarks are in order.

Remark 5 Observe the similarity of the estimates for e-almost-periods with
those for bounded solutions and their derivatives in Remark 2.
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Remark 6 Analogous theorems can be obtained when only assuming that the
real parts of the roots of the characteristic polynomial (2) are nonzero. On
the other hand, the explicit inequality L < |a,| would be replaced by a rather

implicit condition L < |1 ...y, where o;j = Re)j, j = 1,...,n, denote the
real parts of the roots A; of (2). Moreover, the related e-almost-periods of a.p.
solutions and their derivatives would depend on a5, j =1,...,n.

Remark 7 Similar theorems can be also deduced for a more general equation
than (1), namely

n n
Y+ ay D =37 (v0) + (),
j=1 j=1

or inclusion (without uniqueness)

g+ a4y e g (ymfj)) + P(1),

Jj=1 Jj=1

but the related calculations would be rather cumbersome. At least in the case
of uniformly a.p. solutions, this will be treated by ourselves elsewhere.
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Abstract

The simple incidence structure D(A,2) formed by points and un-
ordered pairs of distinct parallel lines of a finite affine plane A = (P, £) of
order n > 21is a 2 — (n?,2n,2n — 1) design. If n = 3, D(A, 2) is the com-
plementary design of A. If n =4, D(A, 2) is isomorphic to the geometric
design AG35(4,2) (see [2; Theorem 1.2]). In this paper we give necessary
and sufficient conditions for a 2 — (n?, 2n, 2n — 1) design to be of the form
D(A, 2) for some finite affine plane A of order n > 4. As a consequence
we obtain a characterization of small designs D(A, 2).

Key words: 2 — (n?,2n,2n — 1) designs; incidence structure; affine
planes.

2000 Mathematics Subject Classification: 05B05, 05B25

By a 2 — (v,k,\) design we mean a pair D = (P,B) where P is a set of
v points and B is a collection of distinguished subsets of P called blocks such
that each block contains k points and any two distinct points are contained in
exactly A common blocks!. Our main result is the following

Theorem 1 Let n be an integer with n > 4 and let D = (P,B) be a
2 — (n?,2n,2n — 1) design. Then D is of the form D(A,2) if and only if
the following two conditions are satisfied: (c1) any three distinct points of D

*Supported by MIUR, Universita di Palermo.
1For further definitions (and basic results) about 2-designs see [1].
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are contained in exactly 3 or n — 1 common blocks; (c2) if X1,X2,...,Xn-1
are n — 1 distinct blocks of D such that | X1 N Xe N --- N X,,_1| > 2, then
XiNnXoNn---NX,_1 = X;NX; whenever i # j.

Before proving the theorem we need some preliminary results about
2 — (n?,2n,2n — 1) designs.

Lemma 1 Suppose A = (P,L) is a finite affine plane of order n > 4 and let
D(A,2) be the system of points and unordered pairs of distinct parallel lines
of A. Then D(A,?2) is a2 — (n?,2n,2n—1) design satisfying the following prop-
erties:

(1) any three distinct collinear points of A are contained in exactly n — 1
blocks of D(A,2);

(2) any three distinct non-collinear points of A are joined by precisely 3 blocks
of D(A,2);

(3) if X1,Xo,...,Xn_1 are n — 1 distinct blocks of D(A,2) such that | X7 N
XoN---NXy1| > 2, then XiNXoN---NXp1 =X; NX; whenever
15 7.

Proof This follows directly from the definition of D(A,2). a

Lemma 2 Let n be an integer greater than 4 and let D = (P,B) be a
2 — (n%,2n,2n — 1) design any three distinct points of which are contained in
exactly 8 or n — 1 blocks. Then for any choice of two distinct points x,y in D
there are precisely n — 2 points z € P\ {z,y} with the property that z,y, z are
joined by n — 1 distinct blocks of D.

Proof Let 2,y be any two distinct points of D and denote by ¢ the number
of points z € P\ {z,y} with the property that x,y,z are joined by n — 1
blocks of D. Then 0 < ¢ < n? — 2 and n? — 2 — ¢ is the number of points
w € P\ {z,y} with the property that z,y, w are joined by exactly 3 blocks of D.
Thus, counting the point block pairs (p,C) with = # p # y and {z,y,p} C C,
we find 3(n? —2 —¢) + (n — 1)c = (2n — 2)(2n — 1) which can be written as
(n—4)c = (n—4)(n — 2). Hence, since n —4 # 0, ¢ = n — 2 and the lemma is
proved. O

Lemma 3 Let n be an integer with n > 4 and let D = (P,B) be a
2—(n?,2n,2n—1) design. If X1, Xo, ..., X,_1 are n—1 distinct blocks of D such
that X1NXaoN- - -NX,_1 = X5NX; wheneveri # j, then | X1NX2N- - -NXp_1] > n
with equality if and only if X, U XU ... X,,_1 =P.

Proof Write X UXoU---UX,,_1 ZlU(Xl \Z)U (XQ\l)U"'U(Xn_l \l),
wherel = X1NXoN---NX,—1. Then | X1UXoU---UX, 1] = a+(n—1)(2n—a) =
n? 4+ (n — 2)(n — a) with @ = |I|. Thus, since D has n? points, we obtain
n? > n? + (n — 2)(n — a) which, since n > 4, gives n < a. Moreover n = a is
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equivalent to ask |[X; UXoU---UX, 1| =n?%ie. X;UXoU---UX, 1 =P,
and the lemma is proved. m]

Proof of Theorem 1 In view of Lemma 1, we have only to prove that D =
D(A,2) for some affine plane A (of order n), provided conditions (¢1) and (c2)
hold. Define A = (P, L) by taking P as the set of points and theset L = {l C P :
[I| >2,l=LiNLyN---NLy_y with Ly, Lg, ..., L, distinct blocks of D} as
the set of lines. By Lemma 2, £ is non empty. Let l € L and let Ly, Lo, ..., Ly
be the n—1 distinct blocks of D such that ] = L1NLyN---NL,_1. Then condition
(c2) gives | = L; N L; whenever ¢ # j so that, by Lemma 3, ! contains at least
n points. On the other hand, as any three distinct points of [ are joined by the
n—1Dblocks L; (i =1,2,...,n—1), it follows from Lemma 2 that [ contains at
most 2+ (n — 2) = n points. Thus we must have n < |I| < n and consequently
|l| = n. Let x,y be any two distinct points of D. By Lemma 2 we may choose
a point z € P\ {z,y} and n — 1 distinct blocks Z1, Zs, ..., Z,_1 € B such that
{z,y,2} CZ1NZyN---NZy_1. Therefore h = Zy N ZyN ... Z,_1 belongs to
L and passes through both = and y. Assume that {z,y} C k for some k € L
with k& # h. Writing k as the intersection k = Wy NnWe N ... W;,_1 of n — 1
distinct blocks Wy, Wa, ..., W,,_1 € B we obtain {z,y,p} C Z1NZ2N---NZp_1
or {z,y,p} CTWiNWan---NW,_1 whenever p € h Uk is a point such that
x # p # y. Then from Lemma 2 we deduce |hUk| < 24 (n —2) = n which
contradicts our assumption k # h and shows that h is the unique element in
L containing {x,y}. Thus each I € £ has n points and each pair of points is
on exactly one common point set m € L: this is sufficient to conclude that
A = (P, L) is a finite affine plane of order n. Note that such a plane A = (P, L)
has the properties: (i) for any line | € £ and any point € P,z ¢ [, there is
just one block of D containing both [ and z; (ii) if a block C' € B contains a
line h € £ and if y € C is a point not on h, then C' = h U k where k € L is the
only line of A through y not intersecting h. Property (i) follows from the fact
that (by condition (c2) and Lemma 3) the point set P can be written as disjoint
union P ={U (L1 \)U(L2\)U---U(Lp_1\1),if L1, Lo, ..., Ly,—1 are the n—1
distinct blocks of D through the line I € £. To show (ii) we proceed as follows.
Denote by k the line of A through y parallel to h. Let z € C' \ h be a point
distinct from y and denote by [ the line of A joining y to z. We claim that [ = k.
Infact I Zhand Il =W NWyN---NW,_1 for suitable n — 1 distinct blocks
Wi, Way,...,W,_1 € B. Suppose there is a point w € hNIl. Then y, z,w are
three distinct points belonging to [ and, by condition (c;), there is no block in
D containing {y, z,w}, apart from the blocks W;. But h C C forces w € C' and
consequently {y, z,w} C C. Thus we have C = W; for some i € {1,2,...,n—1}
so that [ C C. Then IUh C C and there is just one point p € C such that
p & lUh,since |C| =2n =1+ |[lUh|. As p belongs to n + 1 lines of A, we may
choose a line s € £ through p such that w ¢ s and s meets both [ and h. Since
C = {p} UlU h, we have that s intersects C in exactly three points, namely
p,INsand hNs. On the other hand, if S1,S5s,...,S5,_1 are the n — 1 distinct
blocks of D such that s = S; NS N---NS,_1, we infer from condition (c;)
that S1,5,...,5,-1 are the only blocks of D containing p,l N's,h N s. Since
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{p,INs,hNs} C C, we obtain C' = S; for some j € {1,2,...,n — 1} and hence
s C C. Therefore s = s N C consists of three points, a contradiction. Thus [
and h do not intersect and [ is the unique line of A through y not intersecting
h,i.e. l = k. Therefore z € k. As this is true for every point z € C'\ h distinct
from y and |C \ h| = n = |k|, we may conclude that C\ h =k. So C = hUk
and (ii) holds.

As any parallel class of the affine plane A = (P, L) consists of n lines and
A has n + 1 parallel classes, we infer from (i) and (ii) that D = (P, B) contains
exactly (n + 1)@ blocks X of the form X = [Um with [, m distinct parallel
lines of A. But any 2 — (n?,2n,2n — 1) design has precisely b = (n + 1)@
blocks. Then we must have

B={X CP:X =1Um with [, m distinct parallel lines of 4}
and hence D = D(A,2). The theorem is proved. a

Since up to isomorphism there is just one affine plane of order 5,7 or 8 we
have the following characterization of small designs D(A, 2).

Corollary 1 Suppose n is one of the numbers 5,7,8 and let A(n) be the de-
sarguesian affine plane of order n. There exists up to isomorphisms exactly
one 2 — (n?,2n,2n — 1) design D = (P, B) satisfying conditions (c1), (c2) of
Theorem 1, namely the 2-design D(A(n),2).

We end our investigation with a few remarks

Remark 1 If A = (P, L) is a finite affine plane of order n > 4, then 0,4,n
are the intersection numbers of the 2 — (n?,2n,2n — 1) design D(A,2): i.e.
{0,4,n} ={|X NY|: X,Y are two distinct blocks of D(A4,2)}.

Remark 2 There is no plane of order n = 6, but there is an example of a
2 — (36,12,11) design produced by H. Hanany [3], Table 5.23, p. 343. The
2 — (25,10,9) design D = (P, B) exhibited by H. Hanany, loc. cit. Table 5.23,
p. 334 is not of the form D(A,2): since D = (P, B) admits 8 as an intersection
number (i.e. | X NY| = 8 for suitable distinct blocks X,Y € B).
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Abstract

It is shown that every directoid equipped with sectionally switching
mappings can be represented as a certain implication algebra. Moreover,
if the directoid is also commutative, the corresponding implication algebra
is defined by four simple identities.

Key words: Directoid; commutative directoid; semilattice; involu-
tion; implication algebra; sectionally switching mapping.
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The concept of directoid was introduced by J. Jezek and R. Quackenbush
[4] in the sake to axiomatize algebraic structures defined on upward directed
ordered sets. In certain sense, directoids generalize semilattices. For the reader
convenience, we repeat definitions and basic properties of these concepts.

An ordered set (A; <) is upward directed if U(x,y) # 0 for every z,y € A,
where U(z,y) = {a € A; x < a and y < a}. Elements of U(z,y) are referred to
be common upper bounds of z,y. Of course, if (4; <) has a greatest element
then it is upward directed.

Let (A; <) be an upward directed set and U denots a binary operation on A.
The pair A = (A4; L) is called a directoid if

(i) zUy € U(z,y) for all z,y € A;
(ii) if e <y thenzUy=yand yUz =y.

*Supported by the Research Project MSM 6198959214.
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If, moreover, the operation LI is commutative, A is called a commutative direc-
toid.

Example 1 Consider an ordered set A = {a,b,c,d,1} whose diagram is visu-
alized in Fig. 1.
1

Fig. 1

Define allb=d, blla =c¢, clld=dUc =1 and for other couples z,y € A by
the condition (ii). Then A = (A4;U) is a directoid which is not commutative.

Of course, every V-semilattice is a commutative directoid. When we change
in our Example 1 the definition of U only in one instance, i.e. we put blLla = d,
the resulting algebra is a commutative directoid which is not a semilattice.
The following axiomatization of directoids was involved in [4]:

Proposition 1 A groupoid A = (A;U) is a directoid if and only if it satisfies
the following identities

(D1) zUz =a;

(D2) (zUy)Uax=zUy;

(D3) yu(zuy) =zUy;

(D4) zU ((zxUy)Uz) = (zUy)U 2.

Then a binary relation < defined on A by the rule
x<yifand only ifx Uy =1y (R)

is an order and x Uy € U(x,y) for each x,y € A.
A groupoid A = (A; 1) is a commutative directoid if and only if it satisfies
the identities (D1), (D4) and

(D5) zUy =yUuz.

Let us note that if a directoid A = (A;Ll) is associative, i.e. if it satisfies
the identity « Ul (y U z) = (z Uy) U z then it is also commutative and hence a
semilattice.

Of course, every upward directed set (A;<) can be converted into a (co-
mutative) directoid whenever one assignes to a couple z,y € A an element
Mz,y) € U(z,y) such that for x < y we pick up A(z,y) = A(y,z) = y. Then
for x Uy = A(z,y), (A;U) is a directoid; if, moreover, A\(x,y) = A(y, x) for every
pair z,y of A, the directoid is commutative.
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Let (A;<,1) be an ordered set with a greatest element 1. For p € A, the
interval [p,1] will be called a section. A mapping f of [p,1] into itself will
be called a sectional mapping. To distinguish sectional mappings on different
sections, we introduce the following notation: if f is a sectional mapping on
[p,1] and x € [p,1] then f(z) will be denoted by zP. A sectional mapping on
[p,1] is called a switching mapping if pP = 1 and 17 = p and it is called an
involution if PP = x for each x € [p,1]. Of course, any involution is a bijection
and if a sectional mapping on [p, 1] is a switching involution then

=1 z=p and 2 =piff x=1.

(4;<,1) will be called with sectionally switching involutions if there is a sec-
tional switching involution on the section [p, 1] for each p € A.

The concept of implication algebra was introduced by J. C. Abbott [1]. It
is a groupoid A = (A; o) with a distinguished element 1 (which is an algebraic
constant, namely A satisfies © o z = 1) in which an order < can be induced by
x <y if and only if z o y = 1. It was shown [1] that (4;<) is a semilattice
with a greatest element 1 where 2 Vy = (z o y) oy and, moreover, every section
[p,1] is equipped by a sectional antitone involution z? = z o p (which is in
fact a complementation in this section). This concept was generalized in [2]
and applied in [3] for axiomatization of logical connective implication in many-
valued logics. Let us note the name implication algebra express the fact that
x oy is interpreted as a connective implication z = y.

Lemma 1 Let A= (A;o,1) be an algebra of type (2,0) satisfying the following
conditions
(Al) zox=1,z01=1;
(A2) xoy =1 impliesy = (yox)ouw;
(A3) zo(((zoy)oy)oz)oz) =1.
Define a binary relation < on A by the setting
<y if and only if zoy = 1. (%)

Then (A; <) is an ordered set with a greatest element 1 where for each p € A
the mapping x — P = x o p is a sectional switching involution on [p,1].

Proof By (Al) and (A2) we infer immediately
loxz=(rox)ox=u. (%)

Due to (A1), the relation < is reflexive and « < 1 for each € A. Suppose x < y
and y <z. Thenzoy=1,yoxr=1and, by (A2),y=(yox)ox=1lox ==z
thus < is antisymmetrical. Suppose x < y and y < z. Then zroy=1,yoz =1
and by (A1) and (A3) we have

r0z = zo(l02) = z0((yoz)oz) = zo(((loy)oz)oz) = zo((((zoy)oy)oz)oz) = 1

thus = < z proving transitivity of <.
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Now, let p € A and z € [p,1]. Then p < = and hence poxz = 1. Due to (A2)
we conclude PP = (x o p) o p = x thus every sectional mapping z — 2P =z op
is an involution on [p, 1]. Applying (A1) and (%) we infer that it is a switching
mapping. O

Lemma 2 Let A= (4;0,1) satisfy (A1), (A2), (A3) and
(Ad) yo(roy)=1;

(A5) zo((roy)oy) =1.

Then (xoy)oy € U(x,y) for each z,y € A.

Proof By Lemma 1, < defined by (x) is an order on A. Replace = by z oy
in (A4) we obtain yo ((zoy)oy) =1 thus y < (zoy)oy. By (A5) we have
< (woy)oy thus (zoy) oy € Ulz,y). 0

Since every implication algebra in the sense of [1] satisfies (A1)—(A5), it mo-
tivates us to introduce the following concept: An algebra A = (A;o, 1) satisfying
(A1)—(Ab) will be called a weak d—implication algebra. We can state

Theorem 1 Let A = (A;o0,1) be a weak d-implication algebra. Define a binary
operation Ll on A by

zUy=(zoy)oy
and for each p € A define 2P = x op. Then D(A) = (A;U) is a directoid with
the greatest element 1 with sectionally switching involutions whose induced order
coincides with that of A.

Proof Define x Uy = (zoy)oy and a? = zop, for x € [p,1].
(a) Let zoy=1. Thenz Uy = (roy)oy=1loy=y.
(b) Let < be the induced order on A. By (A4) we have z oy € [y, 1]. Suppose
now x LIy = y. Then, since the sectional mapping on [y, 1] is an involution, we
infer

zoy=(zoy)” =((xoy)oy)oy=(rUy)oy=yoy=1
We have shown z oy = 1 if and only if x LUy = y thus the order on A defined
by (*) coincides with that of (A;L) defined by (R). The fact that (A4;U) is a
directoid follows directly by Lemma 2 and the fact that z < y gets x Uy =
(xoy)oy=1loy=y and, by (A2),also yUz = (yox) oz =y. By Lemma 1,
sectional mappings x +— P for x € [p, 1] are switching involutions. O

Example 2 Let A = {a,b,c,d, 1} and the operation ”"o” on A is given by the
table

— Qo0 o |0
® O A
T o o~ o|lT
OO0 R = =o
(oM e o eN
e e
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One can easily verify the conditions (A1) — (A5) thus A = (4;0,1) is a weak
d-implication algebra. For U defined by x LIy = (x o y) o y we obtain just the
directoid depicted in Example 1.

To show that directoids with sectional switching involutions can be repre-
sented by weak d-implication algebras, we need to prove the converse of Theo-
rem 1.

Theorem 2 Let D = (D;U, 1) be a directoid with a greatest element 1, < its
induced order. Let for each p € D there exists a sectional switching involution
x+— aP on [p,1]. Define

xoy=(xUy)Y.

Then A(D) = (D;o,1) is a weak d-implication algebra.

Proof Since y <z Uy in D, we have x Uy € [y, 1] and hence the definition of
the new operation ”0” is sound. Moreover, (xoy)oy = (x Uy)¥ =z Uy.
We have to verify the conditions (A1)—(A5).

(Al): zoz=(rUx)*=2*=1landrol=(xU1) =1t =1.

(A2): Suppose zoy = 1. Then (zUy)Y =1 thus (since the sectional mapping is
a switching bijection) also x Uy = y. Conversely, if tUy = y then zoy =1, i.e.
the order induced on D coincides with that given by (x) in Theorem 1. Hence,
ifxoy=1then z <y thusy € [z,1], i.e. (yox)ox=y* =y.

(A3): By (D4) we have z < (z Uy) U z thus

zo((((xoy)oy)oz)oz)=xo((xUy)Uz)=1.

(A4): Since zUy € [y, 1], we have oy = (zUy)Y € [y,1] thus y < zoy whence
yo(woy) =1,

(A5): Since y < z Uy we have
(zoy)oy=((xUy)Uy)’ = (zUy)" =zUy.
Thus z <z Uy = (xoy)oy proving xo ((xoy)oy)=1. a

In what follows, we modify our results for commutative directoids. For this,
define a one more concept.

An algebra A = (A;0,1) of type (2,0) is called a d-implication algebra if it
satisfies the identities (A1), (A3) and

(Bl) (zoy)oy=(yox)ou;
(B2) ((xoy)oy)oy=zoy.

The fact that every d-implication algebra is also a weak d-implication algebra
will be clear from the next theorems. Let us only mention that d-implication
algebras are determined by identities and hence they form a variety.
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Lemma 3 Let A= (A4;0,1) be a d-implication algebra. Define a binary relation
< on A by the setting x <y if and only if x oy = 1. Then < is an order on A
and 1 is a greatest element.

Proof By (Al), < is reflexive. Suppose z < y and y < z. Then zoy = 1,
yox =1 and, due to (Bl),also z =loxz = (yox)ox = (zoy)oy=1loy =y,
i.e. <is antisymmetrical. Transitivity of < can be shown identically as in the
proof of Lemma 1. By (Al), x <1 for each z € A. a

Theorem 3 Let A = (A;0,1) be a d-implication algebra. Define
zUy=(zoy)oy

and for x € [y, 1] let ¥ = xoy. Then C(A) = (A;U) is a commutative directoid
with a greatest element 1 and with sectionally switching involutions.

Proof By Lemma 3, (A4; <) is an ordered set where x < y if and only if zoy = 1
and 1 is a greatest element of (A4; <). Due to (Bl) we infer z Uy = y U x.
By (B1) and (A3) we have

zo(zUy)=wo((roy)oy)=zo((((zoy)oy)oy)oy) =1

thus ¢ < x Uy. Analogously y <y Uz =x Uy thus z Uy € U(z,y). Further, if
x <y then

rUy=(roy)oy=1loy=y.

We have shown that (A;LU) is a commutative directoid. Analogously as in the
previous proofs, the induced order of (A4;U) coincides with <. Hence, 1 is a
greatest element of (A4;L).

Now, let y € A and z € [y,1]. Then y < x and hence z%% = (xoy)oy =
Uy = z. Further, ¥y =yoy=1and 1¥ =10y = y thus for each y € A the
mapping x — ¥ is a sectional switching involution on [y, 1]. O

Theorem 4 Let C = (C;U,1) be a commutative directoid with a greatest ele-
ment 1. Let < be its induced order and for each p € C there exists a sectional
switching involution x — aP on [p,1]. Define

xoy=(xUy)Y.
Then A(C) = (C;0,1) is a d-implication algebra.

b2

Proof It was shown in Theorem 2 that ” o” is correctly defined operation on
C satisfying (A1) and (A3), and that (zoy)oy =z Uy. SincezUy =yUx,
(B1) is evident. It remains to prove (B2). Since y < x Uy, we derive

(zoy)oy)oy=(rUy)oy=(zUy)Y =zoy. O
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Remark 1 Let A = (A;0,1) be a d-implication algebra, C(A) the induced
commutative directoid and A(C(A)) the induced d-implication algebra. Denote
by e the binary operation in A(C(A)). Then

rey=(rUy)=((roy)oy)oy=xo0y
by (B2) thus A(C(A)) = A.

Remark 2 Let C = (C;U,1) be a commutative directoid with 1 and with
sectionally switching involutions. Let A(C) be the induced d-implication alge-
bra and C(A(C)) the induced directoid. Denote by U the binary operation in
C(A(C)). Since z Uy € [y, 1], we derive

rUy=(voy)oy=((xUy)'Uy)’ =(Uy)" =aly
thus also C(A(C)) =C.

Remark 3 Hence, the mutual correspondence between commutative directoids
with 1 and with sectional switching involutions and d-algebras is one-to-one and
hence every such C can be identify with A(C). However, d-implication algebras
form a variety thus also the induced commutative directoids.
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Abstract

By a nearlattice is meant a join-semilattice where every principal filter
is a lattice with respect to the induced order. The aim of our paper is
to show for which nearlattice S and its element ¢ the mapping ¢.(z) =
(x Ve, xApc) is a (surjective, injective) homomorphism of S into [¢) X (].

Key words: Nearlattice; semilattice; distributive element; pseudo-
complement; dual pseudocomplement.
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It is well-known (see e.g. [4]) that if L is a bounded distributive lattice and ¢ €
L has a complement in L then L is isomorphic to the direct product [¢) x (c]. On
the other hand, if ¢ is not complemented then the mapping ¢.(z) = (xVe,zAc)
is still an injective homomorphism of L into the mentioned direct product and
one can discuss whether the homomorphic image ¢.(L) is a subdirect product
of [¢) x (c].

In what follows we generalize this setting for the so-called nearlattices (see
[1-3, 5-8]) and we investigate which of these results remain true. It turns out
that our task is reasonable only for a class of so-called nested nearlattices.

Definition 1 By a nearlattice we mean a semilattice S = (S; V) where for each
a € S the principal filter [a) = {z € S;a < z} is a lattice with respect to the
induced order < of S.

*Supported by the Research Project MSM 6198959214.
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Remark 1 Since the operation meet is defined only in a corresponding principal
filter, we will indicate this fact by indices, i.e. A, denotes the meet in [x). On
the other hand, if a,b € [z) and y < x then a,b € [y) and a A, b= a A, b since
both are considered with respect to the same (induced) order <.

Definition 2 Let & = (S;V) be a nearlattice and § # A C S. A is called
a sublattice of S if it is a lattice with respect to the induced order < of S.

A sublattice M of a nearlattice S is called mazimal if M is not a proper
sublattice of another sublattice of S.

Let S = (S; V) be a nearlattice. Denote by Ms = {M,,~y € I'} the set of all
maximal sublattices M., of S.

Further, if there exists an element ¢ € (Mg, S will be called a nested
nearlattice.

Remark 2 a) Every finite nearlattice S is nested, because S is a join semilattice
with 1 and 1 € (| Ms.

b) An example of an infinite nearlattice which is not nested is shown in
Fig. 1.

i+2 ¢

/

Q42
i+ 1

Ai41

a;

777

Qi—1

Fig. 1

For any element ¢ € S we can find a maximal sublattice which does not
contain ¢. In particular, if ¢ = i or ¢ = a; then ¢ does not belong to the
maximal sublattice [a;11).

Let S be a nested nearlattice and suppose ¢ € (| Mg. Suppose x € S. Then
there exists v € I' such that € M,. Since M, is a lattice and ¢ € M,, there
exists inf{z, ¢} with respect to the induced order. Suppose p € S with p < z, c.
Then clearly « A, ¢ = inf{z, c}. Apparently, this operation does not depend
on v (when z belongs to more than one M., ). Summarizing, there surely exists
p € S such that x A, ¢ = inf{x, c}.
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Definition 3 Let S be a nested nearlattice and ¢ € [JMg. The mapping
@e S — [c) x (c] defined by

we(x) =(x Ve,xApc)
will be called a decomposition mapping.
The mapping ¢, is obviously everywhere defined, since ¢ € [ M.

Definition 4 Let S be a nearlattice and {M,,y € I'} be the set of its maximal
sublattices.

(i) An element a of S is called distributive if
aV(xApy)=(aVa)r,(aVy),
forall z,y,pe My, p<z,yandall y €I
(i) An element a is called dually distributive if
anp (@VY) = (any )V (ahyy),
for all a,z,y,p€ M,,p < a,z,yand all y €I
A nearlattice S is called distributive if
aV(bnrpc)=(aVb)A,(aVe)
for all a,b,c € S with p < b, c.

Suppose now, that an element c is distributive and also dually distributive.
We wonder whether ¢, is a homomorphism.

Definition 5 By a suitable element we mean an element ¢ of a nested nearlat-
tice § = (S; V) with ¢ € [ Mg, which is distributive and also dually distribu-
tive.

Of course, in a nested distributive nearlattice S every element ¢ € (Mg is
suitable.

Proposition 1 LetS = (S;V) be a nested nearlattice and c its suitable element.
Then the decomposition mapping p. s a homomorphism.

Proof p.(zVy) = ((xzVy)Ve, (zVy)Apc) = ((xVe)V(yVe), (xApe)V(yApc)) =
(xVe,xNpe)V{yVe,yhpe) =)V ed(y).

ee(@Npy) = (T Apy) Ve, (TApy) Apc) = (ZVe) A (yVe), (TApe) Ap(yApe)) =
(x\/c,x/\p C> Ap <y\/c,y/\p c) = pe(x) Ap ©e(y)- a
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Example 1 Let S be a nearlattice depicted in Fig 2.

1
c
b
a
0
Fig. 2

We can easily check that the elements 0, b, 1 are distributive and also dually
distributive. An element c is distributive, but not dually distributive, an element
a is dually distributive, but not distributive.

Consider the decomposition mappings ¢y, ¢, and .. Then for ¢ : S —
[b) x (8] we have py(1) = (1,5), ©5(0) = (b, 0), @4(5) = {b,b), @o(a) = (1,0) and
wp(c) = (1,0) (see Fig. 3). Clearly, [b) = {b,1}, (b] = {0,b}.

1 (1,b)

0 (6,0)
Fig. 3

One can see that the mapping ¢ is a surjective homomorphism which is not
injective.

For the decomposition mapping ¢, : S — [a) x (a] we have (1) = (1,a),
2a(0) = (0,0), ga(a) = (a,), @a(b) = (1,0) and @a(c) = (c,a) (see Fig. 4).
Obviously, [a) = {a,¢,1} and (a] = {0,a}.

(La)

Fig. 4
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The mapping ¢, is not a homomorphism, because
@a(c A b) = <a7 0> a <C, 0> = ‘Pa(c) A @a(b)'

Similarly, the decomposition mapping ¢. : S — [¢) X (c] is not a homomor-
phism.

Now, we will check, whether ¢, is an injection. Let p.(z) = ¢.(y). Then
xVec=yVcand xApc=yA,c. If the mapping ¢, is injective, then z = y.
Thus the mapping . is injective only if for each z,y € M, (xVc=yVcand
T Apc=1yApc)implies z = y.

Remark 3 Distributivity and dual distributivity of the element c is not enough
to ensure injectivity of the mapping ¢, (see Fig. 3). If we swap b and ¢, in Fig. 2,
we obtain bV ¢ =a V ¢ and also b Ag ¢ = a Ag ¢, but a # b.

Let us note that for injectivity of ¢. it is not necessary that each maximal
sublattice is distributive.

Proposition 2 IfS = (S;V) is a nested distributive nearlattice and ¢ € (Mg,
then the decomposition mapping . s injective.

Proof If S is distributive then each maximal sublattice is a distributive lattice,
in which (xVe=yVecand x Apc =y A, c) implies z = y. O

If ¢, is an injective homomorphism, then ¢, is an embedding of S into
[¢) x (c], i.e. S is isomorphic to a subnearlattice of this direct product.

Example 2 Denote by M; = {a,c, 1}, Mas = {b, ¢, 1} the maximal sublattices
of the finite distributive nearlattice S visualized in Fig. 5.

1

Fig. 5

Evidently ¢ € My N Mas. Further, [¢) = {c,1} and (c] = {c, a, b}.
The direct product [c) X (c] is depicted in Fig. 6.
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(1.0

(1,a) (1,6)

(c,a) {c;b)
Fig. 6

We have ¢.(1) = (1,¢), @c(c) = {c,¢), pc(a) = (c,a) and ¢.(b) = (¢, b).
One can see that ¢, is an injective homomorphism, which is not surjective.

Remark 4 For ¢ = 1 (where 1 is the greatest element of S), we obtain: [¢) =
{c}, (c] = S, and thus [¢) x (] = S.

Now we are interested in assumptions under which the mapping ¢, is surjec-
tive. Suppose S is a nested nearlattice with the set {M,;~v € I'} of its maximal
sublattices. An element a € S has a complement b, in M, if M, is a bounded
lattice (with 0, or 1 as the least or greatest element, respectively) and aVb, =1,
a /\Ow b,y = O’Y'

Proposition 3 Let S = (S;V) be a nested nearlattice and c its suitable ele-
ment. Suppose that c has a complement p, in each mazimal sublattice M., of
the nearlattice S. Then the decomposition mapping ¢. is a surjective homo-
morphism.

Proof We need only to prove, that for each (x,y) € [¢) X (¢], there exists an
element z € S, such that p.(z) = (z,y).

Since (x,y) € [c¢) x (c], then clearly y < ¢ < z and there exists v € T' such
that [y) C M.,. Denote by A, the operation symbol A, (because it in fact does
not depend on y in the following computation).

Take z = (y V py) Ay . Then

we(2) =(zVe, 2Ny ) ={(YyVpy) Ayx) Ve, (yVpy) Ayx Ayc)
=((yVpy V) Ay (zVe) ((yAyc)V(py Ay ) Ay )
— (V) A 8V 0 (U Ay OV (5 Aq €)) Ay 2)
=(xVeyhy ch,z) = (z,y),

proving that ¢, is surjective. O

Corollary 1 Let S = (S;V) be a nested distributive nearlattice and Mg =
{M,;~v € T} the set of its maximal sublattices. If there exists an element
¢ € [\ Ms such that ¢ has a complement in each M., then the decomposition
mapping . is the isomorphism of S onto [c) X (c].
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Example 3 The nearlattice S in Fig. 7 is a nested distributive nearlattice
which has exactly two distinct maximal sublattices M1 = {a,¢,p1,1} and My =
{b, ¢, p2,1}. Of course, c € My N Ms.

P11 b2

Fig. 7

The complement of ¢ in M7, is p;. The complement of ¢ in Ma, is po. Clearly,
[¢) = {¢,1}, (¢] = {a,b,c}. The direct product [¢) X (c] is depicted in Fig. 6.
Obviously, the decomposition mapping ¢, : S +— [¢) X (c] is an isomorphism.

Remark 5 If the element c has not a complement in any M., then the mapping
©c need not be surjective (see Example 2).

Definition 6 Let (L;V,0,1) be a lattice with the greatest element 1 and the
least element 0. An element ¢* € L is called a pseudocomplement of ¢ € L, if it
is the greatest element such that ¢ A ¢* = 0. An element ¢™ € L will be called
a dual pseudocomplement of ¢ € L, if it is the least element for which cVet = 1.

Proposition 4 LetS = (S;V) be a nested nearlattice and c its suitable element.
Suppose that an element ¢ has a pseudocomplement ¢, and a dual pseudocom-
plement ci‘ in each mazimal sublattice M.,. Then the homomorphic image ©.(S)

is a subdirect product of [c), (c].

Proof By Proposition 1, ¢, is a homomorphism of S into [¢) x (c], thus ¢.(S)
is a subnearlattice of the nearlattice [¢) x (c]. We need only to prove that . is
surjective in the both components. Let (x,y) € [c) X (c], i.e. y < ¢ < z. By the

assumption, there exist s c¢ € M,.

Put z; = (y V¢f) A, 2. Then
pe(z1) = (1 Ve, zi Ay o) = (((yVey) Aya) Ve, ((y Vel ) Ay ) Ay c)
(Ve V) Ay (V) (5 Ay AV (e Ay ) Ay 2 = (s V (e Ay )

thus ¢.(z1) is surjective in the first component.
Consider z2 = (y V c3) Ay . Then

pe(22) = (22 Ve, 22 Ay ) =(((y V) Ay x) Ve, ((y V ey) Ayx) Ay e)
— VLV ) Ay (2 0, (5 Ay €) V(€ Ay ) Ay ) = (e V €2) Ay 3,9),

i.e. @.(z2) is surjective in the second component. O
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On the other hand, we are able to get a surjective mapping of S x S onto
[¢) x (] for a nested nearlattice S and its suitable element ¢ which need not be
a homomorphism.

Proposition 5 LetS = (S;V) be a nested nearlattice and c its suitable element.
Suppose that an element ¢ has a pseudocomplement ¢, and a dual pseudocom-
plement ¢ in each mazimal sublattice M.,. Denote by 1. a mapping from S x S
into [c) x (c], defined by

Ve(z1, 22) = (21 V¢, 22 Ay €),

where v € I, such that zo € M. Then 1. is a surjective mapping of S x S onto

[¢) x (c].

Proof Let (z,y) € [¢) x (c], then y < ¢ < z. Hence there exists v € I' such
that [y) C M,.
Take 2y = (y Vel ) Ay &, 22 = (y V &) Ay . Then

Ye(21,22) = (21 V ¢, 22 Ay €)
— (V) Ay D) Ve (5 V) Ay 2) Ay )
=((yV ey Ve) Ay (@Ve),((y Ay o) V(e Ay €) Ay )
={@xVeyh, ) =(zy),

thus 1. is a surjective mapping of S x S onto [c) X (¢]. ]

We finish with a note concerning lattices.

Remark 6 Let £ = (L;V,A) be a bounded lattice and suppose that an el-
ement ¢ € £ has a pseudocomplement c* and a dual pseudocomplement c*.
Let the elements ¢t and c¢* are distributive and dually distributive. Introduce
a mapping:

¢C+7C* L [C+) X (C*]adjc‘*,c*(«z) = <Z\/ C+,Z /\C*>.

Since the decomposition mappings ¢ and ¢} are homomorphisms by Propo-
sition 1, also 9.+ .- is a homomorphism.

Further, analogously as in the Proposition 4 and the Proposition 5, it is easy
to show that the mapping .+ is surjective in the first component, the mapping
e+ is surjective in the second component and the mapping .+ .~ is a surjective
homomorphism of the lattice £ onto [¢t) X (¢*].

Example 4 Let £ be the eight element lattice depicted on the left hand side
in Fig. 8.
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Fig. 8

L is obviously distributive. Clearly [¢ct) = {¢T,1} and (¢*] = {0,c*} (see

the lattice (¢*] x (¢*] on the right hand side of Fig. 8). The mapping .+ .« is
a surjective homomorphism of the lattice £ onto [c*) x (c*], given by

Yot or (1) = Yot o (2) = (1, ¢7),

Vet ox (€7) = et o+ (Y) = Vet o () = (¢, "),
Yo+ e+ () = (1,0),

Vet o () = Yot = (0) = (¢, 0).

References

(1]
(2]

(3]

(4]
(5]

(6]

[7]
(8]

Chajda, I., Kolatrik, M.: Nearlattices. Discrete Math., submitted.

Cornish, W. H.: The free implicative BCK-extension of a distributive nearlattice. Math.
Japonica 27, 3 (1982), 279-286.

Cornish, W. H., Noor, A. S. A.: Standard elements in a nearlattice. Bull. Austral. Math.
Soc. 26, 2 (1982), 185-213.

Gritzer, G.: General Lattice Theory. Birkhduser Verlag, Basel, 1978.

Noor, A. S. A., Cornish, W. H.: Multipliers on a nearlattices. Comment. Math. Univ.
Carol. (1986), 815-827.

Scholander, M.: Trees, lattices, order and betweenness. Proc. Amer. Math. Soc. 3 (1952),
369-381.

Scholander, M.: Medians and betweenness. Proc. Amer. Math. Soc. 5 (1954), 801-807.
Scholander, M.: Medians, lattices and trees. Proc. Amer. Math. Soc. 5 (1954), 808-812.






{I-)]‘ Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 45 (2006) 53-56

Direct Decompositions and
Basic Subgroups in
Commutative Group Rings

P. V. DANCHEV

18, General Kutuzov Street, block 7, floor 2, apartment 4,
4008 Plovdiv, Bulgaria
e-mail: pvdanchev@yahoo.com

(Received June 28, 2005)

Abstract

An attractive interplay between the direct decompositions and the
explicit form of basic subgroups in group rings of abelian groups over a
commutative unitary ring are established. In particular, as a consequence,
we give a simpler confirmation of a more general version of our recent
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1 Introduction

Throughout the text of this brief paper, let G be an abelian group with
p-component G, written by multiplicative record, and R a commutative ring
with identity (of prime characteristic, for instance p, for applications). As usual,
RG denotes the group ring of G over R with group of normalized units V(RG),
abbreviated for facilitating of the exposition via V(G). For a subgroup A of G,
we define by the same reason I(G; A) as the relative augmentation ideal of RG
with respect to A. All other notation and terminology from the abelian group
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theory, not expressly given here, are either standard or follow the classical book
of Fuchs [5].

Nachev has demonstrated in [6] that there is a transversal between the basic
subgroups of G and V(G), provided that G is p-primary and R is p-perfect
with prime characteristic p. Specifically, Nachev established in an explicit form
a series of basic subgroups of V(G) by the usage of the basic subgroups of a
p-group G under the limitation on R to be p-perfect of prime characteristic p.
In the proof, he uses intensively a relationship between the properties of a fixed
basic subgroup B of G and the decomposition of (1 + I(G;B)) N V(G), into
appropriate direct factors.

This approach of finding such a connection also captures the spirit of the
present short note. We thus identify and focus on certain suitable decomposi-
tions in V(G), by developing the Nachev’s method to the mixed case. Thereby
we state and prove many of the results in the more general setting of arbitrary
groups. We hereafter will also accent on the kind of a basic subgroup of V(G),
over a coeflicient ring larger than the corresponding one in [4].

2 Main Results

We first hasten to the following key technicality (see [1] and [3] too). It is
worthwhile noticing that it encompasses Lemma 7 from [6].

Lemma 1 ([2], Lemma 6) Assume that G = C x A is an abelian group and R is
any commutative unitary ring. Then V(G), = V(C), x [(1+I(G; A))NV(G)p).

We are now ready to proceed by proving the following formula which is a
non-trivial strengthening of formula (11) of the scheme for proof in [6].

Theorem 1 (Decomposition) Suppose G is an abelian group with a p-basic
subgroup B and suppose R is a commutative Ting with identity element. Then
the following decomposition holds:

(1+I(G;B)NV(G), = <1+I G; Bo) + ﬁ 1+ (G 1;Bn))> NV(G),,

where B = [[;2 Bn; Bn = [1,, ("), ¥n > 1; By = [1,,Z (where oy, is a
cardinal ¥ n > 0 and Z is an mﬁmte cyclic group) and G = ]_[1<7<nB x Gy,

with Gy, = Bpy1 X Gpy1 and G, = (By X ]_[l ntl ,)Gp ,Vn>1; Gy =G.

Proof In accordance with [5, p. 163, Theorem 32.4] we subsequently write down
B =120 B, G = [l1<i<p Bi X Gn, Gy = Gpny1 X Bnyy and G, = B GP",
where B = By x [[;2
direct factor of G.
Employing the foregoing Lemma 1 for n = 1 we derive that

i=nt1 Bi- It is worth to noting that By is not in general a

V(G)p = V(G1)p x [(1+1(G; B1)) N V(G)y]
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Consequently, by induction on n we obtain
V(G), = V(Gp), x [ I] a+1(Gi-i;Bi)N V(G)p],
1<i<n
where Gy = G. Furthermore, we observe that
{ H (1 +I(Gi1;Bi))} NnV(G), C <1 +I<G; H Bl)> NV(GQ), < V(G)p.
1<i<n 1<i<n

Therefore, the previous decomposition implies that

<1+I<G; ]_[ Bi>)ﬂV(G)p:

11 (1+I(Gi1;Bi))ﬂV(G)p] X (V(Gn)pﬂ <1+I<G; 11 Bi>)>.

|:1<i<n 1<i<n

But G,, N[, <,<, Bi = 1, so the latter intersection is equal to 1 (e.g. [1]). Thus
the last decomposition transforms to the following:

<1+I<G; 11 Bi>)ﬂV(G)p:< 11 (1+I(Gi1;Bi))>ﬂV(G)p, vn > 1.
1<i<n 1<i<n

Finally, since B is the union of an ascending chain of subgroups By x [, ,~,, B:
(n=1,2,...), whence because of the finite support (1+ I(G; B))NV (G), is the
union of

<1+I<G;B0>< ]_[ Bi)>ﬁV(G)p= <1+I(G;Bo)+I<G; ]_[ Bi))mV(G)pa

by taking in both sides of the last identity the limit operation n — oo, we deduce
that

<1+I<G; ﬁBJ) (@), <1+I(G;Bo)+f[(1+1(ai1;Bi))) AV(G),,

i=0 =1
which is precisely the desired equality. ]

We are now in a position to give an alternative verification of the following
assertion (see, for instance, [4, Theorem 2]).

Theorem 2 (Basis) Let G be an abelian group with a p-basic subgroup B and
let R be a perfect commutative ring with 1 of prime characteristic p. Then
1+ I(G;B)|NV(Q), is a basic subgroup of V(G),.

Proof In order to show the truthfulness of this claim, it is enough to check
only the validity of three conditions from the definition of a basic subgroup (see,
for example, [5]).
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1) The fact that [1+I(G; B)]NV(G), is a coproduct of cyclic groups follows
at once by the method described in [4] and applied to R and By as well as by
the preceding Theorem, because B,’}bn =1 forces that

1+ I(Gno1; B =14 1" (Gp_1;B,) =1+ I(GF :B") =1.

2) The property of [1 + I(G; B)] N V(G), to be a pure subgroup of V(G),
follows like this: For each n > 1 we calculate with the aid of [1] that

[(1+1(G:B) NV(G),] NV(G) = (1+1(G;B))NV(GY),
=1+ I(G" ;B ) NV(G""), = (1+I(G; B ) nV(G)Y'
=1+ I(G;B)" NV(G)E" =[(1+I(G;B)) NV(G),*".

3) The divisibility of the quotient group V(G),/[(1+I(G; B))NV(G),] can be
verified as follows: Writing G = BGP?, and taking into account that G, = B,GY,
we conclude by application of the main proposition in [3] that

V(G)p = V(GP)p[(1+ 1(G; B)) NV(G)y)-

Since V(GP), = V(G)}b, we are done. |

Remark 1 In [4] the same affirmation as alluded to above was proved under the
more restrictive assumption on R to be a field. The foregoing theorem extends
this result to an arbitrary commutative unitary ring R. Besides, the idea used
here is at all different to that in [4].
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Abstract

The aim of this paper is to develop two different methods for an execut-
ing of the deformation measurement and to prove that these two methods
are equivalent which is a advantage for a conclusive verification of the
results of the experiment in a practice.
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1 Introduction

The aim is to develop two different methods for an executing of four epochs
experiment in which the movements of the reference points on a dam during the
gradual filling of the dam have been measured. According to the instructions
of a structural designer these points should move along the specific trajectories.
The aim of this experiment is to compare these theoretical trajectories with
empirical ones. In the first method coordinates of the reference points and the
parameters that describe trajectories of these points are estimated at the same
time. In the second method the coordinates of the points are estimated first
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of all and these estimates are used for a calculation of the trajectories. The
corrected coordinates from the second method must be equal to the estimated
coordinates from the first method. The first procedure can be realized after
realization of the 4th epoch measurement only. Since it is necessary to know
preliminary results (shifts of the reference points) during the single epoch, we
must estimate coordinates after each epoch separately. At the end of the 4th
epoch estimations of the coordinates of the all reference points are at our disposal
and the parameters of the trajectories can be estimated by means of second
method. However at the same time both coordinates and trajectories parameters
can be estimated simultaneously in another, however equivalent model (first
method). Both methods should give the same result for the parameters of the
trajectories.

2 Notation and auxiliary statements

Let Y be n x m random matrix ( observation matrix ), Y = (Y1,...,Y,,), with
the mean value E(Y) = XB. X is an n x k given design matrix, B is an k x m
matrix of unknown parameters (coordinates of the reference points) and C is
an k x ¢ matrix of unknown parameters (parameters of the trajectories). I® X
is the covariance matrix of the observation vector vec(Y) = (Y4,..., YL ) and
the constraints are given in a form BH+ CZ+ G = 0. Here the matrix H,Z, G
are known.
The model

Y ~ (XB,10X),

is regular if 7(X, ) = k < n and X is positive definite. The constraints
BH+CZ+G =0 areregular if r(H;,, ., Z ) =r <m+qandr(Z,,) =q <.
In the following text it is also assumed r(H,, ) =7 < m.

In the following A* denotes the Moore—Penrose generalized inverse of the
matrix A (ie. AATA = A ATAAT = AT AAT = (AAT) ATA = (ATA)
cf. [3]).

The symbol M x means the projection matrix I — P x, where I is the identity
matrix and P x is the projection matrix (in the Euclidean norm) on the subspace
M(X) = {Xu: u € R¥}. Here R* means the k dimensional real vector space.

Lemma 1 Let the model and the constraints
X ~nm (XB; I & E); Bk,mHm,r + Ck,qzq,r + G= Ok,r (1)

be reqular. Then the best linear unbiased estimators ( BLUE ) of the matrices
B aC are

~

B = ~G[I- (H'H) 'Z/[2(HH) 2] 'Z| (HH)'H +

+B [MH n H(H’H)*lz’[Z(H’H)*lz’]*lz(H’H)*H’} )

C = —G(H'H) 'Z/[Z(H'H)"'z/|"! - BH(H'H) 'Z/[Z(H'H)"'Z]"" (3)
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and

o~
~

Var[vec(B)] =
= [MH +HHH)'Z[ZH'H)'Z] ' ZHH)'H | @ (X'Z'X) 7,

Var[vec(é)] =[ZHH)'Z] ! e X'S7IX)
Here B = (X'S1X)"1X/'®2-1Y.
Proof In the univariate regular model
Y ~ (XB,%), BiS; +B2B,+b=0,

the BLUE of 8, and 3, are

B\ _ ((X’EIX)lB’lQM ) b (1— (X'S1X)"'B,Q,.,B, ) 5
B, Q2,1 —-Q2,1B; !

and

)= X'ET'X) - (X'2TIX) ' BIQu B (X' TTX)
) = —Qap2,

var(f’)’1
var(,[ﬁ’)’2

where 3, = (X’271X)"1X’2~1Y and

Qi1, Q2 _ (Bi(X'’2Z7'X)"'Bj, By !
Q2,1, Q2.2 B3, 0
{MBzAMBz}Jr ) (B/Q):n(A)
!/ !/
(B ]~ [Bw] ABY
Here A = B;(X'Y7'X)"'B/ and (B/Q)T_n(A) denotes minimum A-seminorm
generalized inverse of the matrix BY. (cf. theory of the Pandora-Box matrix
in [3])
Now it suffices to write the multivariate model in the form

vec(Y) ~ [(I® X)vec(B),I® X,
(H' @ I)vec(B) + (Z’' @ I)vec(C) + vec(G) = 0
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and use the equalities

Q11 = {Mzgp[(HH) © (X'T'X) |Mzen }+
= [(H'H) o (X'S71X)] - [( H) ™' (X'STIX))(Z 2 1)
< (2 DIEHE) © (XS X))@ o D] -
* (ZO DIE'E) ! © (X'S"'X)
= [(H'H) o (X z*xn{a@l) - [Z[z|'R) 2] ZWH) T o1,

{ (Z&X), o mye(xrs-1x)- 1]]/
[(ZoD(HH) " o (X'STX)|(Z 1)
(Z ® I)[(H H) 1 ® (X/E—lx)] — {[Z(H/H)—lzl]—lz(H/H)—l} ® :[7

-1

Q22 = [ (ZOD),(m mye(xs-1x)- 1]} [(HH)® (X'Z71X)7Y
X (ZOD) (e (xrm-1x)-1]
- —[ZeD(HH) ' XT'X)(Z eD)]
= -[ZHH)'Z| o (X'Z'X)!
and vec(AXB) = (B’ ® A)vec(X). O

Lemma 2 The BLUEs of the matrices B and C are the same in the model (1)
and in the model

B ~km [B; I® (X/E_lx)_lL Bk,mHm,r + Ck,qzq,r + G = Ok,r (4)
respectively.

Proof We write the model (4) in the form

vec(B) ~ [ @ I)vec(B),I® (X'S7'X)~1],
(H' @ I)vec(B) + (Z’' @ I)vec(C) + vec(G) = 0

and use the relations from the proof of Lemma 1

<Q1,1, Q12 ) _ < HD{Iz)Ie X' X)|IeD}{(H®I), Z/® I)1
Q2,1, Q22 Z®I, 0 ’

Qi1 = (Mzgn[(HH)® (X'zrlx)71]1\/I(zwz<>1)}Jr
= [(HH) 'eX'T'X){IeI) - [z’[Z(H’H)—lz’]—lz(H’H)—l} ®1I},

Q?,l - |:(Z®I) J(HH)R(X/'S-1X)~ 1]:| —{ ] 1Z(HH 1}®I
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and

!
Qoo = — (z®1)m[(H,H)®(X,271X)71J (HH) @ (X'S'X)]

X(ZOD),mmexs-1x)-1 = _[Z(H) 2] @ (X'S1X) !

Thus the corrected estimate ]§ of the preliminary estimate B is given by the
relation

< ec@) - ({XeDEe (B0} D) g
Vec(a) Qa1
(e I®I>[I®(X'z—lxna®I>}—1<H®I>Q1,1<Hf®I>)
—Q21 (H'®1)
x {I®[(X X) I X'S M vec(Y),
ﬁ = —G[1- (H'H)'Z[Z(H'H) 2| z|(@H) '

+B [MH +HHH) 'Z'[ZHH)'Z]'Z(HH) 'H|,

~
=

C = —G(H'H) 'Z/[z(H'H)"'Z|"' - BHH'H) 'Z/|Z(H'H)'Z/]"!
(cf. the relations (2), (3)). O

Remark 1 The analogous lemma for univariate model without constraints cf.
[2], p. 398, Theorem 9.2.12.

3 Statistical model of experiment

1100 T
D=[6,,, 6, o
1000 - C=l0g; 0,
900 7
800 - : a
700 - u
600~ 7
P3=[B, . By,
° 31 Pa2
500 o P2:[]321, [322] a
o -
P1=[B . B,,]
400 - u
300 —
B=[6_,6_]
A 10, 0,,] B1’ B2
200 L L L
600 800 1000 1200 1400 1600 1800

Fig. 1: Position of the points A, B, C, D and the reference points Pi, P», Ps.
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A deformation measurement is realized according the scheme given by Fig. 1.
Here A, B,C, D are points with given coordinates and the reference points are
described as P;, P», P3. The distances are measured in meters with the standard
deviation o = 0.0lm and the angles are measured with standard deviation
oy = ﬁrad. A model of four epochs experiment is considered in the form
(1) and (4), where the ith column of Y is the observation vector of the ith
epoch, =1, ...4 minus values calculated from approximate coordinates,

VB =011 + (B9 — 0,10
, fo=1£(8").

Y, = D _g,,

arctan ~5—== — arctan %
Bi7 —0a1 Al

A choice of the approximate coordinates 8° is the same for each epoch. Thus
the design matrix

_ 9E(Y)
B 8(6@))/ 6(1):60
is common for all epochs.
Estimation of parameter 3 in each epoch is a base for calculation of param-

eter v in the relations y = v; + 22 + v322 that describe trajectories of the
reference points, e.g. in the case of the reference point P;

BY =1 + 71282 +43(80)2, i=1,2,3,4.

Estimation of parameters 71, 72 and -3 is executed by hnearlzed regression model

with constraint of type II because estimated coordinates ﬁ are result of the
measurement. Therefore the constraint is

BH+CZ+G=0,
where C is a matrix of the parameter v and

2 + 290167 —1 0 0...
H = 0 0 92 + 279,69 —1

18% (B1))?
7 — |1 B3 (69)?

Y

7131 + 7132»321 + 7133(»321)2 - »322
G = | 721 122851 +753(851)° — 852
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4 Numerical example
In the experiment the distances of the reference points from the points
A =1[041,042], B=1[0B1,0B2], C =[0c1,0c2], D= [0p1,0p2]

and the angles between these points are measured. Approximate coordinates
are

Py =[1300.0m, 450.0 m], P, = [1271.4m,498.2m], P; = [1250.0 m,550.0 m].

s 0O 0 0 0 O
0 Oges 0 O O O
s_,2| 0 0 Ly 0 0 0
sl o 0 0 0ss 0 O
0 0 0 0 Lo, 0
0 0 0 0 0 Oges

0iba O O O O O

0 Io.sx 0 O O O

ol o 0 00 0 0 0

Tl 0 0 0 Isas 0 0 |
0 0 0 0 0,4 O
0 0 0 0 0 Iss

02 =(0.01m)? and 02 = (55055 )?, where w is an angle measured in radians.
The origin of the system of the coordinates is moved to the coordinates
[1200 m, 400 m].

The structural designer gives these trajectories:

—222172.44 + 4444.44448,, 22.2222%, B, = 0,
80.35555 + 0.258,, — By = 0,
55705.61 — 2222.22228, + 22.222203 Bs, = 0.

The corrected coordinates B given in meters from the model (4)
the following Table 1:

are given in

1st epoch 2nd epoch 3th epoch 4th epoch
P1 | [99.991,50.005] | [100.008,50.003] | [100.022,49.989] | [100.035,49.979]
P2 [71.413,98.206] [71.431,98.214] [71.444,98.223] [71.464,98.233]
P3 | [50.000,150.004] | [50.008,150.004] | [50.033,150.012] | [50.035,150.023]
Table 1
and

—383388.15 + 7668.54804803,

60.29 +
94104.42 —

0.5309320,,

3757.4866313;, -+

38.34166537,

37.56796733,

Bz = 0,
Bas
Bz, = 0.

I
o
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Although in the model (4) the estimations of the parameter « are different
from the parameter given by the structural designer, the estimated trajectories
are practically the same in the sector in which the movements of the reference
point have been measured.

The figures 2—4 show the specific inconsistence between the theory and the
numerical results. The corrected coordinates should lie exactly on the each
trajectories. The inconsistence evident from the figures seems to be made by
the linearization of the nonlinear model. An influence of the nonlinearity will
be characterized by the bias

where E((?B) is calculated under the assumption that the nonlinear model is
quadratized. The expression

E(3B) - 53

can be obtained in our case from the formula in [1], p. 248, Corollary VI. 2.2.3.5.
For the numerical demonstration we use the relatlons

E(08) — 68 = PE 1y, [CTH/(HC 'H' + ZZ') |0 pdre

for the point P, and

E(08) — 08 = PS 1y, [CT'H/(HC'H' +2Z') ']

< (712008 + 2960812 + 2675065 517)

for the points Py, P3, where C = X'Y71X, §v; = /varv;, 6 = 4 x 1 matrix
containing arbitrary combination of numbers 0,1, —1.
Numerical results verify the influence of the nonlinearity.

E(58) — 6 = —0.002
0.004

~0.002

0.008

0.002

~0.006

0.004

—0.020

for the point P, where o = [0;1;0; 1] and §v2 = 0.053.
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50.02

50.01

50

49.99 -

49.98 -

49.97 -

49.96 -

49.95 -

49.94 I I I I I I
99.98 99.99 100 100.01 100.02 100.03 100.04 100.05

Fig. 2: P;: Estimation of the trajectory + confidence region in the model (4).

98.25

98.245 -

98.24 -

98.235 -

98.23 -

98.225 |-

98.22 -

98.215-

98.21

98.205 -

I I I I I I I
71.4 .41 71.42 71.43 71.44 71.45 71.46 71.47 71.48 71.49 715

98.2

Fig. 3: P»: Estimation of the trajectory + confidence region in the model (4).
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150.05

150.04

150.03

150.02

150.01

150

I I I I I I I I
49.995 50 50.005 50.01 50015 50.02 50.025 50.03 50.035 50.04 50.045

149.99 .

Fig. 4: Ps;: Estimation of the trajectory + confidence region in the model (4).
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Abstract

The estimation procedures in the multiepoch (and specially twoepoch)
linear regression models with the nuisance parameters that were described
in [2], Chapter 9, frequently need finding the inverse of a 3 x 3 partitioned
matrix. We use different kinds of such inversion in dependence on sim-
plicity of the result, similarly as in well known Rohde formula for 2 x 2
partitioned matrix. We will show some of these formulas, also methods
how to get the other formulas, and then we applicate the formulas in es-
timation of the mean value parameters in the twoepoch linear regression
model with the nuisance parameters.

Key words: Inversion of partitioned matrices; Rohde formula; twoe-
poch regression model; useful and nuisance parameters; best linear
estimators of the mean value parameter.

2000 Mathematics Subject Classification: 62J05

1 Notations

The following notation will be used throughout the paper:

R™ the space of all n-dimensional real vectors;
u, A the real column vector, the real matrix;
A'r(A) the transpose, the rank of the matrix A;

67
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M(A), Ker(A) the range, the null space of the matrix A;

A~ a generalized inverse of a matrix A (satisfying
AA-A=A)
AT the Moore-Penrose generalized inverse of a matrix

A (satisfying AATA = A, ATAAT = AT,
(AA+) = AA*, (ATA) = ATA);

P4 the orthogonal projector onto M(A) (in Euclidean
sense);

M,y =I-P,4 the orthogonal projector onto M*(A) = Ker(A');

I the k£ x k identity matrix;

Om.n the m x n null matrix;

1, =(1,...,1) € R¥;

X2 random variable with chi squared distribution
with r degrees of freedom;

X2(1 - a) (1 — a)-quantile of this distribution.

If M(A) C M(S), S positive semidefinite (p.s.d.), then the symbol P5
denotes the projector projecting vectors in M(S) onto M(A) along M(SA™).
A general representation of all such projectors P35 is given by

A(A’S"A)"A'S” +B(I-SS7),

where B is arbitrary, (see [4], (2.14)). M5 =1-P5 .

2 Inversion of partitioned matrices

AB
o= (s ¢)

be (symmetric) positive definite (p.d.). Then

Lemma 1 (Rohde) Let

D! =

B (A-BC'B)"! —~(A-BC'B/)"'BC! W
“\-Cc'B(A-BC'B)"! C!'+C'B/(A-BC'B)!BC!

A"'+A7'B(C-B'A"'B)"'B'A"! —-A"'B(C-B'A'B)"! @
—(C-B'A"'B)"'B'A"! (C-B'A~'B)!

Proof see [1, Theorem 8.5.11, p. 99].
Theorem 1 (Version I) Let
A BD

Q=B CF
D' F' E
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be p.d. Then
Q11 Q12 Qi3
Q'=1 Q2 Q2 Qs |,
Q31 Q32 Q33
where

Q1 = [A-DE'D'— (B-DE 'F)(C-FE'F) (B - FE'D)| !,
Q12 = —Q:(B-DE'F)(C - FE'F) !,
= —(QuuD+ QF)E™ ',
—(C-FE'F) (B’ -FE 'D')Qu: = (Qu2)’,
Q2 = (C-FE'F)"' + (C-FE'F)" (B’ -FE'D')Qy;
x (B—-DE'F)(C - FE'F) !,
Q23 = —(QD + QF)E™,
Qs = —“E'(D'Qu + F'Qa1) = (Qu3),
Qs = ~E'(D'Q12 + F'Qa2) = (Qa3),
Qi3 = ET'+EY(D'QD +D'QoF + F'QuD + FQuF)E™ L.

Proof Let us denote

o-(32) v-(2)

The matrix U is p.d. so that we get with use of Lemma 1, formula (1)
Qi-(U Vv -
“\V' E

(1) (U—VE-1V/)~! —(U-VE V)" lVE~!
"\ —E"'W/(U-VE V)l E'+E'V/(U-VE V) VE!

o0
[

with p.d. matrix

_ —11y/ _ —1gv\ !
(U—VE_lvl)_1:<A DE'D’ B-DE F)

B'-FE'!D’ C-FE'F

An application of Rohde formula (1) again and arrangement give us the desired
result. a

Corollary 1 Inverse of partitioned p.d. matriz

ABD
B'CoO
D' 0 E

s equal to
Q11 Q2 Qi3
Q21 Q22 Qo3 | =
Q31 Qa2 Q33
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Qi1 -Q:BC! —QuDE!
= -C'B'Q;; C'+C'B'Q;;BC™! —Qq DE™! ;
-E'D'Qu: ~E'D'Qq» E-'+E'D'Q;;DE!

where
Q. =(A-BC'B' -DE'D)" ..

Theorem 2 (Version II) Let

A BD
Q=B CF
D' F E

Q11 Qi2 Qi3
Q'=| Qu Qx Qu |,
Q31 Q32 Q33

be p.d. Then

where

Qi = (A-DE'D)"'+(A-DE'D)"'(B-DE'F)Qa
x (B'—=FE'D')(A -DE'D’) !,
Q12 = (A —DE'D) (B - DE"'F)Qy,
Qi3 = —(QuD + QF)E !,
Q1 = —Qxn(B'-FE'D')(A - DE'D’)!,
Q = [C-FE'F - (B'—~FE'D)(A -DE'D')"'(B-DE'F/)| !,
Q23 = —(QD + QnF)E!,
Qs1 = —E7'(D'Qu1 +F'Qu),
Qs = “E7'(D'Quz + F'Qy2),
Qi3 = ET'+EY(D'QiD + D'QoF + QoD + F'QuF)E~ L.

Proof follows directly from the proof of Theorem 1, if we use Rohde formula
(2) instead of (1) in inverting p.d. matrix

(A—DE—lD’ B—DE—lF’>1 5

B’ - FE'D' C-FE 'F’
Remark 1 (Version III & Version IV) We use (1) and (2) in inverting p.d.

matrix
A B
v-(ne)
in .
Qil _ UvVvy)
V' E
2 U4+ U_lV(E — V’U_lV)_1V’U_1 —U_1V(E — V’U_lV)_1
- —(E—V’U_lV)_1V’U_1 (E —V’U_lV)_1 ’

where V = (D', F’)".
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Remark 2 (Version V & Version VI) Let us denote

CF
W:(B7D)7 Z:(F/ E)
in
A BD
Q=|B CF
D' F E
The matrix Z is p.d. and using (1) we get

. A W\ '
C ={w z
eh) (A -WZ'w’')~! —(A - WZ 'W/)"lwZz-!
T\ -Z7'W/(A-WZ W)l Z7 4 Z7 WA - WZ W) T IWZ !
The only thing that remains is to invert Z by (1) and (2).
Remark 3 (Version VII & Version VIII) Using Rohde formula (2) in p.d.

matrix inversion )
Qfl _ A W\
W' Z
we obtain

A+ ATTW(Z - WAIW)ITWA-L —A-IW(Z - WA—IW)~!
—(Z - W'ATITW)"IW/A ! (Z — WA-ITW)~!

with p.d. matrix

_R/' A1 _ R/ A1 -1
(z—W’A—1W)—1=<C B'A~'B F-BA D)

FF-D'A"'BE-D'A"'D
An application of (1) and (2) again give us the result. For
—1

A BD Q11 Q12 Qi3
B CF = | Q21 Q22 Qa3 |,
D' F' E Q31 Q32 Q33

it is interesting to compare Version VIII,
Qi = A7+ A7 (BQxB’ + BQy3sD’ + DQs;B’ + DQssD')A ™,
Q12 = ~A 7' (BQx + DQ32),
Qi3 = ~A ' (BQas + DQs3),
Qa1 = —(Q2B’' + Qu3D)A!,
Q= (C-B'A"'B)"'+(C-B'A'B)"(F-B'A'D)Qs3
x (FF =D'A"'B)(C -B'A™'B) !,
Q2 = —(C-B'A7'B) '(F-B'A"'D)Qs;3,
Q31 = —(Q3B’ + Qz3D)A ™,
Qs = —Qs3(F —D'A™'B)(C-B'A™'B)
Qs = [E-D'A™'D - (FF-D'A'B)(C-B'A"'B)"}(F -B'A"'D)|



72 Karel HRON

with Version I—it’s in the certain sense “dual” form of Version VIII. Similar
comparisons can be done with other couples of formulas.

3 Twoepoch linear model

The theory of the linear regression models is one of the established statistical
disciplines and it may seem that nearly all has been investigated there. But
this is valid only for the simplest structures of the linear models. In the prac-
tice we need to solve more and more complicated problems and investigation
of corresponding structures of models is at the beginning. The formulas are
quite complicated there but easy programmable and it enables us to get the
estimations of unknown parameters in linear models.

The estimation procedures in multiepoch linear regression models with nui-
sance parameters and its application in geodesy were described in [2, Chapter 9].
But in the twoepoch case we can derive the estimations using convenient inverse
of 3 x 3 partitioned matrices much easily so it legitimates to deal with them
specially.

We derive optimum estimators of the useful mean value within a linear
twoepoch model with the stable and variable (nonstable) parameters, when the
data are affected by a systematic (deterministic) influence, i.e. by a noise which
can be described by a linear model and whose parameters called nuisance, are
estimable from results of the measurement. The subject of an interpretation are
changes of the useful parameters in the single epochs and their characteristics
of accuracy.

Sometimes the dimension of the useful mean value parameters is essentially
smaller than that one of the nuisance parameter. In connection with this fact
the problem occurs how to determine the optimum estimators of the useful
parameters and their accuracy without evaluating in each epoch the large vector
of the nuisance parameters.

One of the fundamental types of multiepoch and specially twoepoch model
(which may exist also in the form with the nuisance parameters) was described
in [2, p. 366].

Replicated measurements studying existence of deformation of some object
and its course (if it exists) are realized in separate networks especially con-
structed for this purpose. It consists of a group of supporting points, whose
position is assumed to be stable (this assumption—hypothesis—is verified dur-
ing the measurement), and a group of points, whose movements related to the
position of the stable points, are investigated (the coordinates of the group of
the stable points are a priori unknown). As far as the processing of the mea-
sured results is concerned this means, that in the framework of each epoch and
after finishing each epoch both the coordinates of the supporting points and
the coordinates of the investigated points, are to be determined. The former
serve to verify the above-mentioned hypothesis on the stableness of the group
of supporting points.
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Let us describe another example from the microeconomics practice. The
progress of daily receipts in retail trade in the same months of two following
years is observed. This progress usually consists of weekly period part and trend
part. The weekly period doesn’t change a lot because of conservative behaviour
of the shoppers (i.e. useful stable parameters in expression of the entire linear
model modelling the situation) in contrast to the trend. There is an influence of
the commercial offers, inflation etc. (i.e. variable parameters; we suppose that
the annual changes are not dramatical). The trend can be quite complicated and
we need often only a small fraction of information that it contains. Here, the
nonstable parameters in case of quadratic trend can be divided into the useful
linear term parameter, that gives some pieces of information about increase or
decrease of receipts, and two nuisance parameters (absolute term and quadratic
term). The data in the above mentioned problem are usually characterized by
a large dispersion and dependence among them.

The result of the measurement at the i-th time point in the first epoch could
be described as

Yii = B1cos My + Basin Ay + yit1i + k11 + kiotl; + e, i=1,...,m;
(X is known from periodogram, see [5, p. 92]) and
Yai = fB1 cos Mta; + Bosin Ma; + Yota; + ko1 + Koots; +€2i, i =1,...,m2

in the second epoch. Here (31 cos Atj; 4+ (2 sin Atj; describes the weekly period
(the measurements must begin with respect to this period in both epochs) and
Yitsi + K1+ /ijgt?i, j = 1,2 the quadratical trend in the first and second epoch,
respectively.

Let us consider the observation vector Y = (Y},Y5)". The model described
above could be rewritten in the form

Y1 o X1 W1 0 Z1 0 '8 + €1 (3)
Y2 B Xg 0 W2 0 ZQ Z €9 ’
where
cos At11  sin Mg Ccos g1 sin Atog
Xi=| o Xe=| S
coS At1p, Sin Min, coS Atap, Sin Atap,

Wi = (t11s- .o ting), Wy = (ta1, ... tan,)'s

113 1t
Zy= | ¢ 5 Zy=|: )
1t3,, 113,,

/

B = (61,52), ¥ = (71,72), K = (K11, K12, K21, K22)
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The matrices X, X2, W1, Ws, Z1, Zs are known, the vector 3 is a vector of the
useful stable parameters, v is a vector of the useful variable parameters and
is a vector of the nuisance variable parameters.

With respect to above mentioned, let us consider the linear model (3), called
the twoepoch model with the stable and nonstable parameters and with the
nuisance parameters. We suppose that

e (Y1,Y,) is a (n1 + ng)-dimensional random observation vector after the
second epoch of measurement,

e 3 € RF is a vector of the useful stable parameters, the same in both
epochs,

o v = (v},75)" € Rhtlz is a vector of the useful nonstable parameters in
the first and the second epoch of measurement,

o k = (K|,K)) € R¥152 is a vector of the nuisance nonstable parameters
in first and second epoch,

e X, Xy are ny X k, ng X k design matrices belonging to the vector 3,
e W, is a ny x [; design matrix belonging to the vector v,
e Wj is a ny X [y design matrix belonging to the vector «,,
e 7 is a ny X s1 design matrix belonging to the vector k1,

e 75 is a mo X so design matrix belonging to the vector k.
We suppose that

1. E(Y1) =X18+ Wiy, + Z1k1, E(Y2) = Xo8+ Way,y + Zako,
VB € R* Vv, € Rl Vv, € R2 Vk; € R, YKy € R%2;

(3] (5 2)

3. the matrix ¥; is not a function of the vector (3',v/, k})’ for i = 1,2.

If the matrix (%1 202) is p.d. and

X;W; 0 Z, 0 _
r {<X2 0 W, 0 22)] =k+11+1la+ 51+ s2 <ni+ng,
the model is said to be regular (see [2, p. 13]).
The described model arises by sequential realizations of the linear partial
regression models,

B
Y, = (Xl,Wl, Zl) Y1 | tE1, VaI‘(Yl) =3 (4)
K1
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and

B
Y2 = (XQ,WQ, Zg) Yo + €9, V&I"(Yg) = 22, (5)
K2

representing the model of the measurement within the first and second epoch,
respectively.

Theorem 3 The BLUE, i.e. the best linear unbiased estimator, of the param-
eters B,7;, ki, t = 1,2 in the single first and second epoch modelled by (4) and
(5), respectively, are

1 ):_1

—1,,5 —1,,%
w7y S M

~ (@ -t : -t :
Yo ximoME My X)) TIXSTIMG My Y,

I¢]
. -1 -1 ~(z
70 = (WisTIMG W) wisTME (Y- XiB™Y),

0 = @z Z s (Y - X - WA,

(Version I) and equivalently
~(i —1 -1 .
BY = (xim My X)X MY (Y, - WAL,

st w1
; -1 w-la -1 »w-la

o (1) _ I —1n r 25 i Z; —1yx7/ =1\ 2 i Z;

v = (WiE "My, My Wi) " WS "My My, Yi,

7 = (Z372) 7 2R (Y- X - WAl),
(Version II) for i =1,2.

Proof According to [2, Theorem 1.1.1, p. 13], the BLUE of the vector parameter
(8,7}, K}), i = 1,2, in each epoch separately, is given by

~(4) -1

B X; X;
7.0 =1 Wi | =71 (X, Wi, Z;) W, | =Y.
=@ VA Z,

Using Theorem 1 and Theorem 2, the crucial point of the proof consists in the

fact that .

X/
Wi | 27X, Wi, Z) | =
/A
X;E;lXi ngflwi ngflzi - Q11 Q12 Q13
= | WiZ'X; WiE'W, WiBZ, = | Q21 Q22 Qa3 |,
737X, ZET'W, 723717, Q31 Q32 Qss

1 -1
where (M? =I- P? =1-Z(Z;%;'2,)7'2;27)
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1 —1 -1
Qu = X[ZIM X, - X(B MWW MG W)
271

1 1wy
X WISTIMG X = (XTI M X))

_ Iv—1 Efl ] Is—1 Efl N1
Qi = —QuXiE, My W;(W;X, "M, W,;) ",
1 -1
Qs = —QuIX|E['Z; — X[Z; My Wi(Wis[ M, W,) WS 'z,
X (Zi2712:) 7,
(WS IMET WO IW S IV X
Q21 = (W7El MZi Wl) szz MZ,i Xlel;

1 -1 -1
Qe = (Wi 'My; W)+ (WIS 1My W) 'WiS My X,
_1 -1
x QuX/EIMy W(WiS My, W)Y,
_1 -1
Qs = —(W/E M, W) WIS 12, - WS M X,QuX/E;'Z,
_1 —1 -1
+ WIS My XiQuXiE My Wi(WiS My W)™
x WIS 12, )(Z,27Z:) 71,
-1
Qs = —(Z/37'Z) Z/E]'X; - Z37 W(WiET M, W)
-1
x WiSTIMy X;]Qui,
Qs = —(Z/%7'2) 7 Z/S7'W, - 20571 X,QuXiE My W;
+ZETIWI (WIS IM, W) WIS M
—1 -1
x XiQuX(T; My Wi (WS "My Wy) ™,
Qs = (Zi%;'2:) 7" + (2%, '2:) 7' (2,2, ' XiQuX[®; ' Z;
—1 -1
~Z37X,QuX( T IM, W(WIETIM, W) lwisz,
SRS WIWIET MY W)W MY XQn X2
T2 IW(WISTIMG W) WIS
1 -1 -1
FZEIWI(WIETIM W) TIWIST MY X,QuXiE M W,
-1
x (WIS7 My W) 'WiE1Z,)(Z/x;1Z;) !

and

1 -1 -1

Qu = (X2 My X))+ (X(BTMy X)TIXETMy Wi
1 -1

x WIS IMy X(X(37 1M X)),

1 —1
Qi = —(X|='M) X,)"'X!3; "M W,Qu,
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_1 -1
Qi = —(X[Z'My X)) ' XiE1Z - X5 IMy W,Qe WS 7,
—1 -1 -1
FXIETIM, WiQe WIS M, X (XIE M, X,) !
x X[ 228 2:)
_1 -1
Qo = —QuW;S M, X,(X/Z;'M, X,
1

>
BERTRE e J Y Ve _
Qe = (Wi "M, My % W;) !,

Qo = —Qu[W/S'Z, - WE'M, X;(X/E7'M, X,) 'X|5;'Z,]
X (Zi27Z) 7Y,
Qs = —(Z=7'Z) VZE7'X; - 257 'WiQee WIS My, X, +
-1 -1 -1
Z;S7'X,(XIE7 M X,) T IX(ST M, WQe WIS My X
_ »1t _
x (X}, 1Mzz X)),
Qe = —(Z/37'Z) Z/Z7'W,; - Z37 X (XS] MY, X))
x X[E7'M, Wi|Qoo,
Qss = (Z)3;'Z:) " + (22, 'Z:) 22 ' WiQu WIS, ' Z;
_1 -1
—ZS7WQe WIS My X(XIEIM, X)X S 12,
1 -1
—ZEUIXG(XIETIM X)X My W,Qae WIS 12,
FZEIX(XET MY X)) TIXE 1,
-1 -1 -1
FZETIXG(XETIMY, X)) TIXIET M, WiQeeWIETTM! X
< (XiZ7IMy X)) TIXIETZ)(Z0E 1 2)
respectively. Regarding that
3V = QuXISTLY, + QWIS + QuZislY,,
7,9 = QuXITY, + QuWIELY, + QuZiS Y,
7 = QuXiZ Y 4 QeuWIE Y, + QusZl S Y,
1 =1,2, the proof is complete. o

Notation 1 The model (3) can be rewritten as

Y:(W,Z)(g>+e, (6)

o Y] o X1W1 0 _ Zl 0 _ ,@ _ €1
() vV w) e (52) 0= (5) = (2)
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and
- (%0
E—Var(Y)—<0 22),

so we get the (ordinary) linear model with nuisance parameters.

Proposition 1 In the reqular model (6) the BLUE of the parameter (8, k')’ is
given as

(3) _ ((W’E_ M2 W) 'W'sTIME )Y. -

R @s-'z) s M
Proof See [3, Theorem 1].

Theorem 4 In the regular model (8) the BLUEs of the parameters 8,71, s, K1,
Ko are given as

—1
—1 —1

~ STM M2
B = (X\Z{My! M 2 X + X535 M2 M% = )(2)—1

/ 1 _1]V121 - / 1 P _1]V122
x (X4 27M, MWI Y1+X =M, MW2 Y2),

T = (WM W) Wis MY (Y - X B),
—1 o~

T = (WHS5 "M% Wo) " 'W5 3, M3 (Y, — Xuf),

Rl = (Z\27'Z,)" 12321 (Y1 — X118 - Wi7y),

(

s = (2,55 '2,) 12,551 (Y2 — XaB — Wamy).

Proof According to Notation 1 we can use (7) to get the result. Here

1 »t
ML =l owlzzs 7)) ey = (21 Mz, 0 _— >
0 XMy
thus (we have used Corollary 1)
(WETMZ W)~ =

—1 -1 -1 —1 -1
X/ EIM X+ X085 M2 Xy X(ETIML W X585 IM? W,

—1 —1
= WS M) X, Wis M, W, 0
-1 -1
W55 M2 X, 0 W35 M2 Wy
ca Qi1 Q2 Qi3
= | Q21 Q22 Qa3 |,

Q31 Q32 Q33
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where

Qu
Q12
Qi3
Q21
Q22

Q23

Q31
Q32

Q33 = (W/222—1M§§ W)~

(X3 ME M,

1

ZM2

—Q11X/121_1Mzi Wl(Wﬁgflei Wl)_ ,

—QuX,E; M2 Wo(WHE, M2 Wy) 1,

WM W)W ST IME X
_( 141 Z 1) 141 7 1Qu1,

(WS M} W)~

—1 -1
X QuX4ETIM, Wi (WiSTIMy W)L

_ wt _
(W/121 1Mzi Wl) 1W’12

—1 E;l
1 My Xy

—1 -1
X QuXLE; M, Wo(W5LS5 M2 W)L,

1 —1
— (W55 1M Wo) ' WHE, M2 XoQu,

—1 —1
(WS 'M? Wo) 'WhS;'My? Xo

X S IME W (W S M W)L
X QX33 A (Wi A 1),

—1 -1
X QuX4E; My Wo(W5LS5 M2 W)t

Utilizing that

W' M

1
I —1n a2t

X437 My

soiME
1 A

0

—1
X555 1M,

0 ,
WS M

—1
MZl X1+X, 22 1M22 MW2 Zy X2) ,

—1 -1
L (WIETTM W) TWIETM X

—1 -1
L (WhE5 M2 W) "W S, M2 X,

79

we get (after some calculations) the BLUEs of the useful parameters 3,~1,75.
To get the same for the nuisance parameters k1, Ko it is sufficient to realize that

and

VAV AR/ (

My

g

-

Y,
Y,

-1
My

)~

X1 W; 0

X

0 Wy

)

0

s
pat
Y2

G AR
(2,%7'2:) ' 245

Y1 - X8 - Wi,
Yo — X8 - Wav,

Y=Y-WWz 'MZ W)Wz 'MZ'Y

:< )

)
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Remark 4 Regarding that 3; and 35 are supposed to be positive definite, we
can write (see [2, Lemma 10.1.35, p. 441])

_ »! _ _ _ _ _
UM = 57 - ST 20 (2871 20) 2B = (M, 21 Mg, )T
—1
Eglng =3 = 371 Z2y(2435 ' Zy) 235 = (M, EMy,) T,

respectively.
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Abstract

In this paper, we obtain some stability results for Picard and Mann
iteration processes in metric space and normed linear space respectively,
using two different contractive definitions which are more general than
those of Harder and Hicks [4], Rhoades [10, 11|, Osilike [8], Osilike and
Udomene [9], Berinde [1, 2], Imoru and Olatinwo [5] and Imoru et al [6].

Our results are generalizations of some results of Harder and Hicks
[4], Rhoades [10, 11], Osilike [8], Osilike and Udomene [9], Berinde [1, 2],
Imoru and Olatinwo [5] and Imoru et al [6].

Key words: Stability results; Picard and Mann iteration processes.

2000 Mathematics Subject Classification: 47H06, 54H25

1 Introduction

Let (X,d) be a complete metric space, T : X — X a selfmap of X. Suppose
that Fr = {p € X | T'p = p} is the set of fixed points of T'. Let {z,,}, -, C X be
the sequence generated by an iteration procedure involving 7' which is defined
by

Tpnt1 = f(T,x,), n=0,1,2,... (1)
where xg € X is the initial approximation and f is some function. Suppose
{z,,},2, converges to a fixed point p of T. Let {y,}°>, C X and set

€n :d(yn+1af(T7yn))v TL:O,].,Q,...

81
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Then, the iteration procedure (1) is said to be T-stable or stable with respect
to T if and only if lim,,_, €, = 0 implies lim,,_, o y, = p. If in (1),

f(wan):Txnn n:051725"'a

then we have the Picard iteration process, while we obtain the Mann iteration
if
F(Tzn) =1 —ap)r, +apnTr,, n=0,1,2,..., a, €[0,1].

Several stability results have been obtained by various authors using differ-
ent contractive definitions. Harder and Hicks [4] obtained interesting stabil-
ity results for some iteration procedures using various contractive definitions.
Rhoades [10,11] generalized the results of Harder and Hicks [4] to a more gen-
eral contractive mapping. In Osilike [8], a generalization of some of the results
of Harder and Hicks [4] and Rhoades [11] was obtained by employing the fol-
lowing contractive definition: there exist a constant L > 0 and a € [0,1) such
Ve,y € X,

d(Tz,Ty) < Ld(z,Tx) + ad(z,y). (2)

Condition(2) is more general than those of Rhoades[11] and Harder and Hicks[4].
As in Harder and Hicks [4], Berinde [1] obtained the same stability results for
the same iteration procedures using the same contractive definitions, but applied
a different method. The method of Berinde [1] is similar to that employed in
Osilike and Udomene [9] .

Recently, Imoru and Olatinwo [5] obtained some stability results for Pi-
card and Mann iteration procedures by using a more general contractive condi-
tion than those of Harder and Hicks [4], Rhoades [11], Osilike [8], Osilike and
Udomene [9] and Berinde [1]. In the paper [5], the following contractive defi-
nition was employed: there exist a € [0,1) and a monotone increasing function
¢ : RNy — RNy, with ¢(0) = 0, such that Va,y € X,

d(Tx, Ty) < ¢p(d(x, Tx)) + ad(z, y). (3)

A function h : 4+ — R4 is called a comparison function if:
(i) h is monotone increasing;
(ii) lim,—oo A™(t) =0, ¥Vt > 0.
We remark here that every comparison function satisfies the condition ~(0) = 0.
It is our purpose in this paper to obtain some stability results by applying
two different contractive definitions using again the method of Berinde [1]. We
shall use the following contractive definitions:
I) there exist a constant ¢ € [0,1) and a monotone increasing function @ :
R+ — R4 with ®(0) = 1, such that Vz,y € X,

d(Tz,Ty) < ad(z,y)®(d(z, Tz)), (4)
II) there exist a constant L > 0 and a function ¥ : £, — R, such that

Vr,y € X,
(T, Ty) < W(d(z,y))e" T (5)
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where ¥ may be a comparison function or just a monotone increasing function.

The contractive conditions (4) and (5) are independent as the right-hand side

of (4) cannot be obtained from the right-hand side of (5) or vice-versa.
Condition (4) is more general than (2) in the following sense: If in (4),

ku
—\ k>0, d(z, 0, Ve,y € X, = , u € Ry,
i) (z,y) # y #Y +

then we obtain the condition (2).
Also, if in (4), we have

D(u) =1+

d($7y) 7&07 V$7y6X7 x#y7 UE§R+7

where ¢ is also a monotone increasing function, then we obtain condition (3).
Also, if ®(u) = 1, Yu € R4, then we have the strict contraction employed in
Harder and Hicks [4], Zeidler [13] and Berinde [1,2].

Similarly, condition (5) is more general than (2) in the sense that
if in (5),

U(u) = (au + Ld(z, Tz))e X4@T2) 4 c0,1), L >0, ue R, Vz € X,

and if ¥ is monotone increasing, then we obtain the condition(2).

Again, if U(u) = au, a € [0,1), w € R} and L = 0 in (5), then we get the
strict contraction employed in Harder and Hicks [4], Berinde [1,2] and also in
the classical Banach’s contraction mapping principle discussed in Zeidler [13]
and other standard texts on the fixed point theory.

Moreover , if in (5),

U(u) = (Y(u) + Ld(z, Tx))e X1@T) - vre X weRy, L>0,

and if ¥ is monotone increasing and 1 is a comparison function, then we obtain
the contractive mapping of Imoru et al [6].

However, we obtain the contractive definition employed in the extension of
the Banach’s contraction mapping principle due to Berinde [3] if L = 0 in (5).
See also Berinde [2] for detail on the various generalizations of the Picard—
Banach—Caccioppoli theorem.

We shall employ the following Lemmas in the sequel.

Lemma 1 (Berinde [1]) If 6 is a real number such that 0 < 6 < 1, and
{en}5% is a sequence of positive numbers such that lim,_,o €, = 0, then for
any sequence of positive numbers {un }°2, satisfying

Unp+1 S(Sun+€n7 n:O,l,... (6)
we have

lim u,, = 0.

n—oo
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Remark 1 The proof of this lemma is contained in Berinde [1].

Lemma 2 Ift : Ry — Ry is a subadditive comparison function and {e, },~_, is
a sequence of positive numbers such that lim,,_. ., €, = 0, then for any sequence
of positive numbers {un}, satisfying

unﬂ é Z(Smwm(un)-l-ﬁn, TL:O,].,2,..., (7)
m=0

where Y > o 0pm =1, 80,061,...,d5 € [0,1], we have

lim u,, = 0.
n—oo

Remark 2 The proof of this Lemma is contained in Imoru et al [6].

Remark 3 If 6, = 0in (7), K = 1,2,...,s, then we obtain the Lemma 1 of
Berinde [1] with 0 < §, < 1.

Remark 4 If 6 =1 and §, = dy = 93 = -+ = 051 = 05 = 0 in (7), then we
obtain a stability result for the Picard iteration process.

Remark 5 We have a stability result for the Krasnoselskij iteration procedure

if50=51=1/2and52:53=---:58201n (7)

Remark 6 We obtain stability results for the Mann and Schaefer’s iteration
processes if g+ 01 = 1,93 =93 = =05 =0 in (7).

Remark 7 If 6o+ 01 + 92 =1,93 =04 =--- = s = 0 in (7), then we obtain a

stability result for the Ishikawa iteration procedure.

Remark 8 If an:o dm =1 (i.e. s = k) in (7),then we have a stability result
for the Kirk’s iteration process.

2 Main Results

The following are stability results for the Picard iteration process.

Theorem 1 Let (X,d) be a complete metric space and T : X — X a selfmap
of X satisfying (4). Suppose T has a fized point p. Let xo € X and let

anrl:f(Taxn):Txnv n=0,1,...
be the Picard iteration associated to T. Suppose also that ® : Ry — R4 is a

monotone increasing function such that ®(0) = 1. Then, the Picard iteration is
T-stable.
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Proof Let ¢, = d(yn+1,Tyn), n=0,1,... and suppose lim, . €, = 0. Then,
we shall establish that lim, . y, = p. using (4) and the triangle inequality.
Therefore,
d(ynJrlyp) < d(yn+17 Tyn) + d(Tynyp)
= én + d(Tyn, Tp) = d(Tp,Tyn) + €n < ad(p, yn)2(d(p, Tp)) + €n
= ad(yn,p)®(0) + €, = ad(yn,p) + €n. (8)
Since a € [0, 1), using Lemma 1 in (8) yields lim, oo Yn = p.
Conversely, let lim,, .o yn = p. Then, by (4) and the triangle inequality, we
have
€n = d(ynJrla Tyn) < d(ynJrlyp) + d(pa Tyn) = d(yn+1ap) + d(Tpa Tyn)
< d(Yn+1,p) + ad(p, yn)2(d(p, Tp)) = d(Yn+1,p) + ad(yn, p)(0)
= d(Yny1,p) + ad(yn,p) — 0 asn — ooc. U

Theorem 2 Let (X,d) be a complete metric space and T : X — X a selfmap
of X satisfying (5). Suppose that T has a fized point p. Let zo € X and let

anrl:f(Tvmn):Tmny n=0,1,...,

be the Picard iteration associated to T'. Suppose that ¥ : Ry — Ry is a com-
parison function (or just a monotone increasing function) which is continuous.
Then, the Picard iteration is T-stable.

Proof Let ¢, = d(yn+1,Tyn), n = 0,1,..., and suppose that lim, . €, =
0. Then, we shall establish that lim,, . y, = p, using (5) and the triangle
inequality. Therefore,

d(ynJrlyp) S d(yn+17 Tyn) + d(Tynyp)
= €, + d(Tyn, Tp) = d(Tp, Tyn) + €n < U(d(p, yn))el? TP 4 ¢,

= U(d(yn,p)) + €n- 9)

Applying Lemma 2 in (9) yields limy, 00 yn = p.
Conversely, let lim,,_, ¥ = p. Then, by (5)and the triangle inequality, we
obtain

€n = d(WYnt1, TYn) < d(Yn+1,p) +d(p, Tyn) = d(Yn+1,p) + d(Tp, Tyn)
< d(yn+17p) + \I’(d(p, yn))eLd(nTp)
= d(Yn+1,p) + Y(d(Yn,p)) = 0 asn — oo. O

Remark 9 Theorem 1 is a generalization of Theorem 3.1 of Imoru and Olatinwo
[5], while Theorem 2 is a generalization of both Theorems P1 and P2 of Imoru
et al [6]. Also, each of the Theorem 3.1 of [5] and Theorems P1 and P2 of [6]
is itself a generalization of Theorem 2 of Harder and Hicks [4], Theorem 1 of
Rhoades[10, 11], Theorems 1 and 2 of Berinde [1], Theorem 1 of Osilike [8] as
well as Theorem 4 of Osilike and Udomene [9].
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We now establish some stability results for the Mann iteration process.

Theorem 3 Let (X,||||) be a normed linear space, and T : X — X a selfmap
of X satisfying (4). Suppose T has a fized point p. Let x, € X and let

Tpp1 = f(Tozn) = (1 — an)zn + anTa,, o, €[0,1], n=0,1,...,

be the Mann iteration process such that 0 < a < ay,, n = 0,1,2,... Let
¢ : Ry — Ry be a monotone increasing function such that ®(0) = 1. Then, the
Mann iteration process is T-stable.

Proof Let ¢, = ||ynt1 — (1 — an)yn — @nTyn||l, n = 0,1,... and suppose
that lim,_ €, = 0. Then,we shall prove that lim,_,. y» = p, by (4) and the
triangle inequality: Therefore,

Yn+1 =Dl < Nynt1 — (1= an)yn — anTynl| + (1 — an)yn + anTyn — pl|
en +|[(1 — an)yn + anTyn — (1 — an + an)p||
= [|(1 = ) (yn — p) + an(Tyn — p)|| + €n
< (1= an)llyn — pll + anl|Tyn — pll + €
= (1= an)llyn — pll + an||Tyn — Tp[| + €n
(1 = an)llyn — pll + anallp — yul|2([lp — Tpl]) + €
(1 = an)llyn —pll + o allyn — pl|2(0) +€n
(1 = an)llyn = pll + acn|lyn — pll + €n
[1 —(1- a)an]Hyn —pll+en
< [1 - (1 - a)a]”yn _p” + €n. (10)

IA

Using Lemma 1 in (10) since 0 <1 — (1 — a)a < 1, we obtain

lim y, = p.

n—00

Conversely, let lim,,_, o ¥» = p. Then, by (4) and the triangle inequality, we get

€n = ||yn+1 - (1 - O‘n)yn - anTyn||
<yn+1 =2l +lp— (1 = an)yn — arTynl|
= ||yn+1 —p|| =+ ||(1 —Qp + ozn)p - (1 - an)yn - anTynH
= ||yn+1 —p|| =+ ||(1 - Ozn)(p— yn) +an(p_Tyn)||
< ynt1 = pll+ (1 = an)llyn — pll + anllp — Tynl|
= [yn+1 = pll + (1 — an)llyn — pl| + an|[Tp — Tynl|
< |lyn+1 = pll + (1 = an)llyn — pll + anallp — yul|2(|[p — T'p|])
= [|yn+1 = pl| + (1 — an)llyn — pl| + anallyn — pl|¢(0)
= [lyn+1 — ol + [1 = (1 — @)an]||lyn — pl|
< ynt1 —pll +[1 = (L —a)a]llyn —pl| = 0 asn — oo. =
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Theorem 4 Let (X,||-]|]) be a normed linear space and T : X — X a selfmap
of X satisfying (5). Suppose that T has a fixed point p. Let xg € X and
let xpy1 = f(T,zn) = (1 — ap)zy + anTay, a, € [0,1], n = 0,1,..., be
the Mann iteration process such that 0 < o < a,, n = 0,1,2,... Suppose
that ¥ : Ry — Ry is a comparison function (or just a monotone increasing
function) which is continuous. Then, the Mann iteration is T-stable.

Proof Let ¢, = ||ynt+1 — (1 — an)yn — @ Tynl||, n = 0,1,..., and suppose that
lim,,— o €, = 0. Then, we shall prove that lim, . y» = p, by using (5) and the
triangle inequality. Therefore,

Yn+1 =Dl < Nynt1 — (1 = an)yn — anTynl| + (1 — an)yn + anTyn — pl|
en +|[(1 — an)yn + anTyn — (1 — an + an)pl|

= [|(1 = ) (yn — p) + an(Tyn — p)|| + €n

< (1= an)llyn — ol + anl|Tyn — pll + €n

= (1 —an)llyn — pll + anl|Tyn — Tpl| + €n

= (1 = an)llyn — pll + anl|Tp — Tynl| + €n

< (1= an)llyn — pll + an¥(|lp — yal)e P~ 1 ¢,

= (1 —an)llyn — pll + an¥(|lyn — pl]) + €n

< (1= )lyn —pll + a¥(l[yn — pI]) + €n. (11)

By applying Lemma 2 in (11), we obtain
lim y, = p.
n—oo

Conversely, let lim,_,oc yn = p. Then, by using (5) and the triangle inequality,
we have

€n = ||yn+1 - (1 - an)yn - anTyn”
< ||(yn+1 —p|| + ||p - (1 - an)yn - anTynH
= ||yn+1 —p|| + ||(1 —ap +an)p— (1 —an)yn — anTynH
= [lynt+1 = pl| + [(1 — an)(p — yn) + anlp — Tyn)||
< yna1 = pll + (1 = an)llyn — pl| + an¥(||p — yn| e IIP-T7Il
= |[yn+1 — pll + (1 = an)|lyn — pl| + ¥ (|lyn — pl]) — 0
< yn+1 —pll + @ = d)[lyn = pl[ + @¥(|lyn —pl]) = 0 asn — cc.

Remark 10 Theorem 3 is a generalization of Theorem 3.2 of Imoru and Olat-
inwo [5], while Theorem 4 is a generalization of Theorem M of Imoru et al [6].
Moreover, each of both Theorem 3.2 of [5] and Theorem M of [6] is itself a
generalization of Theorem 3 of Harder and Hicks [4] ,Theorem 2 of Rhoades [10,
11] and Theorem 3 of Berinde [1].
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Remark 11 If in (4), ®(u) = el%, L > 0, or, in (5), ¥(u) = au, a € [0,1),
u € R4, then we obtain the following contractive definition: there exist a € [0,1)
and a constant L > 0 such that Vz,y € X,

d(Tz, Ty) < ad(z, y)eld@T), (12)
By Remark 11, we obtain the following corollary to Theorems 1 and 2.

Corollary 1 Let (X,d) be a complete metric space and T : X — X a selfmap
of X satisfying (12). Suppose that T has a fized point p. Let x, € X and let

xn+1:f(T7xn):Txna n:051725"'
be the Picard iteration. Then, the Picard iteration is T-stable.
In a similar manner, we obtain the following corollary to Theorems 3 and 4.

Corollary 2 Let (X,||-||) be a normed linear space and T : X — X a selfmap
of X satisfying (12). Suppose that T has a fized point p. Let xo € X and let

Tpp1 = f(Tyzn) = (1 — an)zn + anTx,, o, €[0,1], n=0,1,...

be the Mann iteration process such that 0 < o < . Then, the Mann iteration
process is T-stable.
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Abstract

Unknown parameters of the covariance matrix (variance components)
of the observation vector in regression models are an unpleasant obstacle
in a construction of the best estimator of the unknown parameters of the
mean value of the observation vector. Estimators of variance componets
must be utilized and then it is difficult to obtain the distribution of the
estimators of the mean value parameters. The situation is more compli-
cated in the case of nonlinearity of the regression model. The aim of the
paper is to contribute to a solution of the mentioned problem.

Key words: Variance components; nonlinear regression model; lin-
earization region; insensitiveness region.

2000 Mathematics Subject Classification: 62F10, 62J05

1 Introduction

The regression model is assumed to be of the form

Y ~, (f(ﬁ)azp:ﬁivz) ,
im1

*Supported by the Council of the Czech Government MSM 6 198 959 214.
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where Y is an n-dimensional random vector (observation vector) with the mean
value equal to f(3), 3 € R* (k-dimensional Euclidean space) and the covariance

matrix equal to > ©_, 9;V;. Here ¥ = (¥1,...,9,) is a p-dimensional vector of
variance components and ¥ € ¥ C RP; ¢ is an open set in RP. The symmetric
and positive semidefinite (p.s.d.) matrices Vy,..., V), are given and all variance

components are positive.

The problem is to find a decision whether the model can be linearized (with
respect to B) and estimators of the variance components (1) can be used in-
stead of the true values in estimation of 3. One of the possible approaches is
demonstrated in the case of the bias of the estimator of 3.

2 Preliminaries

In the following text it will be assumed that the model considered can be char-
acterized with sufficient accuracy as

Y —fy~ N, <F66 + %n(éﬁ), Xp:m\a) (1)
i
where
=80, F= 0| k08) = [a(30). .. a8,
k:(08) zéﬁ'fjg(;) a8 =1,

and the vector (3, is as near as possible to the true value 3" of the parameter 3.
The linear version of the model considered is

p
Y —f,~ N, <F56, Zﬁm) 0B € R Iy (2)
=1

The regularity of the model will be assumed in the following consideration,
i.e., the rank of the matrix F is r(F) = k < n, and V{9 € 9}X(9) = >.0_, 9, V;
is positive definite (p.d.).

Lemma 2.1 In the model (2) the ©9-LBLUE (locally best linear unbiased es-
timator) of the parameter 3 is B = By + 63, where

0B = [F'(37 (90)F] ' F'S ™ (8)(Y — o)
~ Ni, (08, [F'(Z7" (90)F] ' S(0")[F' (S} (90)F] ") .

Here 9" is the actual value of the vector parameter 9.

Proof is well known and therefore it is omitted.
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The notation S4 (A is any n x n matrix) means the matrix with the (4, j)-th
entry equal to

{Sa}i; = Te(ViAV,A), i j=1,....p.

Further (MpXoMp)T is the Moore-Penrose generalized inverse of the matrix
Mp3XoMp, Mp =1—Pp = FF" (in more detail cf. [7]).

Lemma 2.2 Let in the model (2) the matriz S(r.sn, )+ be regular (Zo =

[ 1950)V¢,19(0) is the value of the parameter 9 as near as possible to the
actual value 9*). Then the ¥9-MINQUE (minimin norm quadratic unbiased
estimator; in more detail cf. [8]) of the vector ¥ is

(Y — o) (MpEoMp)*Vi(MpEMp)* (Y — fo)
; —1 .

V=8 rrpsonre)t :

(Y —£5)(MpEoMp)TV,(MpXMp)t (Y — f;)

In the case of normality the variance matriz of this estimator is Vary, ('[9) =

-1
28 (Mpso M)t

Proof Cf. [8].

3 Influence of nonlinearity on the estimator of ¥

Lemma 3.1 In the model (1) the bias of the estimator from Lemma 2.2 at the
point B s
H,(5,@)(MF20MF)+V1 (MFE()MF)JrK,((Sﬁ)

Lot

Epgy0(9)—09 = ZS(MXEOJWF)-%—

K/((Sﬁ)(MFEQMF)+VP(MFEQMF)+I<.‘,((S,@)
Proof It is valid

Eﬁo,19 [(Y - fO)/(MFEOMF)+Vj (MFEOMF)+(Y — fo):|

= Eg,0(Y — fo)’(MFEOMF)+Vj(MFEOMF)JrEﬂwg(Y — 1)
+ Tr I:(MFEOMF)J’_VJ'(MFZOMF)J'_Z(ﬁ)}

Now it is sufficient to use the equalities
1
Eﬂoﬂg(Y — fo) = F(S,@ + 5!‘-‘,((5,@)

and

Tr [(Mp2oMp) " V;(MpEoMp)*2(9)] = {Spsone+ }; . 9- 0

s
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Let the Bates and Watts intrinsic measure of nonlinearity [1] at the point
(8o, o) be denoted as Kézm)(,@o),

/ -1 2:0_1
KE(3) = sup {Wu (08)55 M k(0B) . Rk}.

SBF'E; RIS

Theorem 3.2 Let Cy = F'S'F. If

2
56/Cod < —p——
K’l90 (/60)
then p
V{i =1,...,p} [Bpp0(Ds) = 0] < [kisle?,
=1
where

K= (i ki) = {STlpmonrers |, Diag@0)] ', i =1,..,p.

Proof Let ¢ = ((1,.. .,ép)’, where
G = (Y — o) (MpEoMp) TV, (MpEoMp) (Y — ), i=1,...,p.

Then, with respect to Lemma 3.1

Egy9(¥) —9 =
= S(AZFEUMF)+ [Eﬂo,ﬂ(C) - S(MFEOJVIF)JJ?}

) K (68)(MpXoMp)TVi(MpXoMp) Tk(50)
(A}[FZOMFVZ
Fé/((s,@)(MFEoMF)+Vp(MFE()MF)+KJ(5ﬁ)
= S soniey [ Diag(¥o)] ' Diag(to)
I%/((S,@)(MFEQMF)+V1(MFZQMF)+I<,((S,@)

X = .
Fé,((s,@)(MFEoMF)+Vp(MF20MF)+Fé(5ﬁ)
K, : K (68)(MpEoMp) 9V Vi (MpEoMp)*k(53)

: 4 .
kj K/ (08)(MrSoMp) TSV, (MpEoMp)tk(58)
The inclusions M(V;) = {V,u : u € R"} C M(Xy), i = 1,...,p, are a

consequnce of the assumption that the matrices Vy,...,V, are p.s.d. and
¥; >0,i=1,...,p. These inclusions imply

K (58)(MpEoMp) 0V, (MpEoMp)tk(58)
§ K,/((S,@)(MFEoMF)JrE()(MFE()MF)JrKJ((Sﬁ) = K,,((Sﬁ)(MFEoMF)JrFé((Sﬁ).



Variance components and nonlinearity 93

Thus we obtain

|Egy.0(D;) — Zk,jm (68)(MFpEMp) 9V (MpSoMp) T k(68)

Hu

p
ZZ 151K/ (08)(MFSoMp)* k(58).

Now the definition of K éim)(,@o) can be used and thus

K(58)(MrSoM ) s(56) < (K(8,)) (658'Cos)”

If 5
68/CodB < 7§
(Bo)
then
K (6B)(MpXoMp)Tk(68) < 42
and also
12 p
|E50119 ZZ: ’j|l‘é (5,@ MFE()MF Z ’j|62, 0

4 Linearization region

In the case of the model (2) when variance components are known, then the
BLUE of 8 is .
B=[FX '(9F 'FE'W)Y.

This estimator is biased in the model (1) and
N 1 _ _ _
b= F3(B) - B = 5[F'=7 (9)F] "F'Z7H(9)k(58).

Let the Bates and Watts parametric curvature at the point (3,, o) be
denoted as Ké’;ar)(,ﬁo)

o ®/(06) 5P K(3B)
O

Lemma 4.1 Let in the model (1)
2e
/s —1
OB F'E(99)FiB < (pm)(,@())

Then

v{h € R*}|h'b| < a\/h’[F’E_l(ﬂo)F]*lh.
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Proof Cf. in [4] and [6].

Remark 4.2 Theorem 3.2 and Lemma 4.1 show that the regions of linearization
for ¥

Ly = {w OB F'E (90 FB < #(6)}
0

and for the bias b

Ly = {w L SB'F'S 1 (90)Fop < %(ﬁ)}
0

’19 0

have the same shape, i.e. we have to use the smaller of them. Usually £, C Ly.

The necessary condition for efficient utilization of Theorem 3.2. and Lemma
4.11is 68" € L, N Ly and at the same time the difference ¥* — 1999 must be in so
called nonsensitivenes region which is in more detail described in the following
section.

5 Nonsensitiveness region

How the small shift 69 of the parameter  can change the statistical properties
of the estimator 3(4) is given in the following statement.

Lemma 5.1 Let
h’B(Y o + 59) = h’[F’2*1(190 + 00)F]'F'E 1 (9 + 69)Y
'BY, 190) W[F'S7(90)F] ' F'S7(90)Y,
= 6(Y7’l90)

Then

(i) WB(Y, 9 + 69) = WB(Y,00) — L} Z(09)Z ! (Io)v,
where 2(39) = S°P_ §9;V; and L) = h'[F'S1(90)F|'F'S ().

(ii) Eg(L;E(69)E " (9)v) = 0.

(iii) covg, (ng(éﬁ)z—l(ﬁo)v,é(ﬁ190)) =0
Proof Cf. [2] and [3].
Corollary 5.2 Let

LV,
W = : Mp(Z(90)Mp] T (ViLp, ..., VyLy).
LV,
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Then
Vary, [0/ 3(Y, 90 + 69)] = Vary, [h'3(Y,0¢)] + 69 W, 59.

If an experimenter can admit

\/Varlgo 'B(Y,0)] 4+ 69 W9 < (1 + 6)\/Var190 '3(Y, )],
then 69" must be in the region
Niy = {50 : 50'W),50 < 221 [F'S 7' (90)F] ' h}.

In order to recognize whether §3* and §9* are in the regions £,NLy and Ny,
respectively, we must have some information an an accuracy of the estimators
,fa' and 9.

The first orientation on the confidence region of the parameter 3 is the set

&= {08 (08— 3B)F'S ™ (90)F (98— 48) < xF(0,1-a)},

where x2(0,1 — «) is the (1 — a)-quantile of the central chi-square distribution
with k degrees of freedom.

Unfortunately the confidence region for the parameter 1 is not known, how-
ever some information on it we can obtain by the help of the following lemma.

Lemma 5.3 Let

P
Y~ Naffo + FOB+ 5r(58), D2 0.V,

=1

Then

59 (282

—1 2
(MFZOMF)+) 0 <t

=v{i=1,...,p} [0, < t\/2{S(A;FZOMF)+}i,i.

Proof It is a direct consequence of Theorem 2.2. in [5]

Remark 5.4 If the real number ¢ > 0 is sufficiently large such that

19; — 97| < t\/Q{S&vlszoMF>+}m i=1,....p,

occur with certainty (with sufficiently high probability), then we can be practi-
cally sure that the actual value 9" of the vector ¥ is in the domain

Ko = {59 (00 = 30)'S (a1, w110+ (69 — 59) < 262}
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6 Inference on linearization

A comparison of the sets &g, Ky, Ni, Ly, Ly leads to a decision whether the
considered model with unknown variance components can be linearized. In the
first step we shall take into account the following lemma.

Lemma 6.1 Let ¥ be given. Then for any T > 0 the notation ¥, means 7.
(i) K(790) = {80,110y §, [Dins(r0)] ™" = 7K (o).
(1) S(Mps, 9 Mp)+ = T2S(Mps ) Mp)*+-
(iii) K5, (Bo) = V7K " (Bo).
(iv) Wi (T90) = : W (o).
Proof The statements are direct consequences of definitions.

Corollary 6.2 If

Z ki (90)leT < e2 \/{2SMIFE%MF)+ }i i

=1

then

W > 0p 3 g (rooled < eay [ {285k e ),

j=1
(consequence of Lemma 6.1 (i) and (ii)).

1519/ h(’ﬁo)(S’ﬁ = 5’(9/ h(T’ﬁo)(s’ﬁ S 263 Varﬂgo [h/,@(’r’ﬂo)]
- W W
= 72¢3 Vary, [h'ﬁ(ﬂo)]

(it is to be remarked that B(m9¢) = B(¥0)). The last inequality can be inter-
preted as follows. If the value ¥g is changed into 79, then the admissible shift
09 1is changed into the shif \/TV.

Now the sequence of the steps necessary to make a decision can be described.
(i) When the values ¥ and &5 are chosen the value €7 is determined in such
a way that

n
Z ’j 190 |€1 = 52\/{2S(N[F2190MF)+}’L’7:7 i=1..p

(it implies |Ey, (191) — 94| < e24/ Vary, (191), i =1,...,p, i.e. biases caused by
nonlinearity can be neglected). Thus we determined the region Ly,, i.e.

_ 2e1
Ly, =108 :08F X 'F6og< —— %
0 { Yo K(mt) 3 )

o (Bo
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(if) To choose the value €3 and to determine the set
Ny = {519 L 59" W, (90)00 < 2e; Varg, [h’fa‘(ﬁo)} } .

Shifts d9 inside the set A}, does not enlarge the standard deviation of the

estimator h’g,[\i' more than 34/ Vary, (h’B).

(iii) To check the inclusions g C L, N Ly and

Ky = {u : uIS(]V[FE ]V[F)+u/2 < t2} C N

90

If these inclusions are satisfied (the actual value §3" of §3 is suffiently small
for the bias of the estimator ¥ and the actual 69" is with high probability
in the nonsensitiveness region), then the model with the estimated variance
components can be linearized and the estimates 9 can be used for the estimation
of 3 without any essential deterioration of the statistical properties.

However if the last inclusion is not satisfied, then the model with unknown
variance components cannot be linearized and it would be necessary to prepare
another experiment in order to make the estimators of 9 more precise. In more
detail it is shown in the next section.

7 Numerical example

Two points A and B with coordinates (0,0) and (0,800) are located in a
plane. Third point P is determined by measurement of the angles ZBAP
and ZPBA, respectively, and distances AP and BP. The coordinates and
distances are given in meters, angles are given in sexagesimal system. Measure-
ment are stochastically independent, the variance in measurement of angles is
o2 = (10")? = (10/206264.806 rad)? = (4.848 x 107° rad)? and the variance
in measurement distances is 0% = (0.05m)?. Each angle is measured M (= 2)-
times and each distance is measured N (= 2)-times. The approximate value of

the parameter 3 is
ﬁ(o) _(107.180
~\ 400.000 /

Thus the quadratized version of the model can be written as

(0)
Y, fl(o) F, k1(68)
Y, fs Fs L[ k2(68) 2 2
Y, ~ Nopryon féo) + F, 08+ 5 K3(5ﬁ) ,awV1 + UDVQ ,
Y, f(o) Fy K4 (5ﬁ)
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where

f;

f3
£

(0)
Qup

Fy

F,

F3

F, =

fi

K1 ((5,@)

Ko ((5,@)

f‘is(fm)

K4 (5,@)

vV, =

Let

1y ef=1y® <_ Sln(aBP), COS(aBP)> 7

M(fif] + 1)  N(f3f, + £,£)] "
Ci,j:fq;/|: (£1£] + ££7) (f5f3 + 44)} £, i

Lubomir KUBACEK, Eva TESARIKOVA

B B
tan —=, fy = arctan ————
arctan 3, 2 = arctan 3, —800°

— B, —8002 + 85, = \/B + B,

Brall 60 =taalh 10 = 1500, 10 =100,

750, ol9) =150°, D), =800.000 DY) =414.110,

. (0) (0)
—sin(a cos(a
1y xfi=1y® ( EO)AP), ((O?P)> )
L AP L AP

(0) (0)

0 0
o)

=1yefi=1y® (cos(ag},),sin(agl)))) ,

Ly @£ =1y @ (cos(afp) sin(af}))

~ 0.9659258 0.2588190 , _ {_0.5000000 0.8660254
414.110 ° 414110 )7 2 ’

~800.000 © 800.000
(—0.8660254, 0.5000000), f; = (0.2588190, 0.9659258),

261" 5" (B ~(817)
Ly @68 | (OF T 0P | o
[+ B2 +(B0)2P2
25, ~800)5;”) (8, ~800) — (557)*
Lay @68 | (o 0nrOa VP 100 “80n s ) | o

(81 —800)2+(85)2127 [(B” —800)2+(85”)2]2

(B5)? __ (BV-800)5{”
r| B —s00)2+(85)2132 7 (81" —800)2+(857)2]3/2 '
Iv@OB | T (50 s00)s® (8 —s00)* o8
(817 —800)2+(857)2]3/27 (817 —800)2+(8 )2]/2
(B2 8106,
©)y)2 ON213/27 (302 (0)y213/2
Iy ® 56, [(B, ),;E(()?Qéog ] [(B, 26?551)322 )2] 5ﬁ/,

B2 (821327 (B2 4(87)23/2

Ionr2nrs O2nr 2N V, = O2n7,20, O2nr2N
O2n,201, Oonon ) Oan2nr, Tonan

=1,2.

)

()3 CR



Variance components and nonlinearity 99

Then
g L [11], _ (397X 1017, 5.9 x 101
(Moo Mr) 21, 5.9 x 1010, 4.98 x 10° )
where
1] = 2M 11t oo 2eii+2ci 5+ 63,
(o) (08)s (088
_ MNC%’B + 65’3 + 6%74 + C%A _
(02) (@) —
. 2N _ €33+ Cq4 9 63,3 + 203,4 —+ 0?174
(o)) (o9))® (o8
Further

1 9 -1
/1,~ — ’ Dlag L ,0.052
7 206264.806
B 1.09 x 1072, —1.21 x 10719
T\ -129x 1074 818x107% )"

Let e2 = 0.05. Then

-1 —1
\/{ZS(MF2190MF>+}1,1 \/{QS(”1F2190MF>+}2,2

€1 = v0.05min ,
ikl >ioi k2l
— 0.522576
and

_ 2e1
Ly = <68 : 63 F'T 1 (9)FiB < ai}
’ { ’ K (8,)

= {08 : 6B F'T 1 (99)FsB < 21280.6},
I/ —1 221
Eﬂ: 5’656F2190F5/6§W
K190 (/60)
= {68 : 08'F'S,;FéB < 32735.1}.
Now we can check whether €3 C Ly. At least it must be satisfied the inequality

X305 1 — @) = x3(0;0.95) = 5.99 < 2¢1 /K5 (8,) = 32735.1.
Now it is necessary to check the inclusion €5 C L, N Ly. If 1 —a = 0.95,
€1 = 0.522576, then the situation is given in Fig. 1.
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region L-theta

dbl naxinun = 2.479
db2 maxinunm = 3.89407

dbl raster = 0.4958
db2 raster = 0.778%Z14
criteriun value = 32735.1

region L-b
dbl maxinun = 1.999

db2 maxinun = 3.13971
criteriun value = 21280.6

Fig. 1: Regions Ly, Ly (with the same 1) and Eg (for 1 — a = 0.95).

As far as the linearization is concerned, there is no problem, since the region
Ly and Ly are very large in a comparison with the confidence ellipse £s.

Now it is to be checked the inclusions Ky C Nj,, i = 1,2. We need the
matrices

L'V
Wi, = (ri ) IMp(S(8)Mp]F (ViLy,, V,Ly,),
L, V,

where

Ly, = W [F'S(0) 'F| 'F’S71(9), h;=(1,0), hy=(0,1).

region K-theta

dthl maxinun = 9e-09
dth2 mnaxinunm = 0.00808863

dthl raster = 1.8e-09
dthZ raster = 0.00161773
criteriun value = 32

region MhlL

dthl naxinun = 1.47328e-03
dthZ2 maxinum = 15.6701
criteriun value = 3.7348%e-03

Fig. 2: Regions Ky for t =4, N}, and Ny, for e3 = 0.1.
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Further
Ko = {001 00'S(rpw,y 11+ 09 < 262}
_ {50  69'S (a1, 1)+ 09 < 32} ,
N, = {69 : 60'W,, 00 < 2e3h) (F'S,'F)"'h! }
= {69 : 09'W},, 09 < 3.75489 x 107°},
Ny = {69 : 00'W,,00 < 2e3h)(F'S, ' F)~'h }
= {69 : 09'W,,009 < 9.26454 x 107°} .

For e3 = 0.1 and ¢t = 4, see Fig. 2.

As far as the sensitiveness is concerned, the situation is more complicated.

Fig. 2 shows that an accuracy of the estimators 191 and 192 based on the mea-
surement results only is not sufficient. It is necessary to realize an additional
experiment for the more accurate estimation of the parameters ©J; and 9.
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the manuscript and his help in removing unpleasant mistakes overlooked by
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Abstract

In this note we describe the structure of dually residuated ¢-monoids
(DR{-monoids) that have no non-trivial convex subalgebras.

Key words: DR/-monoid; GPMYV -algebra; Archimedean property.
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A dually residuated £-monoid, a DR{-monoid for short, is an algebra
(4,®,0,V,A,2,0)
of type (2,0,2,2,2,2) such that

(a) (A,@,0,V,A) is alattice-ordered monoid, i.e., (A, ®,0) is a monoid, (4, V,A)
is a lattice and @ distributes over both V and A,

(b) for any a,b € A, a @b is the least element © € A with ®b > a, and a ©b
is the least element y € A with b ® y > a, and

(c) A satisfies the identities

(zoy)vo)ey<zVy, yo(zoy)V0)<zVy,
zQx >0, zO0x2>0.
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If the operation @ is commutative then A is called a commutative DR{-monoid.
In such a case, the operations @ and © coincide, and also conversely, A is
commutative whenever © = ©.

Commutative DR/-monoids were originally introduced by K. L. N. Swamy
[10] in order to capture the common features of Abelian ¢-groups and Boolean
algebras. The above definition, omitting the commutativity of @, is due to
T. Kovaf [6] and allows us to consider all ¢-groups in the setting of DR/-monoids.
Indeed, given an arbitrary ¢-group (G, +, —,0,V, A), then (G, +,0,V, A, ©,Q) is
a DRl-monoid in whichz@y:=x—yand z Qy := —y + .

The reader familiar with residuated lattices easily recognizes that the name
“dually residuated /-monoid” says less than the definition since DR¢-monoids
are equivalent to a certain proper subclass of residuated lattices. To be more
precise, by a residuated lattice we mean an algebra (L, -, e,V, A, —,~) of type
(2,0,2,2,2,2), where (L, -, e) is a monoid, (L, V,A) is a lattice and the equiva-
lences

a-b<c iff a<b—c ff b<a~c (1)

hold for all a,b,c € L. Though it need not be evident at once, it not hard to
show that our DR{-monoids are termwise equivalent to those residuated lattices
satisfying the identities

zhy=((z—y)he)-x=x-((z~y)Ne) (2)

Residuated lattices that fulfil (2) were considered e.g. in [2], [5] under the name
GBL-algebras.

Now, we shortly review some relevant concepts from [7]. Given a DR/¢-monoid
A, we define the absolute value of x € A by

|z ==V (0@x)=2V (09 x).

A non-empty subset I of A is called an ideal if
(I1) a®beforalla,bel,
(I2) a € I and |b| < |a| imply b € I.

By a non-trivial ideal of we mean an ideal I with {0} C I C A.

The set #(A) of all ideals of A partially ordered by set-inclusion forms an
algebraic distributive lattice in which infima agree with set-theoretical intersec-
tions. Hence for every X C A there exists the smallest ideal I(X) containing
X; for () # X we have

I(X)={acA:|a| <|z1|® - @ |zy| for some z1,...,2, € X,n € N}.

It can be easily proved that I C A is an ideal if and only if I is a convex
subalgebra of A.

The congruence kernels are characterized as the so-called normal ideals: An
ideal I of A is said to be normal if

aobel iff a0bel
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for every a,b € A. If I is a normal ideal then the relation ©; defined via
(a,b) e Or iff (a@b)V(boa)el

is a congruence with [0Je, = I, and conversely, for any congruence © on A,
I = [0]p is a normal ideal such that ©; = ©. Therefore, the congruence lattice
of A is isomorphic to the lattice of all normal ideals of A. For the sake of brevity,
we write A/I for the quotient algebra A/©, where I = [0]o, and the elements
of A/I are denoted by a/I rather than [a]e.

There are two basic kinds of DRf-monoids from which every DR/-monoid
can be built using direct products: ¢-groups and lower bounded DR/{-monoids,
i.e., DR{-monoids having 0 as a least element.

Let A be an arbitrary DR/-monoid. Put

Ga={acAd:a®(00a)=0=(00a)Da}

and
Sa={a€A:00a=0}={a€A:00a=0}.

Both G4 and Sy are ideals of A; obviously, the first one is an ¢-group and the
second one is a lower bounded DR¢-monoid. T. Kovaf proved in [6] that A is the
direct sum of G4 and S4. The same result for GBL-algebras was independently
obtained by N. Galatos and C. Tsinakis (see [2]).

Assume that a DRf-monoid A has no non-trivial ideals. Since both G4 and
Sa are (normal) ideals of A, it is clear that either A = G4 or A = S4. In the
former case, A is an {-group having no non-trivial convex ¢-subgroups, and hence
it is an Archimedean totally ordered group which is isomorphic to a subgroup
of the additive group of reals equipped with the usual order. Therefore, in the
sequel we concentrate on lower bounded DR/-monoids which have no non-trivial
ideals.

For every x,y € A and n € Ny, we inductively define
00z:=0, n+1)Gzr:=noxdu,

and
z'yi=z, 20"My:=(z0"y) oy

x Q™ y is defined analogously.

Lemma 1 Let A be a lower bounded DRE-monoid. The following are equiva-
lent:
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Proof Obviously, (b)—(d) are equivalent. Moreover, since

I(a) :=1I({a}) ={b€e A:b<n®a for somen € N},
it follows that each of these conditons is equivalent to (a). a
Lemma 2 Let A be a lower bounded DR{-monoid and H be its normal ideal.

Then the ideal lattice S (A/H) of the quotient DRE-monoid A/ H is isomorphic
to the interval [H, A] of the lattice Z(A).

Proof If I € .#(A) and H C I then
oI = {o/H i € I}
is an ideal of A/H. Conversely, if J € .#(A/H) then
Y(J)={reA:x/He J}

is an ideal of A such that H C ¢ (J). It is easily seen that the mappings ¢ and
1 are mutually inverse order-preserving bijections between . (A/H) and [H, A]
ordered by set-theoretical inclusion. O

Anideal I € #(A) is called mazimalif I C A and there is no ideal J € .7 (A)
such that I C J C A. In view of Lemma 2 we have:

Proposition 3 Let A be a lower bounded DR{-monoid and H be a normal ideal
with H C A. Then H is mazimal if and only if the quotient DR{-monoid A/H
has no non-trivial ideals.

Lemma 4 Let A be a lower bounded DR{-monoid that has no non-trivial ideals.
Then for every a,b € A, a # 0,

ab=a=0b=0, a®Ob=a=0b=0.
Proof We show that the set
Jo={x€A:a0x=0a}

is an ideal of A. Clearly, 0 € J,. If z,y € J, then a@ (z®y) = (aQy) Oz = a®
T = a, so that x®y € J,. Finally, ifx € J, and y < x then a = a0z < aQy < a,
and hence a =a @ y.

However, since a ¢ J, and A has no non-trivial ideals, it follows that J, =
{0}, and consequently, a @ b = a entails b = 0 as claimed. m]

Lemma 5 Let A be a lower bounded DR{-monoid having no non-trivial ideals.
Ifo<zr<y<aanda@xr=a@yoraQx=a0y, then x =y.

Proof Wehavey = 2Vy = (yQx) Pz, so that a@z = a@y = a@((yoz)dx) =
(a@z) @ (y @ x). Since a @ x # 0, we obtain y @ x = 0 by Lemma 4, yielding
y<z,s0x=y. O



Dually residuated ¢-monoids having no non-trivial convex subalgebras 107

Theorem 6 Let A be a DR{-monoid that has no non-trivial ideals. Then A
satisfies the identities

zAy=20((zQy)vV0) =20 ((x0y)V0). (3)

Proof In the case when A is an ¢-group the identities (3) evidently hold.
Hence assume that A is a lower bounded DR/¢-monoid. Note that z @ ((z ©
Y V0 =z0@0y)and z0 (r@y)V0) =20 (z0y). If x <y then
20 (xQy)=200=z=zAyand also xS (x @y) = x = x Ay. Further,
let # £ y, i.e., z Ay < . Since both 2 @ (z © y) and 2 © (z @ y) are common
lower bounds of {z,y}, we may suppose that 0 < z Ay < z. In this case
wehave 0 < 2@ (rQy) <z Ay < x because z @ (x © y) = 0 would mean
x = x ©y yielding y = 0 which is impossible due to 0 < x A y. Finally, we have
22 (xQy) =20y =1z (xAy) which entails x © (x O y) = x Ay by
Lemma 5. By replacing @ and @ we get 0 (x @ y) =z Ay. O

Therefore, a DR/-monoid without non-trivial ideals is either an ¢-group or
is lower bounded and verifies the identities

TtANy=20(@0y) =10 (r0y). (4)

Such DR{-monoids were investigated in [8], [9] and called here generalized pseudo
MYV -algebras (GPMYV -algebras for short). The name is motived by the fact that
bounded GPMYV -algebras are termwise equivalent to pseudo MV -algebras. In
the literature, there exist two classes of algebras that are equivalent to GPMV -
algebras, namely, integral GMV-algebras and Wajsberg pseudo-hoops (see [2]
and [3], respectively).

By [9], every GPMV-algebra A can be embedded into the positive cone
G(A)T of an f-group G(A) such that, assuming A C G(A), A is a lattice ideal
of G(A)T which generates G(A)" as a semigroup, and the operations @, © on
A are given as follows:

a@b:=(a—0b)VO0, a®b:=(-b+a)VO0.

Moreover, the ideal lattice .#(A) of A and the lattice ¥(G(A)) of all convex
{-subgroups of G(A) are isomorphic under the mapping assigning to each I €
Z(A) the convex f{-subgroup of G(A) generated by I. In view of the well-
known fact that an /-group is totally ordered exactly if its lattice of all convex
{-subgroups is a chain, this means that A is totally ordered if and only if so is
G(A), and hence we gain:

Corollary 7 FEvery DR{¢-monoid which has no non-trivial ideals is totally or-
dered.

In [9], the Archimedean property for GPMV -algebra is defined in the fol-
lowing way. Given a GPMV -algebra A, we introduce a partial addition + by
setting a+b:=a®biff (a®b) @b = a, or equivalently, (a®b) ©a =0b. Observe
that if A C G(A), then + is the restriction of the group addition to those pairs
of elements of A whose sum belongs to A.
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This partial operation is associative in the sense that a + b and (a + b) + ¢
exist iff b+ ¢ and a + (b + ¢) exist and (a + b) + ¢ = a+ (b + ¢), and therefore,
for any a € A, n € Ny, we may define

0-a:=0, (n+1)-a:=n-a+a.

Accordingly, we write a < b whenever n-a exists and n-a < b for all n € N. Now,
we say that a GPMV-algebra A is Archimedean if a 4« b for all a,b € A\ {0}.

Asproved in [9], a GPMV-algebra A is Archimedean if and only if G(A) is an
Archimedean ¢-group, hence all Archimedean GPM YV -algebras are commutative.
Therefore we conclude:

Theorem 8 Let A be a DR{-monoid having no non-trivial ideals. Then A is
either an Archimedean totally ordered group or A is Archimedean totally ordered
GPMYV -algebra.

In fact, if A is a totally ordered Archimedean GPMYV -algebra then the (-
group G(A) is isomorphic to a subgroup of the additive group R of real numbers
with the usual order, and consequently, we may always assume that A is a subset
of RT; the operations @ and © agree and we have a @b = a©b = max{a —b,0}.

Corollary 9 Let A be a lower bounded DR{-monoid. If H is a normal ideal
of A which is simultaneously a mazimal ideal, then A/H is a totally ordered
Archimedean GPMYV -algebra.
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Abstract

The properties of the regular linear model are well known (see [1],
Chapter 1). In this paper the situation where the vector of the first
order parameters is divided into two parts (to the vector of the useful
parameters and to the vector of the nuisance parameters) is considered.
It will be shown how the BLUEs of these parameters will be changed by
constraints given on them. The theory will be illustrated by an example
from the practice.

Key words: Regular linear regression model; nuisance parameters;
BLUE; constraints.
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1 Introduction, notations

The following notation will be used throughout the paper:

R" the space of all n-dimensional real vectors;
Up, Am,n the real column p-dimensional vector, the real m X n matrix;
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109



110

A’ r(A)

A['r,s]

M (A),Ker(A)
A

AT

Py
Mas=1—-—P,u

I
Om,n

o

Pavla KUNDEROVA, Jaroslav MAREK

the transpose, the rank of the matrix A;

rs-th element of matrix A;

the column space, the null space of the matrix A;

a generalized inverse of a matrix A (satisfying AA~A = A);
the Moore—Penrose generalized inverse of a matrix A (satisfying
AATA=A, ATAAT = AT (AAT) = AAT, (ATA)' = ATA);
the orthogonal projector in the Euclidean norm onto .# (A);
the orthogonal projector in the Euclidean norm onto

M- (A) = Ker(A');

the k x k identity matrix;

the m X n null matrix;

the null vector;

e =(1,...,1) € R".

If #(A) C #(S), S p.s.d., then the symbol Pf{ denotes the projector
projecting vectors in .#(S) onto .4 (A) along .#(SA™'). A general representa-

tion of all such projectors P35 is given by A(A’S™A)~A'S™ + B(I — §57),
where B is arbitrary, (see [3], (2.14)). M5 =1 — P% .

Assertion 1 (see [1], Lemma 10.1.35) Let X be any n x k matriz and X an
n X n p.s.d. matriz.

(1) If ¥ is p.d., then

(MxEMy)t =31 -2 1X(X'S1X)"X's =y 1My .

(i)  (MxSMx)t = Mx(MxSMx)t = (MxSMx)"Mx
=Mx(MxSMx)"Mx.

2 Best linear unbiased estimators

Let us consider the following linear model
Y:(X,S)<§)+e, (1)

where Y = (Y1,...,Y,,) is a random observation vector; 3 € R* is a vector
of the useful parameters; x € R! is a vector of the nuisance parameters; X n,k 1S
a design matrix belonging to the vector 8; S,,; is a design matrix belonging to
the vector k.

We suppose that

1. E(Y)= X3+ Sk, V3 € R¥, Vk € R!,

2. var(Y) = ¥ is a known matrix,

3. matrix ¥ is not a function of the vector (5, x’)’.

If matrix X is positive definite and r(X,S) = k + [ < n, the model is said
to be regular, (see [1], p. 13).
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Theorem 1 In the regular model (1) the BLUEs of the parameters are given
as
B =Cc X'y ly
—C'X'STIS[S'(MxXMx)TS] IS HTI - XCT' X'y

= CT'X'STHI - S[S'(MxXMx)"S|"'S' (MxXMx)"}Y, (2)
k=[S (MxXMx)" S| '8’y HIr - xCc'X's" 1Y
= [ (MxESMx)"S] 'S (MxXMx)'Y, (3)

where C = X'y 1X.

Proof According to the Theorem 1.1.1 in [1] and using the following Rohde’s
formula for inverse of partitioned p.d. matrix (see [1], Lemma 10.1.40)

F, G\ '

G, H
 (F '+ F'GH-GF'G)"'G'F ', -F'GH-GF'G)"!
- —(H-G'F'G)"'G'F, (H-G'F'G)!

(4)

the BLUE of the vector parameter (5, ')’ is given by

(-5 s] (5)s

_ [X’ElX, X’Els} ! (X’zl > v < ) (X’zly)
~ | szlx, §'v1S S'yn1 —\[21], S’y )
where
=C '+ CTIX'S1S[S (M xEMx)tS)]"1S's 1 xXC 7,
= _—C'X'S18[S' (MxSMx)*S] !,
= —[S'(MxXMx)*S]"18's"1xC*,
= [S'(MxXMx)*tS]".

As ¥ is supposed to be positive definite, we utilized Assertion 1, (i). The
rest of the proof is obvious. O

Theorem 2 For the estimators B, K 1s valid

var(f) = €' + CTIX'SS[S (MxSM )t S] ' S'S7 ' XC™, (5)
V&I’(IA{) = [S,(MXzMX)+S]71, (6)
coV(Bﬂ%) = _C_lX/Z_lS[S’(MXZMX)+S]_1. 1)
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Proof
var(f) = CTIX'S HI - S[S'(MxXMx)*tS] 'S (MxXMx)*t}%
x {I —(MxXMx)*S[S'(MxEMx)*ts] 18} v 1xC™!
=C '+ CIX'YIS[S (MxEMx)TS] ISy X,
var(/%) = [Sl(.1\4')(2]\4')()+S]71S,(.1\4')(E]\JX)Jr]\fxz.l\fx(]\4:)(2]\4—)()+

x S[S' (MxEXMx)" S = [S'(MxXMx)" S,
cov(B, k) = CTIX'S™HI - S[S'(MxXMx)" S| 'S (MxXMx)"}
X D(MxEXMx)*TS[S' (MxXMx)"S]™!
= -CT'X'SS[S' (MxEMx)"S] L.

In the course of the proof the Assertion 1, (ii) was used. i

Let us consider model (1) with constrains given on both parameters, i.e. the
model

Y=(X,S)<g)+s, b+ B16+ Bak = o, (8)

where we suppose for the ¢ X k matrix B; and ¢ x [ matrix By that

r(By)=1<gq, r(Bi,Bs)=q<k+l.

Theorem 3 The BLUFEs B, i of the parameters (3, k under the model (8) are
given by

@
Il

B—(C'B,+C'X's" sz U)
x [BiC™'B, +UZ 'U'| Y (B13 + Bak + b), (9)
h=k+2Z U [B.CT'B,+UZ U] (B1f+ Bais+b),  (10)

where U = BiCT'X'S™18 — By, Z = §8'(MxSMx)*S and where 3, i are
given in Theorem 1.

Proof In the following regular model with constraints

Y ~, (A0,%), b+ Bf=o,
r(Apk) =k <n, r(Bgr)=¢q<k, Xpd,

there is (according [2], theorem 4.3.1) for the BLUE of the parameter ¢

6= {I-(A'’S'A)"'B'[B(A'S'A)"'B|"'B}d
—(A'’S7'A)'B'B(A'’S"'A)'B b,

where § = (A’S~1A)"'A’S-1Y  is the BLUE of # without constraints.
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In the model (8) we have

A (X,S), 0— (i) B — (B, B»).

Thus analogously
3\ _J(I10 X'\ o ' /B
(-G [3)=ms] (2)

1

fom{(£) s} (3)]

()] () {(3)oxo} ()]

where B, % are given in Theorem 1.
Let us calculate first

ool (3) o) (5)]

[ () ()]
— (BiC7'B, +U[S'(MxSMx)*8]"'U') ",

where U = B;C ' X'Y~18 — B, and where , , , are given in

the proof of Theorem 1. Further
()= exs) (3)- (%)
s)7 9] (5l)- 5.

_(CT'B+CTIX'S 1SS (M xESM x)tS]T'U
- —[S/(MXzMx)+S]71U/ )

Let us (for the sake of simplicity) use the notation Z = S’ (M x>~ M x)* S, then

3 1,0 C'B,+C'X'S"1SZz U’
&)~ 1\o,1)" —z U’

x [B,C 'B,+UZ 'U'|"(By, BQ)} (f)

—1 —1 IN—1 —1yq/
B (C Bﬁc_szg, §z7U ) [B.C~'B, +UZ U ".
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Thus
B={I-(CT'B,+C'X's"182"'U")[B,C~'B, +UZ'U'|"'B;} §
—(C'By+C'X'y"18Zz7'U)B,C'B, + UZ'U' ' Bsi:
—(C'B,+Cc'X'v71sZz7'U)B,.C'B, + UZ U’ 'b.
k=2 WW[B,C'B,+UZ 'U|'B.j
+[I+Z7'U'(Bi.C'B+UZ 'U' ) 'Bs]
+z'U'B,Cc'B,+UZ U .

The statement of the Theorem 3 is now obvious. O

Theorem 4 For the BLUEs é, i it is valid

var(3) = var(3) — (C™' By + C™' X'S"'$Z2'U")[B,.C ' B, + UZ U]
x (BiCT'+UZ7'§'s'XC™), (11)
var(s) = var(k) — Z'U'[B,C™'B,+UZ 'U1"'UZ . (12)
Proof We have )
var(() = var[AS — Bi],
where
A=I-(C'B,+Cc'X's"'sz 'U)[B,.C™'B, +UZ 'U'|"'By,
B = (CT'B|+C'X'v"'S§27'U)[B\.C™'B, +UZ 'U'|"'B..
Analologously A .
var(k) = var[F 8 + GR],

where

F=z'UB,.C'B,+UZz'U | 'B;,
G=1+Z"'U[B,C'B,+UZ U 'B..

We get the expressions for var(ﬂA) and Var(/%) after longer but easy calculations.
O

Example 1 Consider the following situation. Let’s have points Fj, F5 and
F3 of existing local network and points P, and Ps, for which it is necessary to
estimate their coordinates (see Figure 1). We have the measured values Y7, Y> of
coordinates of the point F; = (01, 2), the measured values Y3, Y} of coordinates
of the point F, = (3, 84) and the measured values Y5, Y5 of coordinates of the
point F3 = (85, 8s). Moreover, we have the measured values Y7, Yz, Yy, Y109 and
Y11 of angles 87 and (g and distances (B9, B10 and (1. Finally, we know the
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measured values Y72 and Yi3 of angles k1 and k2. The values 8 and x are in
meters and in radians, respectively.

— 1000
F2=[B,,8,] d3 F1=[B..B,] x
";3 P By 1200 &
"By
N
P1 =[x1,yfﬁ% B
P2=[x2,y2f/Bg — 1400
d1
— 1600
F3=[B,,B ]~ P3=[x3,y3]
{ I I I I I 1800
1600 1400 1200 1000 800 600 400
Y-axis

Figure 1: Layout of the situation in Example 1

We have the model (1), where (X, S) = I;3.
Assume the results of measurements to be (see [4])

1200.003 m
499.999 m
1200.001 m
1469.113 m
1629.649 m
1196.073 m
Y = | 2.876604026 rad
4.207717253 rad
216.347 m
103.095 m
245.478 m
0.707031134 rad
1.080434554 rad

We take the covariance matrix ¥ from the model (1) in the form

Y 065 06,2
Y= 05,6 Zd’a 05’2
02,6 025 X°

We assume the coordinate accuracy of the points Fy, F5 and Fj of exist-
ing local network to be approximately the same as the accuracy of measured
parameters (3;, j = 7,...,11, and as the accuracy of measured parameters x;
and ko.
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The accuracy of coordinates Y;, ¢ = 1...6, of the points F}, F> and F3 is
given by the covariance matrix X"

1.6987 1.5583 0.1928 1.0711 —1.8915 —2.6295
1.5583 7.3592 —1.4785 —3.895 —0.0798 —3.4642
0.1928 —1.4785 5.0406 —1.4122 —5.2334 2.8907
1.0711 —3.895 —1.4122 6.5277  0.341 —2.6328
—1.8915 —0.0798 —5.2334  0.341 7.125 —0.2613
—2.6295 —3.4642 2.8907 —2.6328 —0.2613 6.097

»F =0.0012 x

The accuracy of measured distances was 3 mm and the accuracy of measured
angles was 5cc = 57/(200 - 100 - 100) = 5/636620, (the standard deviation of
the theodolite is oy = 5 cc, i.e. that which corresponds to 5 centesimal seconds).

We thus suppose that the covariance matrix for (Y7,...,Y71) is
d.a 0.0032XI33 032
ot = ’ 5 2 ’
02,3 (200.100.100) X I2,2

_ 00032 X I3’3 03’2
0273 6.17 x 10711 x I272 ’

Accordingly, we suppose that the covariance matrix of measured angles
(Yi2,Y13) is

5% 2 5 2
Za: R ——— I = - I =6.1 1 —11 T )
(200~100~100) e (636620) X Ipp =6.17x 107" x Iy

The aim is to find conditions for parameters 3 and k.
To that end, we first determine (see Figure 1) the coordinates of points

Py = (1,91), P2 = (22,y2) and Py = (v3,y3):
x1 = fBs+ Py cos (5 + K1),
y1 = Ba+ PBocos (5 + k1),

(it follows from the fact that the point P; shall be situated on a circle with
circumference 9 and with center in point F5, and from the fact that the point
Py is reached from the point F, via the angle ZFy, Fo, Py = K1);

Ty = x1 + P19 cOS ((arctan gg:gi +0-7) 7+ 57) :

Y2 = y1 + Brosin ((arctan gg:gi +0- W) LT+ 57) ’

(it follows from the fact that the point P shall be situated on a circle with
circumference (1o and with center in point P;, and from the fact that the point
P, is reached from the point P, via the angle ZFy, Py, P, = (37);

T3 = To + 11 cos ((arctan -tz 4 0. 7r) + 7+ ﬂg) ,

xr1—x2

Y3 = Yo + Bi1sin ((arctanﬁ +0-7r) +7T+58) :
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(it follows from the fact that the point Ps shall be situated on a circle with
circumference 311 and with center in point P, and from the fact that the point
P5 is reached from the point P, via the angle ZPy, Py, P3 = [(33).

It can be seen from Figure 1 that the conditions g(3, k) = o for parameters
B and k are (involving the conditions given above)

g1 = (z3— B5)> + (y3 — Bs)* = 0,

(7‘( + arctan M) — (7‘( + arctan u) — ko = 0.

g2
x3 — B T — X3

The first constraint says that the point P is equivalent to F3.
The second constraint reflects the fact that £ZP,, P3, F| = Ko.
Now we use the Taylor expansion—the linear version of the condition

5.0 = (25 ) =0

is B163+ B2dk +b = o, where the matrix B = %ﬁo;"o), By = %’:,’”0), and

b=g(B" k") at the approximate point.

So we can consider the model (8).

In the linearized model we determine numerically the estimates and the
covariance matrices according to Theorem 3 and Theorem 4

1200.000 m
500.000 m
1200.000 m
1469.112 m
1629.651 m
1196.073 m and £ = (
2.876605771 rad
4.207720046 rad
216.347 m
103.096 m
245.475 m

@
Il

0.707030785 rad
1.080438743 rad )

2 2 4.90-1071 —9.24 .10 12
var(3) = (Q1 , Qg) and var(k) = (_9.24_ 10-12  4.30.10-11 ) ;

where

1.43-107%  1.79-107% —4.45.1077 8.08-1077 —9.83-10"7 —2.60-10"6
1.79-107%  7.14-107% —1.01-107% —3.60-10"% —7.73.10"7 —3.54-107°
—4.45-1077 —1.01-10"% 3.34.-107% —-1.83.-107% —2.90-10"¢ 2.85.10"°
8.08-1077 —3.60-10"% —1.83-107% 6.07-107°% 1.02-10"% —2.47.10"°
—9.83-1077 —7.73-1077 —2.90-107%  1.02-107% 3.88-107% —249.1077
Q1= -260-107% -354-107° 2.85.-107° -2.47.107% —2.49-1077  6.01-107°
6.18-1071° —1.03-107? 1.19.-107° 1.96.-107° —7.29-10"1° —9.31.1071°
1.03-1072 —1.32-107° 1.23-107% 2.21-107% —2.26-107° —8.86-10"1°
—-2.36-1077 —8.35-10"% —1.30-107% 5.29.1077 1.54-107% —4.45.10"7
1.95-1077 —3.96-10"7 —1.52-1077  8.10-10"7 —4.31-10"% —4.13-10"7
—1.32-107% 8.08-1077 —3.93-107% —4.53-10"7 5.26-107% —3.56-10""7
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6.18 -
—1.03 -

1.11

Q2

—2.57

1.96 -
—-7.29 -
—-9.31-

5.11 -
—1.05 -
—4.57 -
—4.63 -

10719 1.03-
107 —1.32-
210719 1.23
107 2.21.
10710 —2.26 -
10719 —8.86 -
1071 —1.05-
1071 5.05-
1079 —3.63
107 —4.45.-
2107 6.83-

Pavla KUNDEROVA, Jaroslav MAREK

107 —2.36-10"7
107 —8.35.10"%
21072 —1.30-10"¢
107%  5.29.1077
107%  1.54-10"°
10710 —4.45.1077
1071 —4.57-.107°
1071 —3.63-107°
-107% 2.20-107°
107% —2.15-.10"°
1071 —4.26.10"°

1.95-1077 —1.32-
—3.96-10"7 8.08-
—1.52-1077 —3.93-

8.10-1077 —4.53 -
—4.31-107% 5.26-
—4.13-107 —3.56 -
—4.63-107% —2.57.
—4.45-107° 6.83-
—2.15-107°% —4.26-

2.30-107° —1.59 .
-1.59-107% 1.51.

All computations in the example were performed in Matlab.
To make comparisons easier, the following table shows the results.

1076
10~7
106
1077
1076
1077
107°
10—11
10=6
1076
107°

The second column shows
vector Y are different. We can see in the table that dispersions of some elements

Vi | e, () W=()] - (2)
Ay ®7 Ji * /)
1200.003 m 4.12 mm 1200.000 m 1.13 mm 3 mm
499.999 m 8.58 mm 500.000 m 2.67 mm —1 mm
1200.001 m 7.10 mm 1200.000 m 1.83 mm 1 mm
1469.113 m 8.08 mm 1469.112 m 2.46 mm 1 mm
1629.649 m 8.44 mm 1629.651 m 1.97 mm —2mm
1196.073 m 7.81 mm 1196.073 m 2.45 mm 0 mm
2.876604026 rad 5.00 cc | 2.87605771 rad 4.55 cc —1.111 cc
4.207717253 rad 5.00 cc | 4.20772005 rad 4.53 cc —1.778 cc
216.347 m 3.00 mm 216.347 m 4.69 mm 0 mm
103.095 m 3.00 mm 103.096 m 4.79 mm —1mm
245.478 m 3.00 mm 245.475 m 3.89 mm 3 mm
0.707031134 rad 5.00 cc | 0.707030785 rad 4.46 cc 0.222 cc
1.080434554 rad 5.00 cc | 1.080438743 rad 4.17 cc —2.667 cc

that the dispersions of elements of the measured

of estimators ﬁ and # have decreased and some have increased in the process
of estimation, which is due to the tendency to distribute the uncertainty of
measurements equally.
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Abstract

We study the existence of one-signed periodic solutions of the equa-
tions

o’ (t) — a®()a(t) + pf(t, x(t),2' (1) =0,
2" (t) + a®()a(t) = pf(t, x(t),2' (1)),

where . > 0, a : (—00,4+00) — (0,00) is continuous and 1-periodic, f is
a continuous and 1-periodic in the first variable and may take values of
different signs. The Krasnosielski fixed point theorem on cone is used.

Key words: Positive solutions; boundary value problems; cone;
fixed point theorem.

2000 Mathematics Subject Classification: 34G20, 34K10, 34B10,
34B15

1 Introduction

Nonnegative solutions to varius boundary value problems for ordinary differ-
ential equations have been considered by several authors (see for instance in

119
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[1]-[8]). This paper deals with existence of positive (negative) periodic solu-
tions of the nonlinear differential equations of the form

(1.1) 2’ (t) — a®(t)x(t) + pf(t x(t), 2/ (t)) = 0,
(1.2) 2 (t) 4+ a®(t)x(t) = pf (t, x(t), 2’ (1)),

where a : (—00,+00) — (0,00) is continuous, 1-periodic, > 0, f is a continu-
ous, 1-periodic function in ¢ and may take values of different signs. Existence in
this paper will be established using Krasnosielski fixed point theorem in a cone,
which we state here for the convenience of the reader.

Theorem 1.1 (K. Deimling [4], D. Guo, V. Laksmikannthan [5]). Let E =
(E,|| - ||) be a Banach space and let K C E be a cone in E. Assume
and Qs are bounded and open subsets of E with 0 € Q1 and Q1 C Qo and let
A: KN (Q\ Q1) — K be continuous and completely continuous. In addition
suppose either ||Aul| < ||u|| for v € K N0y and ||Aul| > ||u|| for K N OQs or
|Au|| > |lu|| for v € K N Oy and ||Aul| < ||lu|| for u € K N 0Ny hold. Then A
has a fized point in K N (Qa\ Q).

2 Preliminary results

First, we shall give some notation. We define P;"(R) (m € N) to be the subspace
of BC(R) (bounded, continuous real functions on R) consisting of all 1-periodic
mapping x such that 2™ is an 1-periodic and continuous function on R. For
z € PL(R) we define
lally = sup (l2(®)] + =/ ()]
t€0,1]
Note PL(R, | - ||1) is a Banach space.
Let us consider the boundary value problems

1) - @) - aWt) =0, 2(0) = 2(1), 2'(0) = #'(1);
(2.2) 2(t) +a*(t)x(t) =0, z(0)==z(1), 2'(0) = 2'(1),

In this paper we assume conditions under which the only solution of the problem
(2.1) or (2.2) is the trivial one. In the proofs of theorems we will make use the
Green functions G; and G2 of the boundary value problems (2.1) and (2.2).

Remark 2.1 If a € C[0,1] and a(t) > 0 for all ¢ € [0, 1], then the problem (2.1)
has only the trivial solution and G4 (t,s) > 0 for all ¢,s € [0, 1] (see [7]).

Ifa € C[0,1], a(t) > 0 for t € [0,1] and sup,¢jg1j a(t) < 7, then the problem
(2.2) has only the trivial solution and G(t,s) > 0 for all ¢, s € [0, 1] (see [7]).

Remark 2.2 If a(t) = k > 0 for t € [0, 1], then

1 k(1—s+t) k(s—t) <t<s<1
Gi(t,s) = {e e o Ustses

2k(ek — 1) | eklt=5) 4 h(ts=t) o< g <t <.
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Remark 2.3 If a(t) =k > 0 for t € [0,1] and k # 2i7 for all [ € N, then

Ga(t,s) = cos k[1/2 — |s — t]].

1
2ksin k/2
Before giving the lemmas we shall introduce some notation. We denote

M; = sup Gi(t,s), m; = inf Gyt s),

t,s€[0,1] t,s€[0,1]
— 0G; 0G;
M; = t m; = inf “(t
w1 B = T S>\

fori=1,2.
The properties of the functions G; (i = 1,2) needed later on are described
by the following lemmas.

Lemma 2.4 Suppose that
(2.3) f:R® = R is continuous, a € C[0,1] and a(t) > 0 for t € [0,1].
Then z € C?[0,1] is a solution of the problem
o {x/’(t) — a2 (0)e(t) + pf(2(0). /(1)) = 0
z(0) = z(1), 2'(0) = 2'(1)

if and only if x satisfies the integral equation

1
(2.5) z(t) = M/o Gi(t,s)f(s,z(s),2'(s)) ds.

Lemma 2.5 Suppose that a € C[0,1],a(t) > 0 fort € [0,1], sup,cjoqja(t) <=
and f : R® — R is continuous. Then x € C?[0,1] is a solution of the problem

a"(t) + a®(t)x(t) = pf (t,2(t), 2'(1))
(2:6) {x(O) =z(1), 2/(0)=2'(1)

if and only if x satisfies the integral equation

1
(2.7) z(t) = u/ Ga(t,s)f(s,z(s),2'(s)) ds.
0
Lemma 2.6 Let a € C[0,1] and a(t) > 0 for t € [0,1]. Then
(2.8) . s1611[5 | Gi(t,s) = Eif(l)f,‘l] G1(t,1), (see [7])

doG1(t,s) — | %81 (t, s)| > Gi(s,s) + |25 (s — 0, 5)|

for s,t € [0,1] and

doG1(t,s) — agtl (t,s)] > Gi(s,s) + |861 s+0,s)|

for s,t € [0,1] where 281(s —0,s) (%5 (s+0,s))
denote the left-hand (the right-hand) side derivative of G;
at the point (s, s) and dy > MT;;TTE,
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(2.10) Gi(s,8) + %(s - 0,8)‘ > My <G1(t78) + %(@ S)D

for s,t €[0,1] and My € (0 %}

(s+0,s)

ot

(2.11) Gi(s,s) + ’% ot

> M, (Gl(t,s) + %(tﬁ)‘) :

where s,t € [0,1].

Lemma 2.7 Let a € C[0,1] and a(t) > 0 for t € [0,1] and sup;coqja(t) < 7.
Then

(2.12) sup Ga(t,s) = sup Ga(t,1) (see [7]),
t,s€[0,1] te(0,1]
(2.13) doGa(t,s) — 8—?(t,s)‘ >G2(s,s)+‘%(s—0,s)‘

fort,s €[0,1] and dy > %,

@11)  TGslts) — 221, 8)| > Gals,8) + | L2 (5 4+ 0,5)
ot ot
where s,t € [0,1],
(2.15) Ga(s,s) + ‘%(s —0,s)| > M, (Gg(t s) + ‘8;2 (t,s) >

_ m7+m7/
fors,t € 0.1), My € (0, 22422 ] and

(2.16) Ga(s,s) + @(s +0,5)| > M, | Galt,s) + 0Gs “2(t,8)] ),
ot ot
where s,t € [0,1].
It is not difficult to prove the following

Corollary 2.8 Let a(t) =k >0 fort € [0,1]. Then

k
SUPy sef0,1] G1(t,8) = err_ll)’
. k/2
mft,se[o,l] Gl(t75) = m7

(2.8) G1(s,8) > G1(t,s) for s,t €[0,1], SUPy se(0,1] ‘%(t, s)| = %,
inftge[01|6§t1ts|20 folGlts)ds:k—lzforte[O 1],
SUPe(0,1] fo Gi(t, s) ds + supseo 1] fo 1t s)|ds=mq < 5+ 1,
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doG1(t, s) — |2&2(t, )| > Gi(s, s) + |28 (s — 0, 5)]
for s,t € [0, 1] and

(2.9) oG file}
doG1(t, s) — |25+ (t, s)| > Gi(s,s) + | %5+ (s +0,5)|
for s,t € [0,1] and do > %{“};‘”
(210)’ Gl(S 8) + %(8 — 0 S) Z M() <G1(t,8) + %(t,s)‘)

k)2
for s,t €10,1] and My € (0, ek(ﬁim} )

(2.11) Gi(s,s)+ ‘%(s +0,s)‘ > M, (Gl(t, s) + ‘%(t,s)‘) ,

where s,t € [0,1].

Corollary 2.9 Let a(t) =k fort € [0,1] and let 0 < k < m. Then

inft7se[071] Gg(t, 8) = %7
sy scfo 1) G2(t,8) = gpommrss S acio ) |y (t5)| = 3,
(2120 { infycion [22(05)| =0, [} Galt,s)ds = b for t € [0,1],

1 1N Tel
SUP¢e(o,1] fo Ga(t,s)ds + SUP¢eo,1] fo |8_t2(tv 5)‘ ds
— s < 4

JR— 8G2 8G2
! p— _ _ p—
(2.13) doGa(t, s) ’ ot (t,s)‘ > Gg(s,s)—k‘ 5 (s 0,5)‘
fort,s €[0,1] and
(2.14) doG(t, s) — %(t s)| > Ga(s, s) + ’%(8 +0,s)],

where s,t € [0,1] and dy > 2ktank/2 + 1,

(2.15) Ga(s,s) + @(8 —0,5)| > My | Ga(t, s) @(t, )
ot ot
for s,t €10,1], M€ (O, %} and
oG — oG
(216)’ GQ(S, 8) + ‘a—;(s + 0,8)‘ > M() (Gg(t, 8) + ‘8—;@,8)‘) y

where s,t € [0,1].
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Throughout the paper
D= (_00700) X [0700) X (—O0,00), 75 = (—O0,00) X (—O0,0] X (_00700)7

w>0, a:(—00,00) — (0,00) is continuous and 1-periodic, L > 0,

1
t) = uL/ Gi(t,s)ds fori=1,2, t€]0,1],

@i (—00,00) — (—o0 ¢Z € PE(R), ¢i(t) = ¢i(t) fori=1,2 and t € [0,1],
1 .
m; = sup G (t,s)ds + sup / 8Gl(t,s) ds
t€[0,1] tefo,1)Jo | Ot

fori=1,2.

3 Positive periodic solutions

In this section we present results on existence of positive 1-periodic solutions of
the equations (1.1) and (1.2).

Theorem 3.1 Suppose that

f:D — (—o00,00) is continuous,
(3.1) ft+1,v0,v1) = f(t,v0,v1) for all (¢,vg,v1) € D,
' there exists a constant L > 0 with
f(t,v9,v1) + L >0 for all (t,vp,v1) € D,

(3.2) there exists a function ¢¥(u) such that f(t,vo,v1)+ L < (vo+|v1]) on D,
where 1 : [0,00) — [0,00) is continuous and nondecreasing and Y(u) > 0 for
u >0,

(3.3) there exist C; > 0 and r > 0 such that r > pLC1dy,
1 -
Jo G1(t,s)ds < MoCh for t € [0,1] and 5oy = wma,
where do, My and my have properties (2.9)-(2.11),
f(t,vo,v1) + L > 7(t)g(vo) on D, where 7 : (—o0,00) — [0, 00)
(3.4) is continuous and 1-periodic and g : [0, 00) — [0, 00) is continuous,
g(u) > 0 for u > 0 and ¢ is nondecreacing,

(3.5)  there exists R > 0 such that R > r and

! 1 G, (1 eMyR
< Z _ | === [z
o<y [ o6 w6 (50) - |G (59) ] o (T 2

where € > 0 is any constant such that

/LLCld() >
R

Then (1.1) has a positive solution © € P2(R).

1-—
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Proof The proof of Theorem is similar to that of Theorem 2.1 in the paper
[1]. To show (1.1) has a positive 1-periodic solution we will look at

(3.6) x(t) = N/o Gi(t,s)fi(s,z(s) — 1(s),2'(s) — @1 (s))ds,

where
f(t,vo,vl)-i—L, if (t,v(),'l}l) €D

* t, , e D
Fi(t vo,v1) {f(t,O,m)—FL, if (¢,v0,v1) € D.

We will show that there exists a solution z; to (3.6) with z(¢) > ¢1(t) for
t € [0,1]. If this is true then u(t) = x1(t) — ¢1(¢) is a positive solution of (3.6)
since for ¢ € [0, 1] we have

u(t) :M/o Gi(t, 8)[f7 (s, 21(5) = 61(5), 21 (s) — ] (s)) ds —ML/O Gi(t,s)ds
:M/o G1(t,s)f(s,u(s),u'(s))ds.

We concentrate our study on (3.6). Let E = (P} (R),| - ||1) and

K= {u e PLR): min [dou(t) — (1) > MolJul ).

Obviously K is a cone of E. Let

(3.7) O ={ue Pll(]R) sl < r}
and
(3.8) Qo ={uecPR): ||ul| <R}

Now let A; : K1 N (Q2\ Q1) — PL(R) be defined by
Arp =z, wherepe KiN (Q_g\ 09)
and z, is the unique 1-periodic solution of the equation
(3.9) () = (B (t) + pfL(t(t) — B1(1), ¢ () — 61 (1)) = 0.

First we show A; : K1 N (D \ Q) — K. If o € K1 N (Q2\ Q) and ¢ € [0,1],
then by Lemma 2.4 we have

—_—

1
(310)  (Aip)(t) = s / Gt 5)f7 (5, 0(s) — Br(s), ' (5) — Br'(s)) ds.
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The relations (2.8)—(2.11) imply

do(A19)(t) — [(Arp)' (1) =
= pdo Jy Gr(t,5)f1(s,0(s) = B1(s), ¢/ (5) — 1 (s)) ds

= (o 6161135 005) = a0, 1(5) = B 50 ds)

>y [do Gt 281, 5)]] (s 0(5) — Bu(s), ¢/ (5) — 1 () ds
1 [doGa(t, ) — | 2521, )] F2(5, () — Bu(s), ' (s) — 1 () ds
>y (Gr s) +] (5 0.9)]) £ 0 0(8) = Fr(9). /() = B0 (5)) ds
11 f (G5, 9) + |24 (5 — 0,5)]) Fi (5, 0(5) — Bals), ' (5) — B0 (5)) s
> by J; (G1 (1,5) + | 252 )]) 715, 0(s) — Br(s), ' (5) — B (5)) ds

+ [ (Gi(E5) + | %5 (F,5)|) (5, 0(5) = Bu(s), ' (s) — 61 (s)) ds
(

> Mo (Jy (Ga(F,5) + | %52 0.5)]) ) Fi(s, (s
> Mo ((Ar9)(€) + [(Ar9)' (B)]), where € € [

~
|
[
»
~
AS)
~
—
»
~
|
-
—
—
»
~—
—
ISH
»

=

Hence

(3.11) do(A1)(t) = do(Ar1p)(F) — (A1) (£)| = Mol A1
Consequently A;p € Ki. So Ay : K10 (Q2\ Q1) — K. We now show
(3.12) A1l < el for p € K1 NoQy.

To see this let ¢ € K7 N 0Qy. Then

My
llolli =7 and @()Zd—or for ¢t € R.

From (3.2)—(3.3) we have

(A19)(t) + [(Are) )] < pib(r + [dall)ma < 7 < [lo]s-

So (3.12) holds. Next we show
(3.13) [Aiplli > |lelli for ¢ € K1 N ONs.

To see it let ¢ € K1 N ON,. Then ||¢|l1 = R and dop(t) > RM, for t € R. Let
¢ be as in (3.5). From (3.3) we have

! LCi1MoRd
G0 = 31(0) = olt) — L | Galt.9)ds > () - EEA0T

. /.LLCldo €RMO
R

0

> ep(t) > > 0.
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This together with (3.4)(3.5) yields
dolrel = dolne) (3 ) - e (3)]
> [ (a0 (55) - [ 52 (3)]) ruteto) - s

1
1 8G1 1 €MOR
> d — — | — | = ds > dpR.
o (00 (3) <[5 (3)) o () 20
Hence we have (3.13). We will show that A is continuous and compact. To see
it let

Crltos) = {HEMO+ @)@, 0<t<s <
ST bi(em () + ba(s)ye(t), 0<s<t<1

where (y1,y2) is a fundamental system of equation (2.1) and a;,b; : [0,1] — R
are continuous for ¢+ = 1,2. From relations (3.1)-(3.3) and properties of the
function G it follows that A; is a bounded and continuous operator. Notice
that for y € K1 N (Q2 \ Q1); t1,t2 € [0,1] and ¢; < ¢, that

[A1y)(t2) — (Ary)(t1)] < /01 |G1(ta, 5) = Gi(tr, ) (R + [[f1 1) ds
and
|(Ary)'(t2) = (Ary) (0] <
< /Otl [b1.(s) (W (t2) — w1 (t1)) + b2(s) (W3 (t2) — wa(t) V(R + [|1]11) ds

+ / b1 (), (£2) — a1 ()91 (02) + Do)y (t2) — an($)w(tn) W6(R + [F]la) ds

t1

1
T / lax(3)(8, (2) — ¥ (1)) + az(s) (Wh(t2) — w4()) (R + || ]1) ds
< / (W (t2) — 4, (1) + W (t2) — wh(t0)DA()(R + [Br]) ds
2 / "l + Tyl R(s) (R + [B1l) ds,

where h(s) = [a1(s)| + |az(s)[ + [b1(s)| + [b2(s)]- -

Using the Arzela—Ascoli theorem we conclude that A; : K1N(Q2\Q1) — K3
is compact. Theorem 1.1 implies A; has a fixed point z € K; N (Qg \ 1),
ie. r < |lz|1 £ R and =(t) > A{d—gr for t € R. This completes the proof of
Theorem 3.1. O
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Theorem 3.2 Suppose that
(3.14) f:D —[0,00) is continuous

(3.15)  f(t+ 1,vp,v1) = f(t,v0,v1) for all (t,vg,v1) € D,

there exist a function 1(u) such that

f(t,v0,v1) < (vo + |v1]) on D,

where 1 : [0,00) — [0,00) is continuous and nondecreasing and
P(u) > 0 for u >0,

(3.16)

(3.17)  there exists v such that r > (r)pmaq,

there exist function 7 and g such that f(t,vg,v1) > 7(t)g(vo)
for all (t,vg,v1) € D, where g : [0,00) — [0,00), g(u) >0

3.18
( ) for u > 0,g¢ is continuous and nondecreasing and

71 (—00,00) — [0,00) is continuous and 1-periodic,

(3.19)  there exists R > 0 such that R > r and

! 1 oGy (1 MyR
s [ oo (o) |5 ()| () o
0 . 0 T(S) ot 28 (975 28 g d() s

Then (1.1) has a positive solution x € P2(R).

Proof The proof of Theorem 3.2 is similar to that of Theorem 3.1. Let E, 1, Qs
and K be as in Theorem 3.1. Now let ¢ € K1N(€22\ Q1) and let x, be the unique
1-periodic solution of the equation (3.9) and let Ay : K1 N(Q\ Q1) — PL(R) be
defined by Az = x,. It is easy to check that Ay : K1 N (Q2\ ) — Ki, Ay is
continuous and compact, ||Azpll1 < |l¢]l1 for ¢ € K1 N9OQ; and || Az¢|| > |lell1
for ¢ € K1 N9Qs. Applying Theorem 1.1 we can show that the equation (1.1)
has a positive solution # € P#(R) which implies our assertion. |

Example 3.3 To illustrate the applicabillity of Theorem 3.2 we consider the
following equation

(3.20) 2" (t) — a(t) + p(x(t) + |2/ ()])* = 0.

Fix

We claim that (3.17) holds for r < % To see this notice that umy < 3pu.
Clearly

(RMO) _ RMZ  4R?

do 2 (3e—1)2
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and

1
1 0Gy (1 MyR
d = =z d
wf oo (o) 5 o)l (557)
4uR? (' [(3e—1) 1 oGy (1 (3e —1)
(36—1)2/0 { o/e \2° at \27)|| = ok
for sufficiently large R. Thus all conditions of Theorem 3.2 are satisfied and the
equation (3.20) has a positive solution x € PZ(R).
It is not difficult to verify that z(t) = l% is a periodic and positive solution
of the equation (3.20).

Theorem 3.4 Assume conditions (3.1)—(3.2) and (3.4). Suppose that
(3.21) O<al(t)<mw fortel0,1],

there exists Co > 0 and r > 0 such that r > pLCady,
(3.22) fol Ga(t,s)ds < CoMy fort € [0,1] and r > (1 + ||dy]|1) uma,
where dy and Mo have properties (2.13)-(2.16),

there exists R > 0 such that R > r and

328 WR () [0 (hs) %5 (5,5) ] g (et as,

where € > 0 is any constant such that 1 — &Rﬂo > €.

Then (1.2) has a positive solution © € PZ(R).
Proof Let E,Q; and 3 be as in Theorem 3.1. Let

K> ={u€ P{(R): trer[l(i)rll][EOU(t) = [u'(®)]] = Mollull1}-

Then K> is a cone of E. Now let ¢ € Ky N (Q2\ ;) and let x, be the unique
1-periodic solution of the equation

2 () + (D)2 (t) = pf(t () — Ga(t), ¢ () — Bo(t)),

where f7 is defined by (3.6). Finally let A3 : K2N(Q2\ Q1) — P} (R) be defined
by Asp = z,. It is not difficult to prove that Az : Ko N (02 \ Q1) — Ko, As is
continuous and compact. The similar arguments as in Theorem 3.1 gurantee
that [|Asplli < |l¢ll1 for ¢ € K2 N 0Q and [|Asplli > [l for ¢ € Kz N ONs.
Theorems 1.1 implies that A3 has a fixed point x € KoN(Q2\ Q) i.e. z(t) > %
for t € R. This completes the proof of Theorem 3.4. T
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In a similar way we can prove

Corollary 3.5 Assume conditions (3.14)-(3.16) and (3.18). Suppose that
(3.24)  there exists 7 > 0 such that r > (r)puma,
(3.25)  there exists R > 0 such that R > r and

_ L - 1 0Gy (1 MoR
< Zs) - 1=2 (2 — .
o 70 [ (5.5) = |5 (3 o (527

Then (1.2) has a positive solution © € P2(R).

Example 3.6 We consider the equation
(3.26) 2" () + x(t) = p|sinzt|[(x(t) + |2/ (t)])?* — 1].

It is not difficult to verify that the equation (3.26) for 0 < p < 1/5 has a
solution x such that z(t) > 0 for t € R and 2 € PZ(R). To see this we
apply Theorem 3.4 with a(t) = 1, L = 1, 7(t) = |sinnt|, dy = 2(tan% + 1),
M, = 13_(:3/1327 g(u) = p(u) = u?, ¢y = p, C2 =2, r = 1 and with sufficiently
large R (R > 1).

4 Negative periodic solutions

In a similar way we can prove theorems on existence of negative periodic solu-
tions of the equations (1.1) and (1.2).

Theorem 4.1 Suppose that

f:D — (—00,00) is continuous,
f(t+1,v0,v1) = f(t,v0,v1) for (t,vp,v1) € D,

(4.1) ) ‘
there exists a constant L > 0 with
f(t,v0,v1) — L <0 for (t,vg,v1) € D,
there exists a function (u) such that
(4.2) —f(t,vo,v1) + L < ¢(Jvo| + [v1]) for (¢, v0,v1) € D,

where ¢ : [0,00) — [0,00) is continuous
and nondecreasing and ¥(u) > 0 for u > 0,

(4.3) L — f(t,v0,v1) > 7(t)g(|vo]) for (t,v0,v1) € D, where T and g have
property (3.4),

(4.4)  there exist R > 0 and r > 0 such that (3.3) and (3.5) hold.
Then (1.1) has a negative solution x € P2(R).
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Proof Let

¢ — L, if (¢ D
I (t,vo,v1) = ft,v,v1) ) 1 (t,v0,v1) €
f(t,0,v1) — L, if (t,v0,v1) € D.

We will show that there exists a solution zs to the following equation

1
45  alt)=p / Gi(t, 5)f* (5, 2(5) + By (), ' (5) + Bu(s)) ds

with z2(t) + ¢, (t) < 0 for t € [0,1]. If this is true, then u(t) = z2(t) + ¢, (t) is
a negative solution of the equation (1.1) since for ¢ € [0, 1] we have
1
i [ Galt. s uls) ol () ds.
0
Let 21,Q5 and E be as in Theorem 3.1. Now let

Ky = {u€ PLR) - max [dou(t) + |o/ ()] < ~Moljul.}

Then K3 is a cone of E. Let ¢ € K3N (Q2 \ Q1) and let z, be the unique
1-periodic solution of the equation

& (t) — a2 (t)a(t) + uf (t, (1) + 6, (t), ' (t) + 6, (t) = 0.
Finally let A4 : K3N (Q_g\ Q1) — PL(R) be defined by Agp = Ze. Then

(Asp)(t) = M/O Gr(t, 5)F2 (5, 0(5) + 61(5), ¢ (5) + 61 (s)) ds

for ¢ € [0,1]. By Lemma 2.6 we have.

do(Au)(t) + I(A4<P)’(t)|

< 1 fy [doGa(t, s) — |28 (8, 8)[] £7 (s, 0(5) + b1 (5), ' (5) + By (5)) ds
= 1 fy [doG1(t,s) — | 251 (t,5)|] £ (5, 0(5) + 61(), ¢/ (5) + 1 (5)) ds
+ ) [doGa(t,s) — | 252 (t,5)|] £ (5, 0(5) + b1(s), ¢/ (5) + 1 () ds
< fy [Ga(ss) + 25 (s +0,8)[] £ (5, 0(5) + B1(s), ' (5) + b1 (5)) ds
) [Gils,8) + | 284 (s — 0,8)|] £7 (5, 0(5) + G1(5), ¢/ (5) + Gy (s)) ds

Hence, by (2.10)—(2.11) we get
o(Ap)1) + (A4 (1)
iy [ [G105) 4| Z2 0.6 | (-1 0006) 4 801, (6) 4 B 1) .
where ¢ € [0,1]. So

do(Asp)(t) + [(Aap)'(t)| < —Mol| Asels-
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Consequently A4 : K3 N (Q\ Q1) — K3. Using arguments similar to those in
the proof of Theorem 3.1 we conclude that A4 is continuous and compact. Let
p € K3NoQy. Then ||Asplli < |lolli- If ¢ € K3 N 0Qs, then ||¢||1 = R and
dop(t) < —RMj.

Now let € be as in (3.5). Then by (3.3) we have

o(t) < p(t) + 61(t) < @(t) + L [ Gi(t,s) ds < p(t) + pLMoCy

RJV[O /J,LM[)CleO _ _RMQ _ /J,Lcldo _ERJV[O
< - +=r = o U R < =% <0

(for t € [0,1]). This together with (3.5) and (4.3) yields

—do||As|ly < do(Asp) (3) + | (Ase) (3)]

< pufy [doGr (%,5) = 282 (3.9)[] [£(50(5) + 81 (5), ' (5) + B (s)) — L] ds
< = Jy [doGr (3.5) = |25 (3,9)[] 7()g(|p(s) + 1 (s)]) ds

< —pfy [doGi (.5) = |25 (4,5) [ ()9 (8o ) ds < —doR.

So [[As¢ll1 > R = [|¢]l1. By Theorem 1.1 the operator A4 has at least one fixed
point in the set K3 N (22 \ 1), which means that (1.1) has a negative solution
x such that = € P?(R). This completes the proof of Theorem 4.1. O

By the same way we can prove the following

Corollary 4.2 Suppose that

(4.6) f:D — (—00,0] is continuous

(4.7) f(t+1,v0,v1) = f(t,v0,v1) for all (t,v0,v1) € D,
(4.8) there exists a function 1 such that

|f(t,'l}0,'[}1)| S ¢(UO+|UI|) on 157

where 1) : [0,00) — [0, 00) is continuous and nondecreasing and ¥ (u) > 0
for u >0,

(4.9) there exist functions T and g such that
—f(t,v0,01) > 7(t)g(|vol)  for (t,v0,v1) € D,
where T and g have property (3.4),
(4.10) there exist constants r and R having properties (3.17) and (3.19).
Then (1.1) has a negative solution z € PZ(R).

Theorem 4.3 Assume that conditions (4.1)—(4.3), (5.21)—(3.23) are satisfied.
Then (1.2) has a negative solution x € P2(R).
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Proof The proof of Theorem 4.3 is similar to that of Theorem 4.1. Let 1, s,
f* and F be as in Theorem 4.1. Let

— 1 . g / M,
Ky = {u € PLR): max [dou(r) + o/ (6)] < ~FolJul }.

Obviously K4 is a cone of E. We will show there exists a solution x3 of the
equation

1
£(t) = / Galt, 5)f* (5, 2(5) + Ba(5), ' (5) + Bu(s)) ds

with 23(t) + ¢5(t) < 0 for t € [0,1]. Let ¢ € K4 N (R \ Q1) and let z, be the
unique 1-periodic solution of the equation

2 () + a®(£)x(t) = uf (t, o(t) + Bo(t), &' () + Ba(t)).
Finally, let As : K4 N (Q2\ Q1) — P!(R) be defined by Asp = z,,. Then

1
(As)(t) = M/O Ga(t,5) 17 (5,0(5) + Ba(5), ¢ (5) + By(s5)) ds
for t € [0,1]. By Lemma 2.7 we have

do(As)(t) + |(As0)'(¢))]

< il [ 6o+ |2 | (17 5:006) £ o000 (5) + (o)) .

where ¢ € [0,1]. So
do(As)(t) + |(As )’ ()] < —Mo| A5l

Consequently As : K4 N (Q \ Q1) — K4. Also Aj is continuous and compact.
Let p < K4ﬂ(991. Then ||A5<p||1 < ||<p||1 If(p S K4ﬂ(992, then do(p(t) < —RMj
and

<0,

- —RMy (1 — uLCsd —eRM,
o0 < 0l0) + (1) < —oe (1LpC) < R

do R do
where ¢ is as in (3.22). This together with (4.3) yields

1

—dol|Asell1 < do(As9) (%) * ‘(AW)/ (5)‘

< [ [u6a (55) - |52 (35) || 601648100000+ Bolo) - L1 s

Lo 1 9Gs (1 eRM, -
< — - — === < - )
- M/o {dOG2 (2’8> ‘ ot (278) H T(s)g ( do > ds = —dolt

Thus [[A5¢[l1 > [l¢l[1. By Theorem 1.1 the operator A5 has at least on fixed
point in the set K4 N (22 \ 1) which means that (1.2) has a negative solution
x such that = € P?(R). This completes the proof of Theorem 4.3. O
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In the simlar way we can prove the following

Corollary 4.4 Assume that conditions (4.6)-(4.9), (3.24)-(3.25) are satisfied.
Then (1.2) has a negative solution v € PZ(R).
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Abstract

In this paper we consider a method by which a skew-symmetric tensor
field of type (1,2) in M, can be extended to the tensor bundle 7} (M,)
(¢ > 0) on the pure cross-section. The results obtained are to some extend
similar to results previously established for cotangent bundles T (M.,,).
However, there are various important differences and it appears that the
problem of lifting tensor fields of type (1,2) to the tensor bundle 7} (M,,)
(¢ > 1) on the pure cross-section presents difficulties which are not en-
countered in the case of the cotangent bundle.

Key words: Lift; tensor bundle; pure tensor; operator Yano—Ako.
2000 Mathematics Subject Classification: 53C15, 53C25, 53C55

Introduction

Let M, be a differentiable manifold of class C*° and finite dimension n, and let
TY(M,) (g > 0) be the bundle over M, of tensors of type (0, q):

PeM,

where T (P) denotes the tensor spaces of tensors of type (0,q) at P € M,,.
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i. 7:T2(M,) — M, is the projection T)(M,) onto M,.
ii. The indices i, j,... run from 1 to n, the indices 7,7,... from n + 1 to
n+n? = dimTY(M,) and the indices I = (i,2),J = (4,7),... from 1 to
n + n?. The so-called Einsteins summation convention is used.
iii. (M) is the ring of real-valued C*° functions on M,. TP(M,) is the
module over (M) of C* tensor fields of type (p, q).

iv. Vector fields in M,, are denoted by V,W,... The Lie derivation with re-
spect to V' is denoted by Ly .

Denoting by 27 the local coordinates of P = 7(P) (P € T)(M,)) in a
neighborhood U C M, and if we make (27,¢;,. ;) = (27,27) correspond to
the point P € 7~ 1(U), we can introduce a system of local coordinates (27, 27)
in a neighborhood 7~ (U) C T (My,), where t;, def 27 are components of
t € TY(P) with respect to the natural frame ;.

Ifae T,?(Mn), it is regarded, in a natural way (by contraction), as a function
in T;) (M,,), which we denote by ic. If o has the local expression a = o/t J19;, ®
... ® 0j, in a coordinate neighborhood U(z") C M,, then ia has the local
expression iov = a(t) = at-Jat; ; with respect to the coordinates (27, 27) in
T Y(U).

S(ugpose that A € TQ(M,). We define the vertical lift VA € Ty (T (My,)) of
A to TQ(M,) (see [1]) by VA(ic) = a(A) o = V(a(A)), where V' («(A)) is the
vertical lift of the function «(A) € $(M,,). The vertical lift VA of A to Ty (M,)

has components
VA 0
Vi _
=)= () w

with respect to the coordinates (7, 27) in T (My).
We define the complete lift “V = Ly of V to T (M,) (see [1]) by “V (icr) =
i(Lva), a € T§(My,). The complete lift “V of V to T)(M,) has components

Cyk —vyk, Cyk=— Ztkl...s...k O, V* (1.2)

with respect to the coordinates (z*, %) in T} (M,).

Suppose that there is given a tensor field £ € TqO(Mn). Then the corre-
spondence x — &,, &, being the value of £ at x € M,,, determines a mapping
o¢ : My, — TJ(M,) such that 7 o o¢ = idy,, and the n dimensional submani-
fold o¢ (M,) of T (M,,) is called the cross-section determined by &. If the tensor
field ¢ has the local components &, .k, (z¥), the cross-section o¢(M,,) is locally
expressed by 2% = 2%, 2% = &, r. (2*) with respect to the coordinates (z*,z")
in T,?(Mn). Differentiating by =7, we see that the n tangent vector fields B; to
o¢(My)have components

(BF) = (‘?—K) (97 ) 13)



On Applications of the Yano—Ako operator 137

with respect to the natural frame {9, 95} in T (M,,).

On the other hand, the fibre is locally expressed by zF = const, lhy kg =
thy...ky» tky...k, Deing consider as parameters. Thus, on differentiating with re-
spect to o7 = t;, . ;,, we see that the n? tangent vector fields C; to the fibre

have components
oxK 0
K = _— = : ]
(Cj ) - < o927 ) <5i11 . 5%; > (14)

with respect to the natural frame {9, 95} in T (M,,).

We consider in 7! (U) C T(M,,), n+n? local vector fields B; and C; along
o¢(M,). They form a local family of frames {B;, C5} along o¢(M,,), which is
called the adapted (B, C)-frame of o¢(M,,) in 7~ !(U). Taking account of (1.2),
we can easily prove that , the complete lift “V has along o¢(My,) components

of the form o 4
c ' Vi

V = ~ = 1-5

( v ~(Lv&)ji...j, (15

with respect to the adapted (B, C)-frame [2], where (Lv§);,..;, are local com-
ponents of Ly ¢ in M,,.

2 The vertical-vector lift of a tensor field of type (1,1)

Let ¢ € T}(M,). Making use of the Jacobian matrix of the coordinate trans-
formation in T (M,):

-/ -/ 7
X2

gt =" (2'),2" =ty = AE?)t(i)

A T g A i i g0 O
= A(Z,)l' (t(z) = tl1~~~7fq7A(7,") = Azi .. .Aig7 i = axz,)

we can define a vector field yp € Ty (T (My)) [3]:

e =((vp)’) = (t 0 )

]
jiz...iqPiy

where <p{l are local components of ¢ in M,,. Clearly, we have (v¢)(Vf) = 0 for
any f € $(M,), so that yp is a vertical vector field. We call v the vertical-
vector lift of the tensor field ¢ € T} (M,) to Ty (M,). We can easily verify that
the vertical-vector lift y¢ has along o¢(M,,) components

==, " )

o)
f]lz...lq QDil

with respect to the adapted (B, C')-frame, where &;, .. ;, are local components of
&in M,.

Let S be an element of Ty (M,) with local components Sfj in M,. In a
similar way, if v((Lv; S)v,), 7((Lv,S)v;) and (S}y, vs]) are vertical-vector lifts
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of (LVls)V2 - (U?(Lvls)zm) € Tll(Mn)a (LVQS)Vl - (U{R(L‘é‘s’)gm) € Tll(Mn)
and Spy v, = (57,[V1,V2]™) € Ti(M,), respectively, then ~((Lv,S)v,),
Y((Lv,S)vy) and (S}y,,v,]) have along o¢(M,,) respectively components of the
form

WL = O = (¢ s )

ilm

W) = 0S¢ s )

. 0
’Y( [Vl,Vz]) (7( [Vl,Vz]) ) <£jl2lq Sglm[vla ‘/2]777, )

with respect to the adapted (B, C)-frame, where [Vi, V2] = Ly, V5.

3 The complete lift of a skew-symmetric tensor field of
type (1,2)

Suppose now that S € T4 (M,,) is a skew-symmetric tensor field of type (1,2)
with local components Sfj, that is S(V,W) = —S(W, V), VV,W € T}(M,). A
tensor field & € T} (M,,) is called pure with respect to S € Ty (M,,), if [4]:

r J— — s .
St Eroda = e = Shs G
r . _ aqr .
Sjlbf’"'“h T qubfﬁwr'

In particular, covector fields will be considered to be pure. Let Tg(Mn)denoteS a
module of all the tensor fields £ € Tg (M,,) which are pure with respect to S. We

consider a pure cross-section og (M,,) determined by & € T} (M,,). We observe
that the local vector fields

and
V(@) _ V.01 i Vst iq 3,.h1 h 0
XW="(dz" ®...@dx") =" (5 ...0, dx" ®@...@dx") = 5 5
q hlnnnn hq
i=1,...,n,7=n+1,...,n+n?

span the module of vector fields in 7~ !(U) C T3 (M,). Hence any tensor field
is determined in 71(U) by its action of “X;) and VX®. Then we define a
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tensor field S € T3 (T (M,)) along the pure cross-section o;g (M,,) by

CS(C‘/D CV&) = C(S(Vlv ‘/2)) - ’7((LV25)V1)

+7((Lv; S)ve) + v(Spva,va))s VA, Vo € Ty (M) (i)
CS(VALCVy) =Y (Sw(A), VAeT}HM,), (ii) (3.1)
“S(°V1,VB) =V(Sv(B)), VB eT;(M,), (iii)
¢S(VAY B) =0, (iv)

where Sy, (A), Sy, (B) € T)(M,) and call ©S the complete lift of S € Ty (M,)
to T)(M,,) along o;g(Mn).

Let Cgile be components of ¢S with respect to the adapted (B, C)-frame of
the pure cross-section a?(Mn). From (1.1), (1.3), (1.4) and VA = VAI B, +-VAIC},
we easily obtain VA7 = 0, VA7 = VA7 = Aj,..j,- Thus the vertical lift VA also
has components of the form (1.1) with respect to the adapted (B, C)-frame of
U?(Mn). Then, from (3.1) we have

C8L, 0, ViV =2 (S(1, V) = (L, S)va)”

+7((Lvy S)va)” + (St i) (i)
€8],V ARCTE 2V (81, (A)) M) (32
CSi1LzC‘/1LlVBL2 =V (SV1( ))J7 (111)
CS’i1LQVIZiL1V‘BL2 = O’ (IV)
where
~ 0 ~ 0
1% J 1% J
Sy, (A))” = m , Sy, (B))’ = m i
(Sva(4)) (SjllVZlAmjzu-jq ) (5.(5)) (Sljlvllejzqu )
When J = j, from (¢) of (3.2) we have
C&  _ qi cg _C& _C&  _
Sl]llz - ksv‘l]1l27 Slzllg - Sljll_g - Slzl_ - ’
where zla = tryrgy @ =1,2.
When J =7, (i) of (3.2) reduces to
Cglj_llch/th‘N/zlz +_C S'ljll?Cf/lllC‘N/zlz +C S’ljll}cf/lllcféb
+ 950, VIOV + Gy, 0 (D S (3.3)

- gijzu-quén(l’w S);lm - gijzqu Sjlzlm[‘/vlv VQ]m = C(S(Vlv VQ))j
Now, using the Generalized Yano—Ako operator we will investigate components

CS'ljl 1,- The Generalized Yano-Ako operator on the pure module T)(M,) is
given by [4], [5].

(®5E)1251.5q = Siy130mEi1dq — O (S]i1,6mia.dg) = 01 (ST7, Emio..iy)

q
+ Z(a]a Sﬁl2)£]1qu

a=1
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After some calculations we have

Va2 VI (®s(vi va)E)tntagnoda + Vi ST Lvaimia.. o + Va2 ST Lvimia.. g,
l l 1
+ Va2 (Lv ST, ) emgs gy — Vi (Lva S emia.gy + (Lvi Vo) ST Vémio..j
= Lswvi,ve)&i1...4q (3.4)

for any V1, Vo € T¢(M,,). Using (1.5), from (3.4) we have

(@svi v Etatage... o) VI Va2 = Sp1 872657V OV,e

l1j1 " J2
— 85,00 ... 0, VIOV + V32 (L, ST iy — VI (Lve ST Vemia.. g
+ (L, Va) S Emja.gs = —C (S(VA, V2)). (3.5)

Comparing (3.3) and (3.5), we get
S, = (25111 ...
By similar devices, from (ii)—(iv) of (3.2) we have also
[CN </ - CQl  _ qri g Tq Cgl  _ qri gT Tq
Sp, =0, UST = 80,00 050 TS L =5]1,05 650

Thus the complete lift ©.S of S € T3 (M,,) (S(V,W) = —S(W,V)) has along the
pure cross-section 063 (M,,) components

cC&l cCqj _C&J _C4&J C a7
C%‘lb — Plylyy Sl]lzr_ Csll_l_z - hils Sl_%,l} =0
J . Qri T q ] QT T2 q
Sl'112 = Sj1125j2 ...6jq, Slll-2 = Szlj15j2 ...6jq, (3.6)

Cg _
Sl]ll2 - _((I)Sg)hlzﬁ“.jq

with respect to the adapted (B, C)-frame of U?(Mn), where ®g¢ is the Gener-
alized Yano—Ako operator.

Remark 1 ¢S in the form (3.6) is unique solution of (3.1). Therefore, if S is
element of T4 (T (M,)), such that

CS(CV1,CVR) =C (S(Vi, Va)) — ¥((Ly Sy )
+*7((LV13)V2) +7(Svi, 1),

CS(V AL Va) =V (S, (A)),

CS(CWY B) =V (Sv,(B)),

CS(VAVY B) =0,

(
(
then g’ =Cg.

Remark 2 The equation (3.1) is a useful extension of the equation ¢V (ia) =
i(Lya), a € T (M,) (see §1) to tensor fields of type (1,2) along the pure cross-
section J? (M,,).
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In the case 8m£j1___jq = 0, (B, C)-frame is considered as a natural frame

{Oh, 03} of a?(Mn). Then, from (3.6) we obtain components of ©.S along the
pure cross-section with respect to the natural frame {0,905} of J? (M,) in

77 1(U) (see [5]). The diagonal and horizontal lifts for tensor fields of special
kinds to the tensor bundle have been studied in [6]-[8].
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Abstract
The measurability of the family, made up of the family of plane pairs

and the family of lines in 3-dimensional space Ag, is stated and its density
is given.
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1 Introduction

A measure on a family of geometric objects can be introduced by assigning to
each object a point of an auxiliary space and considering a suitable measure
on that space. In general the dimension of the auxiliary space is equal to the
number of parameters on which the geometric objects depend. A basic problem
is to specify measures which are invariant with respect to a given group of
transformations which map the family onto itself.

This problem was first considered by Crofton [3] who specified the invariant
measure on the family of all straight lines in Euclidean 2-space E2. This was
extended to E° by Deltheil [4] and Chern [1] first considered families of geometric
objects in projective space.

Santalé [9] calculated measures of certain families of varieties with respect
to three different groups and found that these were equal. Stoka [10] studied the
family of parabolas. He proved that a family is measurable if it is measurable
with respect to its maximal group of invariance

*This work has been subsidized by the M.U.R.S.T.
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However Cirlincione [2] found a measurable family of varieties even though
the family was not measurable with respect to the maximal group of invariance.
This proves that the Stoka’s condition is not necessary.

In Section 2 we provide background and definitions and in Section 3 we
prove that the family of varieties, where each variety is a pair consisting of two
hyperplanes and a straight line in 3-dimensional affine space As is measurable.

2 Background

Let ‘H, be an n-dimensional space with coordinates 1,3, ...,z, in which a
Lie group of transformations acts.
Let G, be one of its subgroups defined by the equations

yi = fi(z1,22, ..., 2n 01,02, ..,0,) (i=1,2,...,n) (#)
where a1, as,...,a, are basic parameters.
Definition 1 The function F'(z1,xs,...,2,) is an integral invariant function of

the group (#), if

/F(xl,xg,...,xn)dxldxg...dxn:/ F(y1ya, -, Yn) dy1dys - . . dyyn)
Ay

x

for each measurable set of points A, of the space H,.

Theorem 1 The integral invariant functions of the group (#) are the solutions
of the following Deltheil’s system of partial differential equations:

2 aii [G@F@)] =0 (h=12....7),

where & (z) are the coefficients of the infinitesimal transformations of the group

(#) (see [4]; p- 28).

Definition 2 A measurable Lie group of transformations is a group which ad-
mits only one integral invariant function (up to a multiplicative constant).

Let G be a group which leaves globally invariant a family <& of varietes in
H.,,. To G there is associated a group H (isomorphic to G) of transformations
acting on the (auxiliary) space of parameters of the family.

Definition 3 A family & is measurable with respect to G if H is measurable in
the sense of Definition 2. If ® is its integral invariant function, then the measure
of & with respect to the group G is given by

MG:/ O(aq, g, ..., 0q) dardas ... dag,

a

where A, is the set of points of the auxiliary space which corresponds to the
family <.



Density of a family of linear varietes 145

Definition 4 A family < of varieties is measurable if the measures with respect
to every group of invariance of the family are equal, if they exist.

Theorem 2 (Stoka’s first condition) If the group H associated to the maz-
imal group of invariance of & (where the only transformation, which leaves
invariant each element of the family, is the identity) is measurable, the family
is measurable.

Theorem 3 (Stoka’s second condition) If H is not measurable and there
are two measurable subgroups with different integral invariant functions, then &
is not measurable.

3 Measurability of the family Sy

Theorem 4 The family of varieties,where each variety is consisted of two planes
and a straight line in 3-dimensional affine space As, is measurable.

Let us consider the family of plane pairs and the family of lines in the affine
space As (suppose that planes and lines are in general position)

bix1 + boxy + b3x3 =1,
c1x1 + coxy +c3xg =1,
r1=hrs+q
Ty = lar3 + g2

which depend on 10 parameters by, bs, b3, 1, c2, ¢3,11,12, 1, g2-
Let G12 be the affinity group given by the equations

! ! !
T1 = p11xy + p12%, +p13r3 + o

. J— / / !/
Gi2 1 T2 = P12 + P2ty + P23y + a2
! ! !
T3 = P31%7 + P32%5 + P33T3 + 3

and let Z?Zl biay; # 1, Z?Zl cioy # 1.

We put
x1 by c1
X = T2 ) B = b2 ) C= C2 )
3 b3 c3
I T T
L - l2 ) Q = q2 ’ X/ - x/2 9
1 0 zh

aq
P= (pij) (1,j =1,2,3) with det P #0, A= | as
Qas
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so that we obtain

Sp:'B-X=1,"C-X=1, X=L-235+Q (1)
Gi2 : XZPXI—I—A
Now we see how the 10 parameters of the family 39¢ change by applying
any transformation 7' of G1s.
With a similar meaning of B/, C’, L', Q' the new variety is given by the

equations
‘B X'=1,C"- X' =1 (2)

X' =L 2,+Q". (3)
From (1) we have
'‘B-X='B-(P-X'"+A)='B-P-X'+'B-A=1
tc.X="C-(P-X'+A)='C-P-X'+'C-A=1
hence
‘B-P-X'=1-'B-A, fc.P.-X'=1-1'C-A.
Finally, dividing by 1— *B - A and 1— *C - A respectively, we obtain

1 1

In the same way we obtain

X = L-x3—|-Q:>P-X'—|—A=L-(p31x3+p32x/2+p33x§+a3)+Q
= P-X'=L-(p312] + psaxhy + p3say +a3) + Q — A

i.e.
D11 P12 P13 zh Iy q1 — o
po1 P22 pas || ah | = | Lo | - (P12} + psewy + pasah + as)+ | @2 — a2
D31 P32 P33 zh 1 0—as

or equivalently

11Ty + proxh + pi3aly = li(ps12] + psaxh + pasaly) + lias + (1 — a1)
P21$/1 + pzzfﬂ/g + P23$/3 = lz(p:nff/l + p32$'2 +P33$§) + lhas + (g2 — a2)
P33Th = p33xh + as + (0 — ag)

hence

(p11 — l1p31)x) + (P12 — lips2)zy = (lipss — p13)xh + liag + (@1 — 1)
(p21 — lap31)2) + (P22 — lops2)ah, = (lapss — pa3) 2l + laas + (g2 — aa)
P33$§ = P33$§
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Omitting the last identity and using the matrix form, we have

P11 — l1p31 p12 — lip32 o\ _ (lpss—p13\ I q1— o
; = T3+ a3+
P21 — lap31 p22 — lap32 Ty lapss — p23 Iy G2 — Q2

(5)
Putting
R— (P~ lip31 p12 — lip32
P21 — lap31 P22 — laps2
we have
Rl — 1 [ p22—lopsz —p12 +lips2
—p21 +lapsr P22 — l1p31
where

A = ||R|| = (p11 — lip31)(p22 — lap32) — (P12 — l2p32) (P21 — l2p31)-

Then we can write (5) as
$:1 — R! lipss — p13 ol + R L s+ qQ — o
Ty lapss — p23 ly g2 — Q2

21 _ L[ p2—lpp —p2thps ) (hpss—pi3)
Yy A\ —p21 +l2p31 pi1 — lips lopss —pa3 ) 3
n 1 ([ peo—lopss —pra+lips2\ (lias+q — ©6)
A\ —p21 +l2ps1 p11 — lips1 loas+q — a2

or

By comparing (2) and (3) with (4) and (6) respectively, we have the con-
nections between the new parameters b}, b, b5, ¢}, cb, ¢4, U1, 15, ¢}, ¢5 and the
initial ones:

1 1

bll = bzpzl bzpz2

Z TS Z T b
1

1
bipis - CiPit
Z - Ez:l biai Z - Zz 1 ity

cy = ;Cﬂ?ﬂ : % ;clng 1- Zj 1 G "
’ - % [(paz — lopsa) (l1p33 — p13) + (—p12 + lipsa) (l2pss — pa3)]

ly = % [(=p21 + l2ps1)(lipss — p13) + (P11 — l1ps1) (l2pss — p23)]

G = % (P22 — lapsa)(hhas + @1 — 1) + (=p12 + lipsz) (l2cs + g2 — )]

G = % [(=p21 + laps1)(lias + @1 — 1) + (p11 — lips1)(laas + g2 — az)]
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In the 10-dimensional parameter space Ajp, (7) are the equations of group
H,5 which is associated to G2 (operating in 3-dimensional space A3).

Also group His depends on twelve parameters pi1, p21, P31, P12, P22, P32,
D13, D23, P33, A1, 2, ag and the unit o € Hyo (as for G12) corresponds to the
values of the parameters

0ifi#£jy
Now we construct the matrix whose elements are the coefficients of the in-
finitesimal transfomations of His and we note that the columns of this matrix
are the derivates of b}, bh, b}, ¢}, ch, ¢k, 11, 1, ¢}, g5 with respect to parameters

Dij, 1,j = 1,2,3 and oy, 1 = 1,2, 3:

pij:{lle:] and a; =0 (i,j=1,2,3).

Q
¢}
o~ w

Q)
]
s
i

o)
Q
o™~

Q)
S
N
=

o)
QS
o™~

Q)
bS]
@
=

Q
¢}
o™~

= C2,

Q)
]
N
N}

o)
Q
o™~

= Cs,

Q)
hs]
@
0

o)
QS
o™~

(), =0 (32), =0 (%), =0
(), =t (32), =0 (3), =0
(), = (32), =0 (32) =0
@), =0 (#2), =0 (35), =0
(), =0 (38), =t (35), =0
(75), =0 (35), =0 (35), =0
(), =0 (32), =0 (%), =
@), =0 (@), =0 (3), =»
(75), =0 (38), =0 (35), =
(gg’ll)o:bf, (ga%>0:b2b1, (gg’sl)ozbgbl,
(5) =mbe,  (52) =83 (32) =baba,
(#),=ve (3), =0 (8), = %
( ( (
( ( (
( ( (
( ( (
( ( (
( ( (
( ( (

Q|
S|
ol o
D N N N N N
Il
=

)
)
)
), =
)
)
)

Q)
S
o
@
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So, the matrix of the coefficients of the infinitesimal transformations of H1o

is given by
by

ba
b3

Cij =

[evi el el e e M @)

b7
b1bo
b1b3

baby
b3
babs

o O O

SO O O OO

C1
C2
C3
C3C1
C3C2

-
0

17
1y
0
l1lo
-1
0

o~

1
0
0
0

0
I
l1ls

0
—1ly

3
0
-1
l2

0

0

0

—q1 0
0 —@
g g
—q2 0
0 —go
lig2  l2go
0 0

0 0

0 0
-1 0
0 -1

1y lo
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Our aim is to find functions ®(by, be, b3, c1, 2, ¢3,11, 12, q1,g2) which satisfy
the following (Deltheil) system:
b + g + ()5t + (—q) 52 =0
by g + co g + (—ll)g—?; + (—Q1)g_i =0

5} O
byd + e + R SR + Lo 52 + hai 5 + b1 92 = —4L, D

blg—;}; +C1g—§; + (—lz)g—l{: + (-q;:)g—i =0

o) 0 15} 15
bapr + c2per + (—l2) G + (—g2) 5z = 0

b3§_g; + 03% + llng_lqi + l%g—i + l1612§—(i + lezg—;I; = —4l,®
bigs, + 15e; + (=) =0 ()
bo g + e f2 +(—-42) =0
bsZE + csd2 + L G2 + [ I = —4
B + bt + b + ST+ B+ eicafE + (<5 = —Albi+e®
bibo G + b3 5 + bobs G2 + crea g2 + 3 EE 4 Cocs G + (— ) = —4(ba + c2)®
b -+ babs G HIS 0D eres B8 +eaes B2+ 4B+ B2 41288 = Byt

System (9) has ® = 0 as the trivial solution, obviously. Then by dividing
any equation of (12) by @, it becomes a (linear non-homogeneous) system of 12
algebraic equations with ten unknown quantities:

Oln® 9ln® Oln® IOln® Olnd® IOln® Olnd® Oln® Olnd® Olnd®
(%1 ’ (%2 ’ 063 ’ 801 ’ 802 ’ 803 ’ (911 ’ (912 ’ a(h ’ 0q2 '

The incomplete and complete matrix (respectively) of the previous system are
given by:

b1 0 0 c1 0 0 -hL 0 -—aq 0
b2 0 0 Co 0 0 0 —11 0 —q1
bg 0 0 C3 0 0 l% lllg l1q1 l2q1
0 b1 0 0 C1 0 —l2 0 —q2 0
0 bg 0 0 Co 0 0 —12 0 —q2
0 b3 0 0 C3 0 1112 l% 11QQ lQ(]Q
0 0 b1 0 0 cgc -1 0 0 0
0 0 ba 0 0 ca 0 -1 0 0
0 0 bg 0 0 C3 l1 l2 0 0
b% b2b1 b3 bl C% CoC1 C3C1 0 0 -1 0
b2b1 b% b3 b2 C2Cq C% C3C2 0 0 0 —1
0

b3b1 b3b2 b% C3C1 C3Co C% 0 ll 12
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bl 0 0 C1 0 0 —l1 0 —q1 0 0

b2 0 0 Co 0 0 0 —11 0 —q1 0

b3 0 0 C3 0 0 l% 1112 l1Q1 lgql —4[1

0 b1 0 0 C1 0 —l2 0 —q2 0 0

0 bg 0 0 C2 0 0 —l2 0 —q2 0

0 b3 0 0 C3 0 l1l2 lg l1QQ l2Q2 —4l2

0 0 b1 0 0 cc -1 0 0 0 0

0 0 ba 0 0 c2 0o -1 0 0 0

0 0 b3 0 0 C3 11 lg 0 0 —4

b% b2b1 b3b1 C% CoC1 C3C1 0 0 -1 0 —4(b1 + Cl)
b2b1 b% b3b2 Ca2C1 C% C3C2 0 0 0 —1 —4(b2 + CQ)

0

b3b1  b3by b% c3C1 (C3C2 C% 0 1 lo —4(b3 + 63)

We consider the 10 x 10 submatrix of the incomplete matrix which is ob-
tained by deleting the ninth and the twelfth rows. Its determinant is not zero.
Therefore, the incomplete matrix has rank 10. As that submatrix is also con-
tained in the complete matrix, adding first the ninth row and then the twelfth
row ( always considering the last column, obviously), we obtain two 11 x 11
submatrices.Their determinants are both zero; therefore the complete matrix
has rank 10.

We conclude that system (9) is solvable, so there exsists only one not trivial
solution given by the function

® = k(oap1 — o1p2)* with k € R*

where o1 = b1q1 + bag2 — 1, p2 = c1q1 + caq2 — 1, 01 = l1b1 + labs + b3,
09 = l101 + lQCQ + C3.

We leave out the calculus.

So group His associated to G2 is measurable by Theorem 2. Hence family
S10 is measurable and its density is given by

dd = (0’2p1 — leg)_4db1 A dba A dbs A dey A dea Ades Adly Adls N dg.
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Abstract

In the paper an additive closure operator on an abelian unital I-group
(G, u) is introduced and one studies the mutual relation of such operators
and of additive closure ones on the MV-algebra I'(G, u).
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1 Introduction

In [6] additive closure (and multiplicative interior) operators on MV-algebras
were introduced as a natural generalization of topological closure (and interior)
operators on Boolean algebras. Closure and interior M V-algebras (M V -algebras
endowed with additive closure or multiplicative interior operators) generalize
topological boolean algebras in a natural way.

Let us recall the notions of an M V-algebra and of an additive closure oper-
ator on an M V-algebra.

Definition 1.1 An algebra A = (A, ®,—,0) of the signature (2,1,0) is called
an MV-algebra iff for each z,y, z € A:

(MV1)  ze(ydz)=(oy) oz
(MV2) TOYy=ydu;

153
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(MV3) z@®0=uz;

(MV4) - = 7

(MV5) @ -0 = -0;

(MV6) “(rzdy) @y =-(zdy) ® .

Definition 1.2 Let us consider an M V-algebra A = (A, @, —,0) and a mapping
Cl: A — A. Then Clis called an additive closure operator on A iff for each
a,be A

1. Clla@®b) = Cl(a) ® CL(b),

2. a< Cla),
3. Cl(Cl(a)) = Cl(a),
4.  Cl(0) = 0.

MYV -algebras, which are an algebraic counterpart of the Lukasiewicz infinite
valued logic, are by [3], Chapters 2, 7 in a very close connection with abelian
unital [-groups.

Definition 1.3 An algebra G = (G,+,0,V,A) of the signature (2,0,2,2) is
called an I-group iff

1. (G,+,0) is a group,
2. (G,V,A) is a lattice,
3. z+@yVa)+tw=(@E+y+w)V(x+z+w) Vz,yz,weQG,
r+YANz)Fw=(x+y+w)A(r+z+w) Va,y, z,w € G.
An element u € G (u > 0) is called a strong unit of the I-group G iff
(Va € G)(3n € N) (a < nu),

where ot
nu= utut--4u.
N—————
n

If an l-group G contains a strong unit u, then (G, u) is called a unital I-
group. Moreover, if the operation ”+ “ of the [-group G is commutative, then G
is called an abelian I-group.

In the following remark we will describe the mutual relation of abelian unital
l-groups and MV -algebras.

Remark 1.4
a) Let (G,+,0,V,A) be an abelian I-group and let v € G,u > 0. If

r@y:=(x+y) Au, X =u— x,
then T'(G,u) = ([0, u], &, =, 0,u) is an M V-algebra.
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b) On the other hand, Daniele Mundici [5] proved that for every MV-
algebra A there exists such an abelian unital l-group (G,u) that
A=T(G,u).

The aim of this paper is to introduce an additive closure operator on an
abelian unital I-group (G, u). That means, we will investigate in introducing of
such an operator on abelian unital [-groups that it will preferably form a natural
counterpart of additive closure operators on M V-algebras.

2 Relation between additive closure operators on
MV -algebras and on abelian unital l-groups

Definition 2.1 Let (G, u) be an abelian unital I-group. A mapping 4" : GT —
G such that for each z,y € G it holds

L yf(@+y) =47 (2) + v (),
2. Yt (xAu) =97 (x)Au,
3. ¢ <ut(a),
4. (T (2) =¥ (),
will be called an additive closure operator on G+, where Gt = {x € G; z > 0}.

Lemma 2.2 Let (G,u) be an abelian unital I-group and let ™ be an additive
closure operator on G*. Then we have for each k € N, k > 1 and for each
z,y € Gt

(i) ¢ (u)=u,
(i) *(ku) = ku,
(iii) = <y= () <Pt(y).
Proof

(i) From the axiom 3 of Definition 2.1 it follows that u < ¥ (u). Moreover,
from the second axiom of the same definition we get

U (w) = ¢ (unu) = 9T (u) Au
and further ¢ (u) < u. Together we have u = ™ (u).
(ii) It follows from the first axiom of Definition 2.1 and from (i).
(iii) Let z,y € G,z <y. Since —x + (x Vy) € GT, it must also be
vHy) = vt @vy) =y @+ (et (@Vy) =¢" (@) + ot (- + (2 V),

But since
P (—z 4 (zVy)) € GT,

we finally get
ot (x) <9t (y). o



156 Filip SVRCEK

Definition 2.3 Let (G, u) be an abelian unital {-group. A mapping ¢ : G — G
is called an additive closure operator on G iff there exists such an additive
closure operator ¢ on G, that it holds for each element a € G

L. ’[r/) |G+: ’[r/)+7
2. Yla) =9 (at)—¢T(a"), where at =aV0,a” =—-a V0.

Remark 2.4 It is known that in each I-group G' we have a = a* — a~ for each
element a € G. So G = GT — G holds in each I-group G. Let us show now
that in each l-group G all representations of ¢)(a) in the form of the difference
of ¢ (x) and ¢ (y), where z,y € G such that a = 2 — y, are the same as the
representation of ¢(a) in the form of the difference of ¥/ (a™) and ¥ (a™).

Lemma 2.5 Let (G,u) be an abelian unital I-group and let ¢ be an additive
closure operator on G. Then it holds for each element a € G and for each
elements x,y € GT

la=2—yl= [¥(a) =9 (a*) —¢T(a7) =¢T(2) —¥T (y)].
Proof If a =z —y, then x —y = a* —a~. From that we have x +a~ = a™ 4y
and so ¢ (z) + ¥ (a”) = ¢ (aT) + ¢7(y), and finally Y (z) — T (y) =
PF (™) =¥ (a”) = (a). O
In the sequel we will study the mutual relation of additive closure operators

on abelian unital [-groups and on M V-algebras. The properties of additive
closure operators on MV-algebras were studied in [6].

Theorem 2.6 Let us consider an abelian unital l-group (G, u) and further an
additwe closure operator " on GT. Then ¢ = ™ |g ) is an additive closure
operator on the MV-algebra A =T(G,u).

Proof Since 97T is isotone and 9T (u) = wu, it is obvious that ¢ is a mapping
from [0, u] into [0,u]. We will check now validity of 1.—4. from Definition 1.2.
Therefore, let us choose two arbitrary elements a, b € [0, u] and we have
L pa@b) = p(a+b) Au) = v ((@+b) Au) = pH(a+b) Au =
(¥ (a) +9F () A= (p(a) + @(b)) Au = p(a) ® p(b),
2. a<¢t(a) =),
3. ele(a)) =v*(p(a) =T (7 (a)) = ¢ (a) = ¢(a),

4. ¢(0) = T (0) = 0, because of ¥+ (0) = (0 + 0) = »T(0) + *(0).
O

Let A = T'(G,u) be the MV-algebra constructed on an abelian unital
l-group (G, u). Then by [3], Lemma 7.1.3 each element ¢ € G* can be uniquely
represented in the form

a=a+az+ -+ an,

where the n-tuple (a1, as,...,a,) € [0,u]™ is determined by relations

ar=aAu,az=(a—a)Au,...,ap=(a—ay — - —an_1) Au.
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Remark 2.7 The introduced n-tuple (a1, as,...,a,) is a good sequence of ele-
ments of M V-algebra I'(G, u)—see [3, Lemma 7.1.3]. Let us recall that a good
sequence of elements of an M V-algebra A is such a sequence (a1, a2,...,an,...)
of elements of this algebra that for each i = 1,2, ... the identity

a; B a;+1 = a4
holds and at the same time there exists such n € N that a,, = 0 for all » > n.

Now, let ¢ be an additive closure operator on the M V-algebra A = I'(G,u)
and let us define a mapping @ : G™ — G, where

B(a) % p(ar) + plaz) + - +plan)  Vae G

Remark 2.8 Let us notice the prescription for the introduced mapping @. By

Remark 2.5 we know that (a1, as,...,a,) is a good sequence of elements of
I'(G,u) and for each i = 1,2,...,n — 1 we have therefore a; ® a;1+1 = a,;. But
then also for each i =1,2,...,n—1

p(ai) @ plair1) = p(a; © air1) = (aq).
That means, (p(a1),¢(az),...,¢(ay)) is a good sequence of elements of I'(G, u)

again.

Lemma 2.9 Let us consider an MV -algebra A = I'(G,u) constructed on an
abelian unital I-group (G, u) and an additive closure operator ¢ on A. Then the
mapping P 1s isotone.

Proof Let us choose arbitrary elements a,b € G, a < b. It holds ([3, Lemma
7.1.3))
a=ai+ay+--+am, b="b1+by+ -+ bn,

where ay,az,...,am,b1,b2,...,b, € [0,u] and m,n are some integers, not nec-
essarily the same. If for example m > n, then we put b,,—pi1 = -+ = by, = 0.
So we can consider m = n. Now, if a < b, then for each integer k

((a —ku)VO)Au < ((b—ku)V0)Au.
Further by [3, Lemma 7.1.3] we have from the last inequality
(a—a1—ag——ap) ANu<(b—by —by— -+ —b) Au,

that means ag+1 < biy1 for each integer k. From that it follows that p(agy1) <
©(bg+1) for each integer k and finally

?(a) = plar) + plaz) + -+ p(an) < p(b1) + @(b2) + -+ @(bn) = B(b).

Theorem 2.10 Let A =T(G,u) be the MV-algebra constructed on an abelian
unital I-group (G, u) and let p be an additive closure operator on A. Then for
the mapping @ and an arbitrary element a € GT
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* P(p(a)) = @la).

Proof Let a € G is chosen arbitrarily. Then there exists an n-tuple (a1, as, . . .,
ay) of elements from [0,u], where a = a1 + ag + -+ + an, a1 = a A u, ay =
(a—a))ANu, ..., an,=(a—a; — - —ap—1) Au. We have:

o D(a)Au = (plar)+e(az)+- -+ @(an)) Au = p(a1) Dp(az) ®- - Bplan) =
=pla1®as® - Bap) =p((a1+as+--+ap) Au) = plaru) =PlaAu);

e a=ay+ax+- - +a, <plar)+elaz) + -+ ¢lan) = p(a);

e p((a)) = D(p(ar) + ¢laz) + - -+ ¢(an)) = w(p(a1)) + p(az)) +-- -+
p(p(an)) = plar) +plaz) +--- + p(an) = P(a), because of ¢ = p(a1) +
o(az)+---+¢(ay) is just the unique decomposition of the element ¢ € G
onto a sum of elements from [0, u], which form a good sequence of I'(G, u).

O

Remark 2.11 (open problem) In Theorem 2.10, we have proven in fact that
the operator @ fulfils conditions 2, 3 and 4 from Definition 2.1. Not answered
stays now the problem, in which condition does % fulfil moreover the axiom 1
from Definition 2.1, that means in which condition does ¥ become an additive
closure operator on G.
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Abstract

The aim of the paper is to show some possible statistical solution of the
estimation of the dispersion of the GPS receiver. The presented method
(based on theory of linear model with additional constraints of type I)
can serve for an improvement of the accuracy of estimators of coordinates
acquired from the GPS receiver.
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the type A and B; confidence ellipsoids; variance components.
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1 Introduction

The aim of this paper is to make one keep in view that the geographical coordi-
nates, obtained with the help of a GPS receiver cannot be regarded as accurate
data. Based on the results of one exemplary measurement, we will show that it
is always necessary to take into account an uncertainty of data acquired from
the GPS receiver. The user of the GPS receiver should always consider carefully
if the measured values are sufficiently accurate with respect to the particular
purposes. This conclusion can be drawn only in cases when an estimation of a
dispersion of the GSP receiver is known in a given place and time.

159
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In order to lower the uncertainty of the measurement, various measuring
approaches are used. A repeated (multistage) measurement is one of such pro-
cedures. In addition, it is also well-known how to determine the estimation of
the dispersion of the GPS receiver.

However, a possible situation can arise when the user of the device is not
in a position to repeat the measurement several times during longer time in-
terval. This can be caused either by a physical principle of a given design of
the measurement or by practical aspects (e.g. expensiveness of the repeated
measurement carried out for several days).

To avoid this difficulty, we will show another possible approach which leads
to the estimation of the dispersion of the GPS receiver. Moreover, the presented
method can serve for an improvement of the accuracy of data acquired from the
GPS receiver.

In the following text, an algorithm based on the theory of estimation is
introduced which would eventually decrease the uncertainty of the coordinates
obtained from the GPS receiver with an utilization of an additional measurement
(in our case, by a measuring tape). Even for an amateur measurement, the
dispersion of the measured lengths is approximately about 0.1 m?. From here
and on, the uncertainty of the first-stage measurement is considered as the B-
type uncertainty (in our case, the B-type uncertainty represents the uncertainty
of the measurement by the measuring tape) and the lengths obtained in the first-
stage measurement are denoted by a symbol ©. On the contrary, the uncertainty
of the second-stage mesurement is considered as the A-type uncertainty (in our
case, the A-type uncertainty represents the uncertainty of the measurement by
the GPS receiver) and the coordinates acquired in the second-stage measurement
are denoted by a symbol (.

Motivation

Let us suppose the following situation. The goal was to determine a stochastic
distribution of a chemical element in the soil. The coordinates of the positions,
where the value of the chemical element was intended to be measured, have
been acquired by the GPS receiver. The obtained values are depicted in Figure
1 where every point corresponds to the place where the sample was taken.
According to the design of the measurement and principle of the utilized device,
it was then expected that the acquired data would create an accumulation in
the form of a ring.

As it is evident from Figure 1, the ring was generated from data for one
“locality”. However, the expected ring for the second locality was extended in
comparison with the previous one. One may therefore ask the following ques-
tions. What were the reasons for such an anomalous behaviour of the measured
data? Was it a consequence of the uncertainty of the acquired coordinates?

In the next example from another area of interest, it will be shown that
the estimation of the dispersion of the GPS device is 0.354° m2. This value
may greatly differ depending on a number of available satellites, surrounding
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landscape and sedulity of the person performing the measurement. Therefore,
the values acquired by the GPS receiver can exhibit different accuracy.
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Figure 1: Coordinates of the measured points.

In the above-discussed example describing the measurement of the location
points in the soil, it was found out that the student carrying out the mea-
surement did not respect the instructions for a given measurement. The mea-
surement was not performed all at once but there was a time delay between
particular steps of the measurement.

Notation

The following notations will be used throughout the paper:

R
S}
g

Irn,nza jan,n

AT1 181,T2:82

A", r(A), Tx(A)
A = diag(u)
M(A)

Ker(A)

A-

Pa

Ma

Y ~ (AO,T)

space of all n-dimensional real vectors;

real column vector—from the first stage;

real column vector—from the second stage;

m X m identity matrix; real m x n matrix;

(s1 —r1) X (s2 — r2) block matrix with elements of A;
transpose, rank and trace of the matrix A;

diagonal matrix with diagonal equal elements of vector u;
column space of the matrix A;

M(A)={Au:ueR"} CR™;

null space of the matrix A;

Ker(A) ={u:ueR", Au=0} CR™

generalized inverse of the matrix A (satisfying AA~A = A),
(see [4]);

orthogonal projector onto M(A) in Euclidean norm;
Pa=A(A’A)"A/;

orthogonal projector onto M~ (A) = Ker(A’) in Euclidean
norm; Ma =1 —Pa;

observation vector Y with mean value A© and covariance
matrix T.
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2 Model of measurements

Definition 1 Let us consider the following linear model Y — DO ~,, (X3,%0),
where 3¢ = 02V + DVD’ and where Y ~,, (DO + X3,02V,) is a random
observation vector, § € RF stands for a vector of the useful parameters and
X,k denotes a design matrix belonging to the vector 5. We suppose that an

estimator © ~y, (O, Vy) of © is at our disposal only.

Theorem 1 The standard estimator 62 of the parameter o2 for the model de-
fined in Definition 1 is given by the expression in the form of

6% = A[(Y — DO) (MxZoMx) TV (MxZoMx) (Y — DO)]
— TI‘[(MxE()Mx)+V1(szoMx)+Vo] 5

where the value of the parameter X\ is expressed by the following equation

SmxzeMx)tA =1,
where the 1x 1 matriz Sy soMmx)+ takes the form of
S MxZoMx )+ = Tr[(Mx ZoMx )"V (MxZoMx)TV,4].
Proof Firstly, we have the model in the form of
Y ~ (XB, Vo +0Vy),
where the estimator 62 of the parameter o2 takes the form of
62 =Y'AY +a,

where A is a suitable matrix. Let E[6%] = 02, which is equivalent to E[6?] =
Tr(AVy)+02 Tr(AV;)+ X' AX3+a = 2. This implies that a = — Tr(AV)),
Tr(AV;) =1 and X’AX = 0.

It is known (see [1]) that the matrix A in the form of A = MxSMx, where
S = S/, satisfies the conditions AX = 0 and A = A’. This leads to the
minimalization of the functional ® defined as ® = Tr(AX(A X)) —2A Tr(AV,).
This can be rewritten as

d(S) = Tr(SMx ZoMxSMx ZoMx ) — 2A Tr(SMx V, Mx).

As 228) — 0, we arrive at 4(MxZoMx)S(MxEoMx) = 4\MxVMx. Now
we have the matrix system in the form of AXB = C. The general solution of
this matrix system is X = ATCB™ +Z — A~ AZBB™ It is possible to show,
that X = ATCBT™ is also the solution (see [4]).

As MxSMx = A, it follows that
A = A\Mx SoMx)*+V; (Mx SoMx)* .
With regard to the condition that Tr(AV;) = 1, we arrive at
ATr[(MxZoMx)"Vi(MxZoMx)TVy] = 1.
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From this relation, we can obtain the result for the matrix A and the equa-
tion for the Lagrange parameter \. We then get
1

>\ = Y
Tr[(Mx3oMx )tV (Mx3oMx )1t V]

(MxXoMx) TV (Mx3oMx )"

A = :
Tr[(Mx3oMx )tV (Mx3oMx )t V]

Finally, the estimator 2 of the parameter o2 for the matrix Xy can be now
written as
Y'(MxZoMx)TVi(MxXoMx)TY
Tr[(Mx ZoMx )tV (Mx ZoMx )+ V1]
Tr[(Mx 3ZoMx )"V (Mx 3ZoMx) V]
- Tr[(MxZMx) TV (Mx ZeMx)+ Vi
Hereafter we will focus on the same model but from a different point of view.

We will consider the model of the measurement and then we will present how
to determine the estimators of the fundamental parameters.

= Y'AY — Tr(AV) =

O

Definition 2 The model of connecting measurement will be represented by

o ()G 6)-Cors)]

where X1, D, X5 are known nq X k1, n2 X k1, no X ko matrices, respectively, such
that M(D’) € M(X}); © and 8 are unknown k;- and ko-dimensional vectors;
Yoo = 02V, where 3; and V; are known matrices.

In this model, the parameter © is estimated on the basis of the vector Y,
of the first stage and parameter 8 on the basis of the vectors Yo — DO and ©.

At this point, it should be mentioned that the results of the measurement
from the second stage (i.e. Y2) cannot be used for a modification of the esti-
mator ©.

The parametric space © of this model of connecting measurement Y is de-
fined as

(i4) 0={(©,3):B3+CO+a=0},

where B and C are ¢ x ky and ¢ X ki matrices, a is ¢-dimensional vector,
r(B) =q < ks.

Definition 3 The model in the parametric space O (see Definition 2) is regular
provided that 7(X;) = k1, 7(X2) = ko, ¥11, o2 are positively definite matrices,
r(B) =q.

Remark 1 The vector O represents the parameter of the first stage (connect-
ing) whereas the vector 8 denotes the parameter of the second stage (con-
nected) In the second stage, we then start with the unbiased estimator © =
(X421 X)X, 2'Y; originating from the first stage whose covariance ma-
trix is expressed in the form of Var(©) = Vy = (X(=X) !
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Definition 4 The least-square estimator of the parameter 3, obtained under

the condition that ¥1; = 0 (= Var(©) = 0), is called the standard estimator if
the vector © is substituted by © in this estimator.

Theorem 2 The standard estimator B of the parameter (3 in the model (i) and
(ii) postulated in Definition 2 and given by

B = (X455, X,) "' X535, (Y, — D)
— (X535, X0) "B/ [B(X5%,,) X,) "B}
x {a+ CO + B(X,X,,'X,) 1X, 35, (Y, — DO)},

s unbiased.

Proof See [3], p. 72-73. O

Theorem 3 If Var(C:)) = 0 then the covariance matrix of the standard estima-
tor B is composed of two uncertainties, i.e. the “uncertainty of type A” and
“uncertainty of type B”, as

Var(3) =  Varg(3) +({I— (X’222_21X2)*1B’[B(X’222_21X2)1*1B’]*1B}
X (X§E§21X2)_1X§2§21D — (X525, Xo) ™!
x B'B(X5%;,) X3)'B’]!C)
x Var(©)
x ({I— (X425, X)) 'B/[B(X5X;,) X2) !B/~ 'B}
x (X535, Xo) T1X535, D — (X535, X,) 7!
x B'[B(X,%5, Xy) 1B/ tC)

——
uncertainty of uncertainty of
type A type B

where

Varo(3) = (Mp/ X, XoMp )t = (X455 X,) = (X435, X,) B/
X [B(X555, X2) ' BT B(X5E5, Xa) "

Proof See [3], p. 74. O

Corollary 1 For the case of the model with Xo =1 and D = 0, the covariance
matriz of the standard estimator is given by

Var(3) = [I — £2,B/(BX2,B’) 'B|Sx,[I — B/ (BE3,B') 'BXy)]
+ 39,B'(BX9;B’) 1C Var(0)C' (BX2,B') " 'BX,;.

Proof See [3], p. 73-74. O
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Theorem 4 The (1 — a)-confidence domain for the parameter 3, 3 € © (see
Definition 2), based on the standard BLUE 0, is a set expressed by

51,(1(6) = {ll ‘ue @/3 C Rk2’ (l_l - A)l[var(g)]_(u - A) < Xi[Var(E)](l - OZ)} .

Here the symbol Xi[Var(B)](l — a) denotes (1 — a)-quantile of x2-distribution

with r[Var(8)] degrees of freedom.
Proof See [2], p. 158-159. O

3 Illustrative example

The aim of this example is to find a dispersion for a CARMIN GPS 12XL
navigator and estimate the plane coordinates [ of the points A;, A, A3 in
the Situation I and plane coordinates of the points A;, As, A3 and P in the
Situation II using the theory of basic linear models of the measurement.

Situation I: AlB,B)

A,=[536622.292 m, 1118095.276 m]
A,=[536605.521 m, 1118109.327 m]
A,=[536621.495 m, 1118107.768 m]

©,=12.453)m
0,=21.613m

©,=16.683 m =
1 A=IByB,]

Situation II:

Arelp By

\ N A‘=[536622.292 m, 1118095.276 m]
| > N A2:[536605'521 m, 1118109.327 m]
! S N AG:[536621 495 m, 1118107.768 m]

| N P=[536615.205 m, 1118105.278 m]

Ay
Figure 2: The polygonometric measurement.

We have given four points Ay, As, As and P and their geographical specifi-
cations, i.e. their latitudes and longitudes, which have been obtained from a
CARMIN GPS 12XL navigator. All points have been visualized on Fig. 2.
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For our purposes, the geographical coordinates were transformed to the plane
system known as S-JTSK (where +xz-axes ... south, +y-axes ... west). For
details on S-JTSK coordinates, see [5].

So we have estimated values of A; = (Y2;-1,Y2;), ¢ = 1,2,3 and measured
values of ©f = (©f,0! ©!) in the Situation I or we have estimated values
of A; = (Yai-1,Y2:), © = 1,2,3, and P = (Y7,Ys) and measured values of
el = (el el @él)’ in the Situation II.

Let the result from the first and the second stage of measurement in the
Situation I be (67,01, ©1) = (16.683 m, 12.453 m, 21.613 m)’ and

Y1 49°38/02.2" 536622.292 m
Ys 17°23'35.1" 1118095.276 m
o / 1
¥y | = | s [ =Y | s
Ys 19°38/01.8" 536621.495 m
Ys 17°23'35.2" 1118107.768 m

In the Situation II, let the result from the first and the second stage of
measurement be (017, 0L ©1) = (12.816 m,10.244 m,6.980 m)’ and

Y 49°38'02.2" 536622.292 m
Ys 17°23'35.1"” 1118095.276 m
Y3 49°38'01.8” 536605.521 m
o= = aaonse | = Y= | Szt aonm
YZ 17023’35:2” 1118107:768 m
Y, 49°38'01.9” 536614.788 m
Y 17°23'35.5"” 1118105.885 m

L . .. (Vo ©
The accuracy of the measurement is given by the covariance matrix ( 0 o2V, )

Let @1, @2, @3 be the random variables with the mean values 01, ©5, O3, then

@1 @1
Y, = 92 ~ N3 | X4 @2 ;VO
93 @3

In our case, we will consider the covariance matrices in the form of

1,0,0
Vo=02x|[0,1,0|,
0,0, 1

Y Y

where 02 = 0.01°m? and X; = I33. Note that 0% = 0.012m?, especially the
value of 0.01 m, is usually used for the value of the standard deviation of the
measuring tape.
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Let Y1,Y5,Y3, Yy, Y5, Ys be the random variables with the mean values f31,
B2, B3, B4, Bs, Bs, respectively, and dispersions 02 V7.

Y1 b1
Y, B2
Y.
Yoo | |~ %o | 2 [i?v)
Y5 Bs
Ys Be

We can use the covariance matrix in the form of

cos’p, 0, 0, 0, 0, 0
o, 1, 0, 0O, 0, O
0, 0,cos?¢, 0, 0, O
Zp=otVi=| CObow 1, 0, 0]
0, 0, 0, 0,cos?¢p,0
0, 0 0o, 0, 0, 1

) Y Y

where 02 = 3.12m?, cos(p) = cos(49°) = 0.6564 and X5 = Ig6. For the
parameter o2 we will use the following value, calculated from

2 _ 2763781000
GPS ™ 7360-60- 60 - 10

=3.1%m?,

where the expression above, especially the value of 3.1 m, denotes the stan-
dard deviation, derived from the smallest decimal digit which the GPS reciever
displays.

The angle ¢ = 49° stands for the value of the latitude where the measure-
ment has been carried out.

Finally, we have the model given by

@1 I el )
ég 62
ég 63
v, | 1 N | (X1 0 gl (Vo 0
Y,) | 2 o X, 21\ o, o2V,
Ys B3
Y4 54
Y5 Bs
Yo i Be l

Now, we can briefly describe the core of the example. We are in the position
when we have the model expressed by

Y =£(0) +e, (1)
Var(e) = 3, (2)
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where 3y = 02V + V(. Here we can more closely rewrite the relation (1), i.e.

V(B1 = B3)2 + (B2 — B1)?
V(B3 — B5)2 + (B1 — B6)?
V(B = B5)% + (B2 — Bs)?

Y = £(8) +¢ = By +e. (3)

In our example, we will consider the covariance matrices Wy = (0.1)? x

I3,3, 036
06,3, 06,6

0% = 3.1°2m? and cos(p) = cos(49°) = 0.6564.
For the function f, we will generate the Taylor expansion at the suitable
point which is given by

) and 02W; = o2 x diag((0,0,0,1,cos? ¢, 1,cos? ¢, 1, cos? p)’) with

£(5') = £(5%) + A(B' - 8°).

According to the theory of the measurement, we have to define the matrix A
that is given by A = (%). As an illustration, the expression for As¢ takes

the form of Asg = Bs—DBs . The derivation of the other
’ /B2 —205P1+ B2 +BE—2PoPa+53

elements, i.e., A1 1, A12, A13, A14, Az, Asa, Ao, Ao, Az 1, A3 and Azs,
is analogous.

Now we will determine the estimator 62 of the parameter o2 according to
the Theorem 2.1. The whole process of determining the estimator 42 can be
now, according to the Theorem 2.1, written as

2

~

52 = M[(Y —DO) (MaAZoMa) "W, (MaZoMa )t (Y — DO)] (4)
— TI'[(MAZOMA)+W1 (MAZOMA)+WO]}7 (5)

where the value of the parameter A is expressed by the following equation

SMazoMa)tA = 1, (6)

where the 1x1 matrix S\, s,ma)+ takes the form of
S(MAEOMA)+ = TI‘[(MAE()MA)+W1(MAE()MA)JrWl]. (7)

By solving equations (5),(6) and (7) we have obtained A\ = 4.1751e~2" and
62 = (0.3540 m)?2.

We can say that the estimator of the uncertainty in GPS—coordinates is
62 = 0.3540%2 m?. Hereafter, we will focus on the same model but from a
different point of view. We will consider the model of the measurement (i) and
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condition (ii) from Definition 2.2. Finally, we have in the Situation I the model
given by

o O '
@2 @2
@3 @3

- || )| B 2

Y - 2 0, X ’ 0, X
2 }/3 2 ﬁB 22

Y4 54
Ys Bs
7 i Bs ]

In our case, X1 = I, XQ = I, 211 = (Wo)l;g,l;g and 222 = (02W1)4;974;9
(see Wq and 0>W 7 on p. 168).

One can observe from Figure 2 in the Situation I that the condition g(0, ) =
0 is implied for the parameters © and 3, where

91(0,8) = (B5 — B3)* + (Bs — B1)* — 7,
92(0,8) = (85 — )% + (Bs — =) — O3,
93(8,8) = (Bs — f1)> + (81 — B2)* — ©3.

The linear version of the condition g(©,3) = 0, obtained using the Taylor
expansion at the approximate point (6°, 3Y) = ((:)1, (:)2, (:)3, Y1, Ys, Y3, Yy, Y5,
Ys), is in the form of B63 + CJO + a = 0, where 63 = 3 — 3°, 66 = © — O,
B— ag(((;);;ﬁ°>7 C— ag<§g;ﬁ°) and a = g(©°, 3°).

Here we present the values of the vector of the estimator B\I (calculated
according to Theorem 2.2) based on the model with the measurement of all
triangular lengths by the measuring tape. They are as follows:

536621.930 m
1118095.923 m
536604.643 m
1118108.123 m
536622.735 m
1118108.324 m

i -

Its covariance matrix was calculated (see Corollary 2.1) leading to

1.2455 0.5064 0.0300 —0.9437 0.1645 0.4373
0.5064 3.3361 —0.2980 2.3743 —0.2084 3.2896
0.0300 —0.2980 0.7453 0.5556 0.6647 —0.2576
—0.9437 2.3743 0.5556 4.1672 0.3881 2.4585
0.1645 —0.2084 0.6647 0.3881 0.6108 —0.1797
0.4373 3.2896 —0.2576 2.4585 —0.1797 3.2519

Var(gl) =
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As Tr[Var(BI)] < Tr(X92) (see p. 169) it is evident that we get a better estimator
of the coordinates of points A1, A> and Ajs.

Furthermore, in the same way, we will find estimator BI I for model for the
Situation II. In this situation, one can observe that the condition g(©,5) = 0
is implied for the parameters © and 3, where

91(0,8) = (61 — B7)* + (B2 — Bs)? @%7
92(0,8) = (83 — 57)2 + (Bs— Bs)* —
93(0,8) = (85 — B7)* + (Bs — Bs)* —

The linear version of the condition g(©,83) = 0, obtained using the Taylor
expansion at the approximate point (67, ﬁo) (@1, 0,, O3, Y1, Ya, Vs, Ya, Vs,
Ys), is in the form of B63 + C6O + a = 0, where 68 = 3 — 3°, 60 = © — OO,
B— Og(g;;ﬂo)7 C— 0g(§;;50) and a = g(0°, 8°).

Here we present the values of the vector of the estimator 31 I (calculated
according to Theorem 2.2) based on the model with the measurement of 3

distances from triangular points to the inner point P by the measuring tape.
The result is

536622.416 m
1118094.184 m
536605.578 m
~rr | 1118109.178 m
=1 536621752 m
1118108.403 m
536614.768 m
1118105.885 m

Its covariance matrix (see Corollary 2.1) is given by

Var(5'') =
1.3685 0.6308 0.0797 —0.2083 —0.0443 —0.1096 0.0361 —0.3129
0.6308 3.4356 —0.7031 1.8373 0.3907 0.9667 —0.3185 2.7604
0.0797 —0.7031 1.0072 1.1309 0.0464 0.1147 0.3067 —0.5426
—0.2083 1.8373 1.1309 6.0447 —0.1212 —0.2998 —0.8014 1.4179
—0.0443 0.3907 0.0464 —0.1212 1.0490 —0.9674 0.3889 0.6979
—0.1096 0.9667 0.1147 —0.2998 —0.9674 6.6065 0.9623 1.7267
0.0361 —0.3185 0.3067 —0.8014 0.3889 0.9623 0.7083 0.1576
—0.3129 2.7604 —0.5426 1.4179 0.6979 1.7267 0.1576 3.0951

As it has already been said before, we can use the outputs from the second
step of our example as the input for the third part of the computation. This
innovation of the algorithm could result in better estimators of our parameters.

Our task is to find the estimator of the coordinates of the point P and their
covariance matrix and to determine the confidence ellipses for the coordinates
of all points.
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We now apply the same model like in the Situation II. We can consider
another covariance matrix Var(3!)—the result from the Situation I, where we
have better estimator of parameters than in the first stage of the measurement
because of Tr[Var(3)] < Tr(X22) . Here we present the values of the vector of
the estimator 377’ (calculated according to Theorem 2.2). They are as follows:

536622.473 m
1118094.363 m
536605.361 m
5. 1118109.341 m
n 536622.071 m
1118107.489 m
536614.607 m
1118106.183 m

In this case, Corollary 2.1 gives the covariance matrix in the form of

Var(8'"') =
1.1699 0.5461 —0.0752 —0.9390 0.0624 0.4752 0.2828 —0.0823
0.5461 2.6197 —0.2931 1.6152 —0.2011 2.5707 —0.0519 2.1943
—0.0752 —0.2931 0.5958 0.5062 0.5187 —0.2560 0.4006 0.0429
—0.9390 1.6152 0.5062 3.3453 0.3448 1.6967 0.0880 2.3429
0.0624 —0.2011 0.5187 0.3448 0.4706 —0.1745 0.3882 0.0308
0.4752 2.5707 —0.2560 1.6967 —0.1745 2.5309 —0.0447 2.2017
0.2828 —0.0519 0.4006 0.0880 0.3882 —0.0447 0.3684 0.0086
—0.0823 2.1943 0.0429 2.3429 0.0308 2.2017 0.0086 2.2611

As we can see, it is possible to use estimator BI from the model for the
Situation I for finding the estimator in the model for the Situation II.

We have taken into account three different cases in which we have determined
the possible way, how to obtain the coordinates from the GPS receiver, which
shows a lesser uncertainty. These results, especially variances and residuals, for
the first calculated situation are quite satisfactory. In the second situation we
have not obtain better results because we have measured shorter distances. We
have corrected this imperfection in the Situation II’, where we have arrived at
the best results. The essence of this method is based on the use of outputs of
the Situation IT as the input for the Situation II’.

The confidence ellipses obtained from calculated covariance matrix (based
on Theorem 2.4) for a =5 % are depicted in Fig. 3.
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Situation I: N ;
— — for A, estimator from model
— - for A, estimator from model
for A, estimator from model
s — forGPS H
1 4
ofF 4
1k i
-2F ]
-3 I I
h) ) 2 3
Situation II: s : , ,
— - for A, estimator from model
— - for A, estimator from model
for A, estimator from model
2+ = for P estimator from model ||
— for GPS
1 4
or 4
-1t i
2 i
-3 I I
°3 2 2 3
. . 5.
Situation II’: . ‘
— - for A, estimator from model
— - for A, estimator from model
for A, estimator from model
s = for P estimator from model ||
— for GPS measurement
1 4
ofF 4
1k i
-2t i
-3 I I
h) ) 2 3

Figure 3: The (1-«) confidence ellipses for points A;, A3 and A3 (solid line),
for point P (bold solid line), for point A, (dash line), for point
Ay (dashdot line) and for point Az (dot line).
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4 Concluding remarks

We hope that our contribution has evidently pointed out a necessity to inves-
tigate the dispersion of the measuring device (the GPS receiver in our case)
before the initiation of the measurement itself. In reality, a finding of the esti-
mation of the dispersion can be complicated and infeasible in some cases. It may
happen that the measurement cannot be repeated several times. Our proposed
procedure, however, allows to estimate the dispersion without the measurement
being repeated but with the help of the additional measurement (in our case,
by a measure tape).

In the example worked out in this paper, we have calculated the values of
the uncertainty of the GPS receiver which may have at the latitude of ¢ = 49°.
Furthermore, our contribution have shown how the theory of estimation is a
powerful tool for a modification of inaccurate data acquired by a measuring
device (the GPS receiver in our case) with the utilization of the additional
measurement. The example has also demonstrated a possibility of a successive
improvement of the estimation by a further additional measurement.
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